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1 Abstract

C. I. Lewis invented modern modal logic as a theory of strict implication J.
Over the classical propositional calculus one can as well work with the unary
box connective . Intuitionistically, however, J has greater expressive power
and allows distinctions invisible in the ordinary syntax. Thus, in this course
we study constructive systems of strict implication. We discuss conditions to
be imposed on Kripke semantics, axiomatization of the minimal system and
some of its extensions, and some basic correspondence results. We illustrate

• when and how this logic collapses to that of unary box;

• how classical assumptions made the trivialization of Lewis original 1918
system inevitable.

Furthermore, we present two interpretations of this system. The first comes
from provability logic, more specifically preservativity in extensions of Heyt-
ing’s Arithmetic. The second, Curry-Howard one is provided by functional
programming: the study of Haskell arrows as contrasted with idioms or ap-
plicative functors.
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2 Motivation and Description

We are investigating a constructive variant of strict implication J, the original connective
of modal logic as proposed by C.I. Lewis [Lewis, 1912, 1918, Lewis and Langford, 1932].
Thus, our research merges Lewis’ foundational project in logic with the intuitionistic
reform of mathematics proposed by Brouwer and Heyting. In his later years, Lewis
himself claimed that his attempt to turn the strict implication into a central primitive
of intensional logic has largely failed, disintegrating into numerous isolated systems of
“modal logic” based on the unary box connective , which has since become the standard
modal primitive. In our paper invited to the special issue of Indagationes Mathematicae
commemorating 50th anniversary of Brouwer’s death [Litak and Visser, 2018], we argue
that the root of the problem is that Lewis did not attempt to base his system on the
intuitionistic propositional calculus (IPC), despite his occasional favorable remarks about
Brouwer’s project. There is a mathematical motivation for our claim: while classically
J is definable via , constructively this is not the case. There is also a remarkable,
yet hitherto under-investigated parallelism of the philosophical biographies of Brouwer
and Lewis, and of their motivation to identify valid principles of reasoning based on
subtler inference rules than those governing classical material implication. We do not
know whether Lewis was familiar with the subsequent work of Kolmogorov, Heyting and
Glivenko, turning Brouwer’s philosophical ideas into a formal system.

We have been lead to the study of constructive strict implication via two different
routes.

Albert Visser, Rosalie Iemhoff and the Utrecht group have encountered a version of
it in their study of the metatheory of intuitionistic arithmetic, a subject fitting in the
broader Utrecht panorama of intuitionistic mathematics (Dirk van Dalen, Ieke Moerdijk,
Jaap van Oosten). In this setting, the Lewis arrow encodes preservativity, a relation be-
tween sentences over a given constructive theory. Classically, the study of preservativity
collapses into the study of conservativity, but intuitionistically this is not the case. In-
vestigation of the logic of preservativity presents a hopeful road to study principles of
provability and fixpoint reasoning in intuitionistic arithmetic. This is despite the fact
that this logic encompasses the seemingly simpler logic of ordinary intuitionistic prov-
ability (corresponding to the unary box), whose axiomatization remains an open problem
after decades of research. It is a well-known mathematical paradox that a stronger result
is sometimes easier to prove.

Tadeusz Litak’s interest has been stimulated by theoretical computer science, more
specifically by the famous Curry-Howard correspondence (sometimes called an isomor-
phism) between programs and proofs, inhabited types and provable formulas, functors
and suitable intutionistic modalities. In fact, a restricted version of the distinction be-
tween J and has been (re)discovered in functional programming as the distinction
between applicative functors and Haskell arrows as proposed by John Hughes. This con-
nective also turns out to play a surprisingly natural role in the proof theory of guarded
(co)recursion and productive (co)programming, which are currently hot subjects in TCS.

This course will provide a systematic introduction to this research area. At the very
least, the participants can see it as a rather unorthodox introduction to intuitionistic
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modal logic and some of its fascinating and not always sufficiently well-known interpre-
tations and applications.

We begin with historical and semantical motivation, illustrating how J naturally arises
in the Kripke setting. The audience will also be able to see, for example, how the collapse
of Lewis’s original attempt at constructing a theory of strict implication [Lewis, 1918]
resulted from his classical preferences.

After that, we provide a more systematic overview of syntactic and semantic results
on basic systems. The study of their relationships illustrates how intuitionism makes
precise classically invisible distinctions. Armed with this background, we can study
the arithmetical and computational interpretations discussed above. We also overview
the highlights of our recent technical work regarding the definability of fixpoints and
regarding uniform interpolation —some of it is still being prepared for publication as of
the moment of writing.

If there is sufficient interest, we can also devote some time to experimenting with com-
puter software and formalizations. This, however, would depend on audience preferences
and the degree of comfort with proof assistants or programming languages. The con-
straints of the lecture would not permit an independent introduction to such subjects.
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3 Outline (edited 2021)

Day 1. (Litak): Motivation, history, basics of syntax and semantics. The classical prob-
lems of Lewis. Curry–Howard correspondence, arrows and idioms in functional
programming. Towards Intuitionistic Logic of Entailments?

Main reference: Litak and Visser [2018]

Day 2. (Litak): Axiomatization, algebraic and Kripke semantics (in the presence of ax-
iom Di). Completeness and correspondence results via translation into a Gödel-
McKinsey-Tarski translation into a suitable bimodal classical logic: explicit or
extrinsic perspective (van Benthem terminology).

Main reference: de Groot, Litak, Pattinson, Gödel–McKinsey–Tarski and Blok–
Esakia for Heyting–Lewis Implication, LiCS 2021. Full version (technical report):
https://arxiv.org/abs/2105.01873

Day 3. • Part I (Litak) What holds in the absence of Di? Algebra as an alternative
semantics. Countermodel search using tools such as Mace4: https://www.
cs.unm.edu/~mccune/mace4/

• Part II (Visser): Introduction to arithmetical semantics of provability and
preservativity logics

Day 4. • Part I (Visser): Introduction to arithmetical semantics of provability and
preservativity logics (continuation)

• Part II (Litak): Extension stability. A glimpse at alternative semantics
(generalizations of Veltman or Routley–Meyer frames)

Day 5. (Visser): Reverse mathematics of explicit fixpoints

Main reference for the second half of the course: Litak and Visser [2019]

5

https://arxiv.org/abs/2105.01873
https://www.cs.unm.edu/~mccune/mace4/
https://www.cs.unm.edu/~mccune/mace4/


4 Expected Level and Prerequisites

The course is designed as an advanced one. The audience is supposed to be familiar
with those areas in the reading list (Section 5) which include at least one MD in the
corresponding subsection, and strongly recommended to have some familiarity with the
remaining ones. In more detail:

• We assume reasonable familiarity with intuitionistic propositional logic and modal
logic, including their Kripke semantics, morphisms and bisimulations, soundness
and completeness of basic systems, and basics of definability and correspondence.

• For the lecture dealing with preservativity and provability interpretation, it is
necessary to have some familiarity with classical results and techniques for Peano
Arithmetic, as giving a full introduction in the limited timeframe is not possible.

• Some familiarity with the Curry-Howard correspondence or functional program-
ming, intuitionistic arithmetic or intuitionistic modal logic can be helpful, although
we do not want to assume detailed knowledge here.
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5 Reading Material

5.1 Legenda

MD part of a mandatory disjunction.

B possible non-mandatory background

5.2 Intuitionistic Propositional Logic

• MD: An excellent textbook is van Dalen [2013].

• MD: A treatment focusing on semantics and connections with modal logic is Cha-
grov and Zakharyaschev [1997]. This is also a good reference for modal logic itself,
cf. Subsection 5.3

• MD: Another treatment can be found in [Sørensen and Urzyczyn, 2006, Ch.2].
Further chapters of this reference are B in Subsection 5.7 below.

5.3 Modal Logic

• MD: Chagrov and Zakharyaschev [1997].

• MD: Blackburn et al. [2001].

• MD: Opening chapters of Boolos [1993], cf. also Subsection 5.6 below.

5.4 Intuitionistic Modal Logic and Constructive Strict Implication

• B: Obviously the most natural one in this course is Litak and Visser [2018].

• B: Earlier reasonably self-contained references include Iemhoff [2001], Iemhoff et al.
[2005].

• B: For “ordinary” intuitionistic modal logic with and/or 3, there are numer-
ous references. Simpson [1994] is a standard example, in particular the mate-
rial on Kripke semantics. Litak [2014] contains some information on “provability
smack” in intuitionistic propositional logic. Participants familiar with the Gödel-
McKinsey-Tarski translation of intuitionistic propositional logic into modal S4 can
also find Wolter and Zakharyaschev [1997, 1998] instructive.

5.5 Intuitionistic Arithmetic

• B: Troelstra [1973] is still a very good source. We also recommend its part:
Smoryński [1973].

• B: Dragalin [1988] is another good and not sufficiently appreciated reference.
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• B: One can also find some information in the intuitionistically oriented Section 9
of Artemov and Beklemishev [2004].

• B: Some basic information, perhaps sufficient for the purpose of the course, can
be found in several references quoted in Subsection 5.4 below, especially Litak and
Visser [2018] or Iemhoff [2001].

5.6 Provability and Interpretability Logic

• MD: Švejdar [2000].

• MD: Lindström [1996].

• MD: Boolos [1993], Chapter 1–9. Of course, the whole book is B.

• MD: Smoryński [1985], Chapter 1–4. Of course, the whole book is B.

• MD: Japaridze and de Jongh [1998], except Section 10, 15, 16. The rest is B.

• MD: Artemov and Beklemishev [2004], Part I, except Sections 6, 7, 8 and 10. As
mentioned above, Section 9 is intuitionistically oriented. The rest is B.

• B: Visser [1998].

• B: Boolos and Sambin [1991].

• B: de Jongh and Visser [1991].

• B: Visser and Zoethout [2019].

• B: Visser [2008]

• B: Iemhoff [2001]

5.7 Curry-Howard Correspondence and Arrows in FP

• B: Sørensen and Urzyczyn [2006]

• B: Hughes [2000], Lindley et al. [2011], McBride and Paterson [2008]

• B: Benton et al. [1998], Fairtlough and Mendler [1997], Kobayashi [1997], Moggi
[1991]

• B: Litak and Visser [2018]

5.8 Fixpoints Calculations

• B: Litak and Visser [2019]

• B: [Smoryński, 1985, Ch. 4]

• B: de Jongh and Visser [1991]
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