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Previous Work

m T. French et al.: On the succinctness of some modal logics (2013)

m S. Figueira, D. Gorin: On the size of shortest modal descriptions
(2010)
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Comparing Logics

Logic

A logic L = (®,F, M)
®:  non-empty set of formulae
F: satisfaction relation
M: non-empty class of models

M E ¢ for some M € M, p € ®
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Comparing Logics

Logic

A logic L = (®,F, M)
®: non-empty set of formulae
F:  satisfaction relation
M: non-empty class of models

Expressivity

Ll = (q)l;':l’M)? L2 = (¢27':27M)-
L, is at least as expressive as Ly (L1 <p Lp) iff

V(pl €¢13¢2€¢2VM€M.M =51 g01<=>./\/“=2 ©2

©1 =m 2 (equivalence)
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Succinctness

Succinctness

Let Ly = (P1,F1,M), Lo = (P2,F2, M), L1 <pp Ly and F be a class of
functions.
Ly is F-succinct in Ly on M (L1 SIQI Ly) iff

3f € FVp1 € &1 301 =M 02 € P2 2| < (1))

Ly is exponentially more succinct than Ly iff Ly §D’\:4I L> and
F ¢ SUBEXP (L1 £5/BEXP Ly).




Succinctness

Succinctness

Let Ly = (P1,F1,M), Lo = (P2,F2, M), L1 <pp Ly and F be a class of
functions.
Ly is F-succinct in Ly on M (L1 SIQI Ly) iff

3f € FVp1 € &1 301 =M 02 € P2 2| < (1))

Ly is exponentially more succinct than Ly iff Ly §D’\:4I L> and
F ¢ SUBEXP (L1 £5/BEXP Ly).

m Ly <F Ly and L <f; Ly (or Ly 5 Ly and Ly £f; L1) can be true at
the same time.

m Succinctness is not necessarily transitive.
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Multimodal Logic ML

Syntax of ML

pu=T|Llpl-pleVvelere|(ne]|lr]e

with propositional symbols p and relational symbols r € R.
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Multimodal Logic ML

Syntax of ML

pu=T|L|pl-pleVeleAe|{(ne]|lrle

with propositional symbols p and relational symbols r € R.

Negation normal form (@ negation for ¢ € ML):

=
I
l_
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Multimodal Logic ML

Syntax of ML

pu=T|L|p|l-pleVel|leAe|{ne]|lrle

with propositional symbols p and relational symbols r € R.

Formula size:
m |[T|=|L=|p|=]|-pl=1
m oV =AY =1+ o]+ [
m [(r)e] =[] =1+ |p|
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Vil ML

Syntax of [Vr] ML

pu=T|L|pl-plevelene|(nellrde| Vrle | (e

with propositional symbols p and relational symbols r € R and sets of
relational symbols ' C R.

M L-equivalence:

Vel = Alrly

rel
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[Fr] ML

Syntax of [Ir] ML

pu=T|L|pl-plevelenel(nellrde| Brle | 3Gre

with propositional symbols p and relational symbols r € R and sets of
relational symbols ' C R.

M L-equivalence:

Brlv = VI

rel
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[p] ML

Syntax of [p] ML

pu=T|L|pl-plevelene|{nellrlelleld| ()Y

with propositional symbols p and relational symbols r € R.

M L-equivalence:

[¢]p =p—=p
[el(¥1 V 42) =[] V [p]e2
[l =p = (el
[e][r]y = ¢ — [r]le]y

[p1][pa]t = [p1 A [p1]p2]d



Succinctness of Modal Logics | Introduction | Multimodal Logic

Multimodal Logic ML

Interpretation of formulae: Kripke Models M = (W, R, V)
W: non-empty carrier set
R:  set of binary relations ({r, b, g,...})
V:  Valuation

Successors: succs,(w) = {v | (w,v) € r}



Succinctness of Modal Logics | Introduction | Multimodal Logic

Multimodal Logic ML

Interpretation of formulae: Kripke Models M = (W, R, V)
W: non-empty carrier set
R:  set of binary relations ({r, b, g,...})
V:  Valuation

Successors: succs,(w) = {v | (w,v) € r}

Semantics of ML

M, wET

M,wkp < w e V(p)

M, wE —p s wé V(p)

MwEeAY S M wEpand M,wkE
MwEeVY S MwEgpor M,wkEY

M,wE (r)¢e & M,vE @ for some v € succs,(w)
M,wE[rle & M,vE ¢ for every v € succs,(w)
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Separation and Description Problem

Separation

M = (W,R, V) model, S, D C W non-empty sets
¢ separates S and D in M iff Vse S. M,sEpandVd e D.M,d ¥ ¢




Separation and Description Problem

Separation

M = (W,R, V) model, S, D C W non-empty sets
¢ separates S and D in M iff Vse S. M,sEpandVd e D.M,d ¥ ¢

Proof strategy for L; being exponentially more succinct than Ly:
Find a family of formulae ¢, € Ly with size exponential in n

Find a family of models M, S, D, C W, with ¢, being the smallest
formulae separating S, and D, for all n.

If ¥ € L1, ¥n =m @n for all n, is of size linear in n then
Ly ﬁgﬂUBEXP Ly



Bisimulation Games

Model M = (W,R, V), w,v e W.

Bisimulation Game

The game G(w, v) is played between two players (Spoiler, Duplicator).

Rules are:
(p): Spoiler picks p with w € V(p) and v ¢ V(p) and wins.
(P): Spoiler picks p with w &€ V/(p) and v € V(p) and wins.

(r,w'):  Spoiler picks r € R and one w’ € succs,(w). Duplicator has to
pick one v/ € succs,(v) or loses.
Continuation in game G(w’, v').

[r,v']:  Spoiler picks r € R and one v’ € succs,(v). Duplicator has to
pick one w’ € succs,(w) or loses.
Continuation in game G(w’, v/).




Winning Strategies

If Duplicator has a winning strategy in G(w, v) on the model M then
Ve ML . MwEY & M, vEY

If Spoiler has a winning strategy in in G(w, v) then
Jpe ML M,wE pand M,vHp

and min(|¢|) gives a lower bound for the size of formulae describing w.
%)

In the game G(w, w) Spoiler cannot have a winning strategy.
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Uniform Strategy Trees

Winning strategies for Spoiler in bisimulation games:

Uniform Strategy Trees
= nodes: (r,5'), [r,D'], (p). (P). (V). (A)
r relational symbol, S,5',D,D' C W
m essentially a syntax tree for a formula
m a formula separates S and D if its corresponding uniform strategy
tree wins the game G(S, D)
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree
If x=(p) then SN V(p) =S and DN V(p) =10

SPQ @ -

o = p separates S and D
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree
If x=(p) then SN V(p) =0 and DN V(p) = D.

O @

p
o = p separates S and D
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree

If x=(r,S’) then S’ Nsuccs,(s) # () for every s € S and if
succs, (D) # () then there is an edge x — y and y is the root of a
uniform strategy tree, winning the game G(S’, succs,(D)).
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree

If x=(r,S’) then S’ Nsuccs,(s) # 0 for every s € S and if
succs, (D) # (0 then there is an edge x — y and y is the root of a
uniform strategy tree, winning the game G(S', succs,(D)).




Succinctness of Modal Logics = Introduction | Methods 16 / 35

Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree

If x=(r,S’) then S’ Nsuccs,(s) # 0 for every s € S and if
succs, (D) # (0 then there is an edge x — y and y is the root of a
uniform strategy tree, winning the game G(S', succs,(D)).

¢ = (r)1 separates S and D.
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree

If x =[r, D'] then D’ Nsuccs,(d) # 0 for every d € D and if
succs,(S) # 0 then there is an edge x — y and y is the root of a
uniform strategy tree, winning the game G(succs,(S), D’).
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree

If x = [r, D’] then D" Nsuccs,(d) # () for every d € D and if
succs,(S) # 0 then there is an edge x — y and y is the root of a
uniform strategy tree, winning the game G(succs,(S), D’).
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree

If x = [r, D’] then D" Nsuccs,(d) # () for every d € D and if
succs,(S) # 0 then there is an edge x — y and y is the root of a
uniform strategy tree, winning the game G(succs,(S), D’).

F F 7
¢ = [r]y separates S and D.
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree
If x = (V) then S = S; U S, and there are nodes y; and y, with edges

x 3 y;i and y; is the root of a uniform strategy tree, winning the game
G(Si,D), i=1,2.

sC) SO C )

F 1 F 4o 1, ¢
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree
If x = (V) then S = S; U S, and there are nodes y; and y, with edges

x 3 y;i and y; is the root of a uniform strategy tree, winning the game
G(Si,D), i=1,2.

sC) SO C )

F 1 F 4o 1, ¢
@ = b1 V 1) separates S and D.
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Uniform Strategy Trees

In a uniform strategy tree, winning G(S, D), with root x the following
properties hold:

Winning Uniform Strategy Tree
If x = (A) then D = D; U D, and there are nodes y; and y, with edges

D . : _—
x — y; and y; is the root of a uniform strategy tree, winning the game

g(57 DI)

5O @ @

E 1,0 7 1 7 1
© = 11 A1) separates S and D.



Proof Strategy

Proof strategy for L1 being exponentially more succinct than L, = ML:
Find a family of formulae ¢, € Ly with size exponential in n.

Find a family of models (M, S, D) with the uniform strategy tree
of minimum size for the game G(S,, D,,) being the syntax tree for ¢p,.

If ¥ € L1, ¥n =m @n for all n, is of size linear in n then
L gSUBEXP L
1 2M 2.



Models

Recursively defined models:

55() Q- G(Sn, Dn)

Sp—1 . . dnf].



Models

Recursively defined models:

55() Q- G(Sn, Dn)

UST(M)

Sp—1 . . dnf].



Models

Recursively defined models:

s @ [ XA G(Sn, Dp)

UST(M)

5n—1® .dnfl g(Sn—h Dn—l)



Models

Recursively defined models:

P P G(Sn, D)
UST (M)
5n—1® .dnfl g(Sn—h Dn—l)
UST(M)
UST(M)




Models

Recursively defined models:

P Y G(Sn, Dy)
UST (M)
Sn—1 . . dnfl g(Sn—h Dn—l)
UST (M)
UST (M)

() @ G(So, Do)
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Models
Recursively defined models:
Sn ‘ . dn g(Sm Dn)
UST (M)
Sn—1 . . dn—1 g(Sn—h Dn—l)
UST (M)
UST (M)
SOQ .do Q(SO, Do)
0 UST (Mo)
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Minimality of Uniform Strategy Trees

Minimality as local property by construction
m Only a single (non-trivial) move is possible for Spoiler in G(S, D).

m It is easy to show that all alternative moves in G(S, D) are less than
optimal in terms of size
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Minimality of Uniform Strategy Trees

Minimality as local property by construction
m Only a single (non-trivial) move is possible for Spoiler in G(S, D).
m It is easy to show that all alternative moves in G(S, D) are less than
optimal in terms of size

Successors in K

In a game G(s, d) with d’ € succs,(s) and d’ € succs,(d) Spoiler loses
with the move (r, d’) (Analogously with a [r]-move).




[Vr] ML over K

[V (s3] ¥ = [l A [blep



[Vr] ML over K

[V (r,63] ¥ =k [l A [b])

55O [ ER @ (A)

e

d;
]

[r

[a—

(b

UST(An-1)  UST(Ap1)
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[Vr] ML over K

. ()
I: AY N . ::::.' dr];/ y
Vi u

sn-1 @) @ [r,dn—1] [b, dn—1]

UST(An1)  UST(An1)
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[Vr] ML over K

) (A)
7 v T .
1 ' _- = \\ n n
Vi e o 4

sn-1 @) : @ [r,dn—1] [b, dn—1]

UST(An1)  UST(An1)
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[Vr] ML over K

sn() @ (b, s})

(A)
o % -
'I \) - - q 5
Il Pt - \\\ dn d o

sn-1 @) : @ [r,dn—1] [b, dn—1]

UST(An1)  UST(An1)
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[Vr] ML over K

sn(_) ’d,, (b, s1)

(A)
o % -
'I \) - - q 5
Il Pt - \\\ dn d o

sn-1 @) : @ [r,dn—1] [b, dn—1]

UST(An1)  UST(An1)
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[Vr] ML over K

*n Q .d” <b7 Sr%>

o)

, e SN P ( )

o v T

n B )\’ dl d2

1 H -

v .7 \ n, n
P - \ g

Vi T Y
PR ~ ¥

sn-1 @) : @ [r,dn—1] [b, dn—1]

UST(An1)  UST(An1)



Results for K

Previous Results

m French, T. et al.: Proof that [Vr] ML and [3r] ML are
exponentially more succinct than ML over K based on models with
2 relational symbols and 1 propositional symbol.

m Lutz, C.: Proof that [p] ML is exponentially more succinct than
ML over K based on models with 2 relational symbols

My Results

Vr] ML, [3r] ML and [¢] ML are exponentially more succinct than
ML over K based on models with only 2 relational symbols
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Handling Reflexivity, Symmetry, Transitivity
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Handling Reflexivity, Symmetry, Transitivity

Cliques

Let s€ S, d € D in some game G(S, D) over some S5-model. If s and
d are members of the same r-clique for some relational symbol r then
there is no winning strategy for Spoiler beginning with a (r)- or [r]-move.
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Handling Reflexivity, Symmetry, Transitivity

Cliques

Let s€ S, d € D in some game G(S, D) over some S5-model. If s and
d are members of the same r-clique for some relational symbol r then
there is no winning strategy for Spoiler beginning with a (r)- or [r]-move.
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Handling Reflexivity, Symmetry, Transitivity

Subgames

Let t be the uniform strategy tree of minimum size for G(S, D) over
some model and t’ the uniform strategy tree of minimum size for
G(SUS',DU D). Assuming the games can be won by Spoiler then
|t < [t].




Succinctness of Modal Logics | Results 25 /35

Handling Reflexivity, Symmetry, Transitivity

Subgames

Let t be the uniform strategy tree of minimum size for G(S, D) over
some model and t’ the uniform strategy tree of minimum size for
G(SUS’',DUD’). Assuming the games can be won by Spoiler then
8] < |¢'].
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Handling Reflexivity, Symmetry, Transitivity

Subgames

Let t be the uniform strategy tree of minimum size for G(S, D) over
some model and t’ the uniform strategy tree of minimum size for
G(SUS',DUD’). Assuming the games can be won by Spoiler then
6] < |¢/).

(r,s) s() @

s @ .d'
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Handling Reflexivity, Symmetry, Transitivity

r-equivalent Games

Let G(s,d) and G(s', d’) be games over some S5-model and

s’ € succs,(s), d’ € succs,(d). Then every (r)- or [r]-move applied to
both games will result in the same game. We call two such games
r-equivalent and any strategy starting with a (r)- or [r]-move is
applicable to both games.
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Handling Reflexivity, Symmetry, Transitivity

Strategies on r-equivalent Games

Let G(s, d) be a game over some S5-model, t a uniform strategy tree for
this game, G(S, D) the game after one or more moves in t and G(s', d’)
a subgame of G(S, D). If the uniform strategy tree of minimum size for
G(s', d") begins with a (r)- or [r]-move and G(s',d") and G(s, d) are
r-equivalent then t is not a uniform strategy tree of minimum size for

G(s,d).

G(s,d)
(r),[r]
G(S,D) 2 G(s',d") M’ g(--)
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Handling Reflexivity, Symmetry, Transitivity

Reflexivity and propositional Symbols

Let (r,S’) (or [r, D*]) be the first move in the minimum uniform
strategy tree for the game G(S, D) in the S5-model (M, S, D), and let
G(S',DUD’) (or G(SUS*, D*)) be the game we would have to play
after this move (S C succs,(S), D C succs,(D), reflexivity of S5). If
S"Epand DEP (or D*E p and S E p) then we can use the strategies
shown below where t is the minimum uniform strategy tree for the game

Gg(s', D) (or G(S*, D%)).

(r,S") [r, D]
| |

s 5 o O
7N N ®)
t P
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Handling Reflexivity, Symmetry, Transitivity

Reflexivity and propositional Symbols

Let (r,S’) (or [r, D*]) be the first move in the minimum uniform
strategy tree for the game G(S, D) in the S5-model (M, S, D), and let
G(S',DUD’) (or G(SUS*, D*)) be the game we would have to play
after this move (S C succs,(S), D C succs,(D), reflexivity of S5). If
S"Epand DEP (or D*E p and S E p) then we can use the strategies
shown below where t is the minimum uniform strategy tree for the game

Gg(s', D) (or G(S*, D%)).

SQ ‘d [r,d']
|
s W
| | X
S @ @ UST(s',d") (P)
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Handling Reflexivity, Symmetry, Transitivity

Reflexivity and propositional Symbols

Let (r,S’) (or [r, D*]) be the first move in the minimum uniform
strategy tree for the game G(S, D) in the S5-model (M, S, D), and let
G(S',DUD’) (or G(SUS*, D*)) be the game we would have to play
after this move (S C succs,(S), D C succs,(D), reflexivity of S5). If
S"Epand DEP (or D*E p and S E p) then we can use the strategies
shown below where t is the minimum uniform strategy tree for the game

Gg(s', D) (or G(S*, D%)).

SQ @ [r7 dl]
|
g W
-~ X
UST (s, d") (P)
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Handling Reflexivity, Symmetry, Transitivity

Reflexivity and propositional Symbols

Let (r,S’) (or [r, D*]) be the first move in the minimum uniform
strategy tree for the game G(S, D) in the S5-model (M, S, D), and let
G(S',DuUD’) (or G(SUS*, D*)) be the game we would have to play
after this move (S C succs,(S), D C succs,(D), reflexivity of S5). If
S"Epand DEP (or D*E p and S E p) then we can use the strategies
shown below where t is the minimum uniform strategy tree for the game

G(S', D) (or G(S*, D¥)).

Size
Any uniform strategy tree of this kind is at most three time larger than
the uniform strategy tree of minimum size.
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Recursive S5-Model

s @ @«

s @
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Recursive S5-Model

d; @ o @
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Recursive S5-Model

d! @
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Recursive S5-Model

d; @




Succinctness of Modal Logics = Results

Recursive S5-Model




Recursive S5-Model
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Recursive S5-Model
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Recursive S5-Model
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Recursive S5-Model




Results for S5

Succinctness Results for [Vi] ML, [3r] ML, [p] ML

In S5, the Logics [Vr] ML, [3r] ML and [¢] ML, with at least three
relational symbols and one propositional symbol, are exponentially more
succinct than ML.




Results for S5

Succinctness Results for [Vr] ML, [3r] ML, [p] ML

In S5, the Logics [Vr] ML, [3r] ML and [¢] ML, with at least three
relational symbols and one propositional symbol, are exponentially more
succinct than ML.

Family of formulae for ML:

®o = (g)P
©n = <g> (ﬁ A ([b] (ﬁ\/ Qpnfl) A [r] (ﬁ\/ Sonfl)))
and [Vr] ML:
Yo = o

n=1{(8) (BA ([Vip,r}] BV ¥n-1))) = ¢n
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Results for S5

Succinctness Results for [Vr] ML, [3r] ML, [p] ML

In S5, the Logics [Vr] ML, [3r] ML and [¢] ML, with at least three
relational symbols and one propositional symbol, are exponentially more
succinct than ML.

Family of formulae for ML:
o = lelp
on=1lel (pV (6] (BV ¢h1) VI (PV ¢h-1)))

and [3r] ML:

o = ¥o
Y =18l (pV (Bo,] PV ¥h_1))) = &,



Results for S5

Succinctness Results for [Vr] ML, [3r] ML, [p] ML

In S5, the Logics [Vr] ML, [3r] ML and [p] ML, with at least three
relational symbols and one propositional symbol, are exponentially more
succinct than ML.

Family of formulae for ML:

vo = ()P

Yn = <g> (ﬁ A anfl A <b> (P A anfl) A <I’> (P A ?bnfl A <b> (P A d)nfl))
with ¢n_1 = (b) (p A ¢j_1)

and [¢p] ML:

Yo = ¥o
¥ = (g) (BA(((b) (P AWi_1))(b)P){r)p)
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