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Graphs

a b

c

Figure: graph 𝐺 = (𝑉 , 𝐸 ⊆ 𝑉 × 𝑉 )

𝑉 ≔ { 𝑎, 𝑏, 𝑐 }
𝐸 ≔ { (𝑎, 𝑎), (𝑎, 𝑏), (𝑎, 𝑐), (𝑏, 𝑐) }
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Topological Sort

Definition (strict total order)
A strict total order < on a set 𝑆 satisfies

𝑎 ≮ 𝑎 (irreflexivity)
if 𝑎 < 𝑏 and 𝑏 < 𝑐, then 𝑎 < 𝑐 (transitivity)
if 𝑎 < 𝑏, then 𝑏 ≮ 𝑎 (antisymmetry)
if 𝑎 ≠ 𝑏, then 𝑎 < 𝑏 or 𝑏 < 𝑎 (totality)

for all 𝑎, 𝑏, 𝑐 ∈ 𝑆.
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Topological Sort

Definition (topological sort)
A topological sort of 𝐺 = (𝑉 , 𝐸) is a strict total order < of 𝑉
satisfying

(𝑎, 𝑏) ∈ 𝐸 ⟹ 𝑎 < 𝑏

for all 𝑎, 𝑏 ∈ 𝑉.

Existence of a topological sort
topological sort exists ⟺ graph acyclic
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Kahn’s algorithm

a b

c d

Figure: graph (𝑉 , 𝐸)

𝐿 = [𝑎, 𝑏, 𝑐, 𝑑]
𝑉 = ∅

{𝑎, 𝑏, 𝑐, 𝑑} {𝑏, 𝑐, 𝑑} {𝑐, 𝑑} {𝑑} ∅
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Kahn’s algorithm

a b

c d

Figure: graph (𝑉 , 𝐸)

𝐿 = []
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Coalgebras

Definition (𝐹-coalgebra)
Given a functor 𝐹∶ 𝒞 → 𝒞 and 𝐶 ∈ 𝒞 :

𝐶 𝐹𝐶𝑐

denoted (𝐶, 𝑐)
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Coalgebras

Definition (covariant power-set functor)
𝒫 ∶ Set → Set defined by

𝒫𝑋 ≔ {𝐴 ⊆ 𝑋}
𝒫(𝑓∶ 𝑋 → 𝑌 ) ≔ 𝐴 ↦ 𝑓[𝐴] for 𝐴 ⊆ 𝑋
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Graphs As Coalgebras

a b

c

Figure: graph (𝑉 , 𝐸)

As 𝒫 -coalgebra
(𝑉 , 𝑠 ∶ 𝑉 → 𝒫𝑉 )

𝑎

𝑏

𝑐

𝑉

{𝑎, 𝑏, 𝑐}

{𝑐}

∅

𝒫𝑉
𝑠
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Categorical Notions

Definition (least bound)
𝐹∶ 𝒞 → 𝒞 admits least bounds:
for all 𝑓∶ 𝑋 → 𝐹𝑌 exists (𝑍, 𝑚∶ 𝑍 ↣ 𝑌 )

𝑋 𝐹𝑌

𝐹𝑍

𝐹𝑍′

𝑓

𝑔

𝑔′

𝐹𝑚

𝐹ℎ 𝐹𝑚′

with 𝑚 = 𝑚′ ∘ ℎ.
(𝑍, 𝑔, 𝑚) is the least bound for 𝑓.
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Categorical Notions

Example in Set
(𝑍, 𝑔, 𝑚) the least bound for 𝑓∶ 𝑋 → 𝐹𝑌

𝑋 𝐹𝑌

𝐹𝑍
𝑔

𝑓

𝐹𝑚

Remark
functor admits least bounds ⟺ preserves infinite intersections
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Coalgebraic Construction

Assumption
𝒞: infinite intersections + initial object ∅
𝐹∶ 𝒞 → 𝒞 preserves infinite intersections
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Coalgebraic Construction

Construction for (𝐶, 𝑐 ∶ 𝐶 → 𝐹𝐶)

Define sequence (𝑀𝑘, 𝑚𝑘 ∶ 𝑀𝑘 ↣ 𝐶)𝑘∈ℕ:

𝑀0 ∶= 𝐶 and 𝑚0 ∶= id𝐶

(𝑀𝑘+1, 𝑒𝑘, 𝑚𝑘+1) as least for 𝑐 ∘ 𝑚𝑘

𝐶 𝐹𝐶

𝑀𝑘 𝐹𝑀𝑘+1

𝑐

𝑚𝑘

𝑒𝑘

𝐹𝑚𝑘+1
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Coalgebraic Construction: Example

a b

c d

(𝑀𝑘+1, 𝑒𝑘, 𝑚𝑘+1) least bound for 𝑐 ∘ 𝑚𝑘

{𝑎, 𝑏, 𝑐, 𝑑} {𝑏, 𝑐, 𝑑} {𝑑} ∅ …

𝒫{𝑎, 𝑏, 𝑐, 𝑑} 𝒫{𝑏, 𝑐, 𝑑} 𝒫{𝑑} 𝒫∅ …

𝑐 𝑒0 𝑒1

𝑚1

𝑒2

𝑚2

𝒫𝑚1

𝒫𝑚2
𝒫𝑚3
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𝒫𝑚3
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Chains

Definition (poset category (ℕ, ≥))

0 1 2 …
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Chains

Definition (poset category (ℕ, ≥))

0 1 2 …

Definition (Category of mono chains 𝒞(ℕ,≥)
mono)

(𝑓 ∶ 𝐶 → 𝐷) ∈ 𝒞(ℕ,≥)
mono:
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Endo-Functors on Chains

Definition (Functor Lift)
For 𝐹∶ 𝒞 → 𝒞 mono preserving, define its lift ̄𝐹 ∶ 𝒞(ℕ,≥)

mono → 𝒞(ℕ,≥)
mono

𝐶(0) 𝐶(1) 𝐶(2) …

𝐹𝐶(0) 𝐹𝐶(1) 𝐹𝐶(2) …

𝐶(1≥0)

̄𝐹

𝐶(2≥1)

𝐹𝐶(1≥0) 𝐹𝐶(2≥1)
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Endo-Functors on Chains

Definition (Next Functor)
Define 𝑁∶ 𝒞(ℕ,≥)

mono → 𝒞(ℕ,≥)
mono by

𝐶(0) 𝐶(1) 𝐶(2) …
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𝑁
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Construction as Coalgebra

̄𝐹𝑁-coalgebra (𝐷, 𝑑):

𝐷(0) 𝐷(1) 𝐶(2) …

𝐹𝐷(1) 𝐹𝐷(2) 𝐹𝐷(3) …

𝑑(0) 𝑑(1) 𝑑(2)

Construction for 𝐹-coalgebra (𝐶, 𝑐):

𝐶 ≕ 𝑀0 𝑀1 𝑀2 𝑀3

𝐹𝐶 ≕ 𝐹𝑀0 𝐹𝑀1 𝐹𝑀2 𝐹𝑀3

𝑐 𝑒0

𝑠0

𝑒1

𝑠1

𝑒2

𝑠2

𝐹𝑠0 𝐹𝑠1 𝐹𝑠2

Lemma
The construction yields an ̄𝐹𝑁-coalgebra.
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Construction: Stabilization

𝐶 ≕ 𝑀0 𝑀1 𝑀2 𝑀3

𝐹𝐶 ≕ 𝐹𝑀0 𝐹𝑀1 𝐹𝑀2 𝐹𝑀3

𝑐 𝑒0
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𝑒2
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Coalgebra Homomorphisms

Definition
𝐹-coalgebra homomorphism ℎ∶ (𝐶, 𝑐) → (𝐷, 𝑑)

𝐶 𝐹𝐶

𝐷 𝐹𝐷

𝑐

ℎ 𝐹ℎ

𝑑

category of 𝐹-coalgebras: Coalg𝐹
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Construction as a Functor

Assumptions
𝒞: inverse images
𝐹 preserves inverse images
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Construction as a Functor

Definition
𝐾∶ Coalg𝐹 → Coalg ̄𝐹𝑁 maps an 𝐹-coalgebra to its construction.

Definition
The forgetful-functor 𝑈∶ Coalg ̄𝐹𝑁 → Coalg𝐹

𝐷(0) 𝐷(1)

𝐹𝐷(0) 𝐹𝐷(1)

𝑑(0)

𝐷(1≥0)

𝐹𝐷(1≥0)

Theorem
𝐾 is an adjoint functor and 𝐾 ⊣ 𝑈.
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Generalized Topological Sort

Definition (ℕ-topological sort)
(𝐷, 𝑑) ∈ Coalg ̄𝐹𝑁 is an ℕ-topological sort for (𝐶, 𝑐) ∈ Coalg𝐹, if
1. 𝑈(𝐷, 𝑑) = (𝐶, 𝑐) and
2. lim 𝐷 ≅ ∅.

𝐷(0) 𝐷(1) 𝐷(2) …

𝐹𝐷(1) 𝐹𝐷(2) 𝐹𝐷(3) …

𝑑(0) 𝑑(1) 𝑑(2)
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Correctness of Construction

Assumption
∅ is strict initial object

∃ graph topsort ⟺ ∃ ℕ-topsort ⟺ 𝐾 yields ℕ-topsort

Theorem
𝐾(𝐶, 𝑐) is the initial ℕ-topological sort for (𝐶, 𝑐) ∈ Coalg𝐹.
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Coalgebra Homomorphisms

Lemma
For 𝐹-coalgebra homomorphism ℎ∶ (𝐶, 𝑐) → (𝐷, 𝑑):
(𝐷, 𝑑) has ℕ-topsort ⟹ (𝐶, 𝑐) has ℕ-topsort
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Summary

construction for coalgebraic Kahn algorithm
topological sort as ̄𝐹𝑁-coalgebra
functor 𝐾∶ Coalg𝐹 → Coalg ̄𝐹𝑁
construction yields initial ℕ-topological sort
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Future Work

expand scope of construction for (ℰ, ℳ)-factorization
systems
weaken the assumptions
generalize DFS-based algorithm
explore monic/ epic ℎ ∈ Coalg𝐹 and 𝐾(ℎ)
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Questions?
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̄𝐹𝑁-coalgebra homomorphism

(𝐶, 𝑐), (𝐷, 𝑑) ∈ Coalg ̄𝐹𝑁
ℎ∶ (𝐶, 𝑐) → (𝐷, 𝑑)

⋯ ⋯

𝐶(1) 𝐷(1)

𝐶(0) 𝐷(0) ⋯

𝐹𝐶(2) 𝐹𝐷(2)

𝐹𝐶(1) 𝐹𝐷(1)

ℎ(1)

𝑑(1)ℎ(0)

𝑐(0) 𝑑(0)

𝐹ℎ(1)
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𝐾 on morphisms

𝐹𝐶 𝐹𝐷

𝐹𝐵 𝐹𝐷(𝑘 + 1)

𝑀𝑘 𝐷(𝑘)

𝐹ℎ

𝐹𝑚𝑘+1

𝐹ℎ𝑘+1

	 𝐹𝐷(𝑘+1≥0)

𝑒𝑘 	

ℎ(𝑘)

𝑐∘𝑚𝑘

𝑑(𝑘)
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𝐾 on morphisms
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𝐹ℎ
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𝐹ℎ𝑘+1

	 𝐹𝐷(𝑘+1≥0)

𝑒𝑘 	

ℎ(𝑘)

𝑐∘𝑚𝑘

𝑑(𝑘)
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