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(20—
‘ Vi={ab,c}

e E:={(a,a),(a,b),(a,c),(bc)}

Figure: graph G = (V,ECV x V)




TOPOLOGICAL SORT




TOPOLOGICAL SORT

Definition (strict total order)

A strict total order < on a set S satisfies

Mata (irreflexivity)
mifa<bandb<c¢thena<ec (transitivity)
mifa<b thenb £a (antisymmetry)
mifa+#bthena<borb<a (totality)

forall a,b,c € S.
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TOPOLOGICAL SORT

Definition (topological sort)

A topological sort of G = (V, E) is a strict total order < of V/
satisfying
(a,b) e E = a<b

forall a,b € V.

Example

o G L, =[a,b,c,d]
° 0 L, =][c,a,b,d]




TOPOLOGICAL SORT

Definition (topological sort)

A topological sort of G = (V, E) is a strict total order < of V/
satisfying
(a,b) e E = a<b

forall a,b € V.

Existence of a topological sort

topological sort exists < graph acyclic
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Figure: graph (V. E)

L= ld]
V ={b,c,d}
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Figure: graph (V. E)

L = a,b]
V ={c,d}




KAHN’S ALGORITHM

(@

Figure: graph (V. E)

L =a,b,c]
V ={d}
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KAHN’S ALGORITHM

Figure: graph (V. E)




COALGEBRAS

Definition (F-coalgebra)

Given a functor F: ¢ - € and C €€ :
cC —~5 FC

denoted (C, ¢)



COALGEBRAS

Definition (covariant power-set functor)
P : Set — Set defined by

PX:={AC X}
P(f: X 5 Y):= A f[A]

forAC X




GRAPHS AS COALGEBRAS

Figure: graph (V, E)




GRAPHS AS COALGEBRAS

Q As P -coalgebra

(V,s: V = PV)

Figure: graph (V, E)




GRAPHS AS COALGEBRAS

Q As P -coalgebra

(V,s: V — PV)
\%
S
© [
Figure: graph (V, E) b
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Definition (subobject)

(A, a) represents a subobject of C € €
pre-order: (A,a) < (B,b) iff 3k: A — Bwith
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CATEGORICAL NOTIONS

Definition (least bound)

F: € — € admits least bounds:
forall f: X — FY exists (Z,m: Z+—Y)

f
X FY
I 0
I‘ |
L g Fm |/
/
\\\ Fz £
7 v / 7
g \\\ Fh /// Fm
\\\ ~ Y//
FZ’

with m = m’ o h.
(Z,g,m) is the least bound for f.
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CATEGORICAL NOTIONS
Example in Set

(Z,g,m) the least bound for f: X — FY

!

N

FZ

functor admits least bounds < preserves infinite intersections

X FYy




COALGEBRAIC CONSTRUCTION

C: infinite intersections + initial object ()
F: ¢ — C preserves infinite intersections
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Construction for (C,c: C — FC)

Define sequence (M;, m;, : M;, = C)ep:




COALGEBRAIC CONSTRUCTION

Construction for (C,c: C — FC)

Define sequence (M;, m;, : M;, = C)ep:
m M, :=Candm,:=id.




COALGEBRAIC CONSTRUCTION

Construction for (C,c: C — FC)

Define sequence (M;, m;, : M;, = C)ep:
m (M. e, my,,)as least for com,

C ——— FC

mkI IkaJrl

My, —— FMj,
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(M1, ey, my,,) least bound for c o m,,

@

{a,b,c,d} AT {b,c,d}

(;J/ \60 \8
\t pY
Plab,c,d} < Plbe,d}  P{d}
Pmy



COALGEBRAIC CONSTRUCTION: EXAMPLE

(M1, ey, my,,) least bound for c o m,,

{a,b,c,d} = {b,c,d} {d}
l ~ ~N N
c €o €1 €2
Nt ~ N
Plab,c,d} s« Plbe,d}  Pld} PO
Pmy
Pmag



COALGEBRAIC CONSTRUCTION: EXAMPLE

(M1, ey, my,,) least bound for c o m,,

mo

{a.b,c.d} = {b,c,d} (dy 0
l >~ N N .
c €o €1 €2
> pY N
Pla,b,c,d} =< P{b,c,d} P{d} PO L%..
Pmy .
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CONSTRUCTION AS CHAIN-COALGEBRA

Lemma

For all k € N exists s;,: M, , = M, with

Sk
M, +——= M,

C

Construction for (C, ¢):

S0

C = M, M, M, <2< M, <
Cl \eU \61 \62
~ ~ ~

FC = FM, «——= FM, <——= FM, <——= FM; <
Fsg Fs, Fsy
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Definition (poset category (N, >))

) ) O

0 «— 1 +— 2«
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Definition (poset category (N, >))

¢y ) )

0 +— 1 +— 2«

Definition (Category of chains =)
C € cW-2):;

C(1>0) C(2>1)
«— —

C(0)

C(1) C(2) <



CHAINS

Definition (poset category (N, >))

¢y ) )

0 +— 1 +— 2«

Definition (Category of chains ¢(:2))
(f: C = D) € eMN:2);




CHAINS

Definition (poset category (N, >))

¢y ) )

0 «— 1 <¢— 2«

Definition (Category of mono chains Clhira)
(f: C = D) € €%:2):




ENDO-FUNCTORS ON CHAINS

Definition (Functor Lift)

For F: @ — € mono preserving, define its lift F: Cihun) — Chu2)

C(1>0) Cc(2>1)
— —

C(0)

c(1) C(2) « <




ENDO-FUNCTORS ON CHAINS

Definition (Functor Lift)
For F: @ — € mono preserving, define its lift F: Cihun) — Chu2)

C(1>0) Cc(2>1)
— —

C(0) c(1)

&

C(2) « <




ENDO-FUNCTORS ON CHAINS

Definition (Functor Lift)

For F: @ — € mono preserving, define its lift F: Cihun) — Chu2)

C(120) c(2>1)

C0) +——= C(1) +——= C(2) « <

Ik
FC(2>1)

F&?)FC‘(D —— FC(2) ¢4 ..

FO(0)




ENDO-FUNCTORS ON CHAINS

Definition (Next Functor)
Define N: €2 — eu2) by




ENDO-FUNCTORS ON CHAINS

Definition (Next Functor)
Define N: €2 — eu2) by

C(1>0) (2>1)
+—

C(0)

[

C(2>1) c@)

C(3>2)
—

c(1)

C(1) pel)

C(2) <

FC(3) <

L oo



CONSTRUCTION AS COALGEBRA

FN-coalgebra (D, d):
D(0) «—= D(1) «+—= C(2) << ...

d(O)l d(1 )l d(Q)l i

FD(1) << FD(2) << FD(3) <=

~
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CONSTRUCTION AS COALGEBRA

FN-coalgebra (D, d):
D(0) «—= D(1) «+—= C(2) << ...

d(O)l 1)l d(Q)l i

FD(1) << FD(2) << FD(3) <=

~

Construction for F-coalgebra (C, ¢):

C = MO<—<M1<—<M2HM3<

l\ AN N
€1 €2 .

Nt ~

=
FC = FM, Ef) FM, £ FM, Fod FM; <

Lemma

The construction yields an F N-coalgebra.




CONSTRUCTION: STABILIZATION

C =M, 2~ M, M, «2< M, <
™~ N N
cl eq €1 €2
It QY N

FC = FM, +—— FM, +—— FM, +—— FM; ¢ 7
Fsg Fs, Fsy




COALGEBRA HOMOMORPHISMS




COALGEBRA HOMOMORPHISMS

F-coalgebra homomorphism h: (C,¢) — (D, d)

C —~5 FC

o e

D—%y FD




COALGEBRA HOMOMORPHISMS

F-coalgebra homomorphism h: (C,¢) — (D, d)

C —~5 FC

o e

D—%y FD

category of F-coalgebras: CoalgF




CONSTRUCTION AS A FUNCTOR

C: inverse images
F preserves inverse images
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CONSTRUCTION AS A FUNCTOR

K: CoalgF — CoalgF N maps an F-coalgebra to its construction.

The forgetful-functor U: Coalg FN — CoalgF
D(1>0)
—

D(1)

K is an adjoint functor and K - U.




GENERALIZED TOPOLOGICAL SORT

Definition (N-topological sort)

(D,d) € CoalgF N is an N-topological sort for (C, ¢) € CoalgF, if
1. U(D,d) = (C,c) and
2. lim D = 0.




GENERALIZED TOPOLOGICAL SORT

Definition (N-topological sort)

(D,d) € CoalgF N is an N-topological sort for (C, ¢) € CoalgF, if
1. U(D,d) = (C,c) and
2. lim D = 0.

D(0) <—= D(1) «—= D(2) << ..

d(O)l d(l)l d@)l i

FD(1) «< FD(2) << FD(3) << ...
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CORRECTNESS OF CONSTRUCTION

() is strict initial object

3 graph topsort <= 3 N-topsort < K yields N-topsort

K(C,c) is the initial N-topological sort for (C, ¢) € CoalgF.




COALGEBRA HOMOMORPHISMS

Lemma

For F-coalgebra homomorphism h: (C,c¢) — (D, d):
(D,d) has N-topsort = (C, c) has N-topsort
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SUMMARY

m construction for coalgebraic Kahn algorithm
m topological sort as F'N-coalgebra

m functor K: CoalgF — CoalgF' N

m construction yields initial N-topological sort
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FUTURE WORK

m expand scope of construction for (&£, M)-factorization
systems

m weaken the assumptions
m generalize DFS-based algorithm
m explore monic/ epic h € CoalgF and K (h)




Questions?




F N-COALGEBRA HOMOMORPHISM

(C, ¢),(D,d) € CoalgFN
h: (C,c) = (D, d)




K ON MORPHISMS

Fc —t _ Fp
kaHI IFD(kHzo)
com,, FB FD(k + 1)

.

M, —— D(k)
h(k)



K ON MORPHISMS

Fc —t _ Fp
kaHI o IFD(kHzo)
Fhk{l
com,, FB > FD(k+ 1)

1o

M, —— D(k)
h(k)



