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Labelled Markov Chains

What is a Labelled Markov Chain?

Definition

A Labelled Markov Chain is a tuple M = (S , L, τ, l) consisting of

a finite set S of states

a finite set L of labels

a transition probability function τ : S → DQ(S)

a labeling function l : S → L

DQ(X ) = {µ : X → Q | µ is a probability distribution}
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Probabilistic Bisimilarity

Definition

For all µ, ν ∈ DR(S), the set ΩR(µ, ν) is defined by

ΩR(µ, ν) = {ω ∈ DR(S × S) | ∀s ∈ S : ω(s,S) = µ(s) ∧ ω(S , s) = ν(s)}

Definition

A relation R ⊂ S × S is a probabilistic bisimulation if for all (s, t) ∈ R,
l(s) = l(t) and there exists ω ∈ ΩR(τ(s), τ(t)) with support(ω) ⊆ R.
s ∼ t ⇔ (s, t) ∈ R for some probabilistic bisimulation R.
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Probabilistic Bisimilarity Distances

Definition

The function ∆ : (S × S → [0, 1]) → (S × S → [0, 1]) is defined by

∆(d)(s, t) =


0 if s ∼ t

1 if l(s) ̸= l(t)

inf
ω∈ΩR(τ(s),τ(t))

ω · d otherwise

Notation: ω · d =
∑

u,v∈S ω(u, v) · d(u, v)
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Fixpoint of ∆

∆ has a least fixed point δ, i.e. ∆(δ) = δ. δ(s, t) is the probabilistic
bisimilarity distance of s and t.

Definition

For n ≥ 0 the function δn : S × S → [0, 1] is defined by

δn =

{
0 if n = 0

∆(δn−1) otherwise

Theorem

(Kleene’s fixed point theorem)

lim
n→∞

δn → δ
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The Logic L¬ - Grammar

Definition

The logic L¬ is defined by the grammar

φ,ψ ::= a | ⃝φ | ¬φ | φ⊖ q | φ ∨ ψ

with a ∈ L and q ∈ Q ∩ [0, 1]
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The Logic L¬ - Semantics

Definition

The semantics of L¬ are defined as follows:

JaK(s) =

{
1 if l(s) = a

0 otherwise

J⃝φK(s) = JφK · τ(s)
J¬φK(s) = 1− JφK(s)
Jφ⊖ qK(s) = max{JφK(s)− q, 0}
Jφ ∨ ψK(s) = max{JφK(s), JψK(s)}
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The Logic L

Definition

The logic L is defined by the grammar

φ,ψ ::= a | ⃝φ | φ⊖ q | φ⊕ q | φ ∨ ψ | φ ∧ ψ

with a ∈ L and q ∈ Q ∩ [0, 1]

Jφ⊕ ψK(s) = min{JφK(s) + q, 1}
Jφ ∧ ψK(s) = min{JφK(s), JψK(s)}
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The Logic L

Definition

The logic L is defined by the grammar

φ,ψ ::= a | ⃝φ | φ⊖ q | φ⊕ q | φ ∨ ψ | φ ∧ ψ

with a ∈ L and q ∈ Q ∩ [0, 1]

Jφ⊕ ψK(s) = min{JφK(s) + q, 1}
Jφ ∧ ψK(s) = min{JφK(s), JψK(s)}

L can be fully expressed by L¬
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Distinguishing formula

Definition (Distinguishing formula)

A formula φst is called a distinguishing formula, if

δ(s, t) = JφstK(s)− JφstK(t)
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Distinguishing formula

Definition (Distinguishing formula)

A formula φst is called a distinguishing formula, if

δ(s, t) = JφstK(s)− JφstK(t)

Question: Does φst always exist? Answer: No
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Distinguishing formula

Definition (Distinguishing formula)

A formula φst is called a distinguishing formula, if

δ(s, t) = JφstK(s)− JφstK(t)

Question: Does φst always exist? Answer: No

But ∀s, t ∈ S :
δ(s, t) = sup

φ∈L
JφK(s)− JφK(t)
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Convex polytope of non-expansive functions

Definition

A function f ∈ S → [0, 1] is non-expansive if for all s, t ∈ S :

|f (s)− f (t)| ≤ δn(s, t)

We denote the set of all non-expansive functions by (S , δn) ↪→ [0, 1].

Theorem

For all s, t ∈ S with s ̸∼ t and l(s) = l(t) and n ≥ 0 there exists
f nst ∈ (S , δn) ↪→ [0, 1] such that

δn+1(s, t) = f nst · (τ(s)− τ(t))
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Proof.

δn+1(s, t)

= inf
ω∈ΩR(τ(s),τ(t))

ω · δn Definition

= sup
f ∈(S,δn)↪→[0,1]

f · (τ(s)− τ(t)) Kanotorich-Rubinstein

= max
f ∈V ((S ,δn)↪→[0,1])

f · (τ(s)− τ(t)) Convex polytope
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Expressing f nst as a formula

Assume f nst can be expressed by Jψn
stK:

J(⃝ψn
st)⊖ (f nst · τ(t))K(s) = max{(Jψn

stK · τ(s))− (f nst · τ(t)), 0}
= max{(f nst · τ(s))− (f nst · τ(t)), 0}
= max{f nst · (τ(s)− τ(t)), 0}
= max{δn+1(s, t), 0}
= δn+1(s, t)

Jψn
stK = J

∧
u∈S

∨
v∈S

ψn
stuv K = f nst
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Construction of φn
st

For all s, t ∈ S and n ≥ 2:

φn
st =


false, if s ∼ t

l(s), if l(s) ̸= l(t)

(⃝ψn−1
st )⊖ (f n−1

st · τ(t)) otherwise

ψn
st =

∧
u∈S

∨
v∈S

ψn
stuv

ψn
stuv =


false ⊕ f nst(u) if f nst(u) = f nst(v)

(φn
uv ⊖ (δn(u, v)− (f nst(u)− f nst(v))))⊕ f nst(v) if f nst(u) > f nst(v)

(φn
vu ⊖ (δn(u, v)− (f nst(v)− f nst(u))))⊕ f nst(u) otherwise
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Computing f nst

Data: d ∈ S × S → Q ∩ [0, 1], µ, ν ∈ DQ(S)
Result: argmaxf ∈(S ,d)↪→[0,1] f · (µ− ν)

dµν = infω∈ΩR(µ,ν) ω · d
fµν = vertex of {f ∈ (S , d) ↪→ [0, 1] | f · (µ− ν) = dµν}
return fµν

Algorithm 1: FindVertex(d , µ, ν)
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Algorithm

Data: τ : S → DQ(S), l : S → L, s, t ∈ S ,N ≥ 0
Result: (φn

st)
N
n=0∀s, t ∈ S

// Initialization

declare formula[|S |][|S |][N + 1] = φ1
st

formula[|S |][|S |][0] = false
declare distance[|S |][|S |] = 0[|S |][|S |]
declare function[|S |][|S |][|S |] = 0[|S |][|S |][|S |]

Algorithm 2: ExplainDistances
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for n = 1 to N do
UpdateDistances(distance, function, τ, l)
for s, t ∈ S do

if s ̸∼ t and l(s) = l(t) then
function[s][t] = FindVertex(distance, τ(s), τ(t))
declare ψn

st

for u, v ∈ S do
declare ψn

stuv =
ComputeSubformula(distance[u][v ], function[s][t], formula, n)

ψn
st .insert(ψ

n
stuv )

end
formula[s][t][n + 1] = (⃝ψn

st)⊖ (function[s][t] · τ(t))
end

end

end
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