
Heterogeneous Simulations
Historia Calamitatum

Florian Guthmann
florian.guthmann@fau.de

☃2026-01-27☃
2026-02-03



Motivation
What states are behaviourally equivalent?
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𝑟 = {(𝑥, 𝑝), (𝑦, 𝑞), (𝑧, 𝑞)}

2/25



Bisimulation of 𝒜-LTSs
Let (𝑋, 𝛾 ∶ 𝑋 → 𝒫 (𝒜 × 𝑋)), (𝑌 , 𝛿 ∶ 𝑌 → 𝒫 (𝒜 × 𝑌 ))

𝑥 𝑦

𝛾(𝑥) 𝛿(𝑦)
𝑎

𝑟

𝑎
𝐹𝑟

𝛾(𝑥) ̃𝑟 𝛿(𝑦) ⟺ (∀ 𝑥′ ∈ 𝛾(𝑥). ∃ 𝑦′ ∈ 𝛿(𝑦).𝑥′ 𝑟 𝑦′) ∧

(∀ 𝑦′ ∈ 𝛿(𝑦). ∃ 𝑥′ ∈ 𝛾(𝑥).𝑥′ 𝑟 𝑦′)

Idea
Just lift 𝑟 along the functor!
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The Barr Extension∗

Definition
Given a relation 𝑟 ∶ 𝑋 𝑌 , take the span
𝑋 𝑟 𝑌𝜋1 𝜋2 then

𝐹𝑟 = gr (𝐹𝜋2) ∘ (gr (𝐹𝜋1))∘

Example
For 𝐹 ≔ 𝒫

𝐴 𝒫𝑟 𝐵 ⟺ (∀ 𝑎 ∈ 𝐴. ∃ 𝑏 ∈ 𝐵. 𝑎 𝑟 𝑏) ∧

(∀ 𝑏 ∈ 𝐵. ∃ 𝑎 ∈ 𝐴. 𝑎 𝑟 𝑏)
Egli-Milner Extension

∗Barr 1970.Homogeneity 4/25



No Barr Extension

Remark
𝐹 -similarity captures behavioural equivalence iff 𝐹 preserves
weak pullbacks

Not all functors do, e.g. the monotone neighbourhood
functor ℳ does not

𝒫 ∘ 𝒫 restricted to upsets

Idea
Need a laxer notion of extension!
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Lax Extensions†

Definition
Let 𝐹 ∶ Set → Set. A lax extension 𝐿 of 𝐹 consists of a map

(𝑟 ∶ 𝑋 𝑌 ) ↦ (𝐿𝑟 ∶ 𝐹𝑋 𝐹𝑌 )

such that

𝑟 ⊆ 𝑟′ ⟹ 𝐿𝑟 ⊆ 𝐿𝑟′ (monotonicity)
𝐿𝑠 ∘ 𝐿𝑡 ⊆ 𝐿(𝑠 ∘ 𝑡) (lax functoriality)
gr (𝐹𝑓) ⊆ 𝐿(gr (𝑓)) and gr (𝐹𝑓)∘ ⊆ 𝐿(gr (𝑓)∘) (lifting)

†Marti and Venema 2012.Homogeneity 6/25



Example

Lemma
The monotone neighbourhood functor ℳ has a lax extension
given by

ℳ̃(𝑟) = Forth(Back(𝑟)) ∩ Back(Forth(𝑟))

Forth(𝑟) = {(𝑈, 𝑉 ) ∣ ∀ 𝑢 ∈ 𝑈 . ∃ 𝑣 ∈ 𝑉 .𝑢 𝑟 𝑣}

Back(𝑟) = {(𝑈, 𝑉 ) ∣ ∀ 𝑣 ∈ 𝑉 . ∃ 𝑢 ∈ 𝑈 .𝑢 𝑟 𝑣}

Remark
Egli-Milner extension 𝒫(𝑟) = Forth(𝑟) ∩ Back(𝑟)
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Bisimulations
For coalgebras (𝐶, 𝛾 ∶ 𝐶 → 𝐹𝐶), (𝐷, 𝛿 ∶ 𝐷 → 𝐹𝐷) a
relation 𝑟 ∶ 𝐶 𝐷 is a 𝐿-bisimulation if

𝐶 𝐷

𝐹𝐶 𝐹𝐷

𝑟

gr(𝛾)

𝐿𝑟

gr(𝛿)∘⊆
𝑐 𝑟 𝑑 ⟹ 𝛾(𝑐) 𝐿𝑟 𝛿(𝑑)
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Lax Extensions

Definition
A lax extension 𝐿 is identity preserving if

𝐿(Δ𝑋) ⊆ Δ𝐹𝑋

It is converse preserving if

𝐿(𝑟∘) = (𝐿𝑟)∘

Result (Marti and Venema 2012)
If 𝐿 preserves identities and converses then 𝐿-bisimulation
captures behavioural equivalence
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Systems of Different Type

𝑥

𝑦 𝑧
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𝐹𝑋 = 𝒫 (𝒜 × 𝑋)

𝑝

𝑞

0

1 1

2

𝐹𝑋 = 𝒫 (ℕ × 𝑋)
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Relational Connectors‡

Definition
Let 𝐹, 𝐺∶ Set → Set. A relational connector 𝐿∶ 𝐹 → 𝐺
maps a relation 𝑟 ∶ 𝑋 𝑌 to

𝐿𝑟∶ 𝐹𝑋 𝐺𝑌

such that for 𝑟′ ∶ 𝑋 𝑌 ,𝑓 ∶ 𝑋′ → 𝑋, 𝑔 ∶ 𝑌 ′ → 𝑌

𝑟 ⊆ 𝑟′ ⟹ 𝐿𝑟 ⊆ 𝐿𝑟′ (monotonicity)
𝐿(gr (𝑔)∘ ∘ 𝑟 ∘ gr (𝑓)) = (gr (𝐺𝑔))∘ ∘ 𝐿𝑟 ∘ gr (𝐹𝑓) (naturality)

‡Nora et al. 2025.Heterogeneity 11/25



LTSs over different Alphabets
Let 𝐹𝑋 = 𝒫 (𝒜 × 𝑋), 𝐺𝑌 = 𝒫 (ℬ × 𝑌 )
For 𝑅∶ 𝒜 ℬ let 𝐿𝑅 ∶ 𝐹 → 𝐺

𝑆 𝐿𝑅𝑟 𝑇 ⟺ ∀ (𝑎, 𝑏) ∈ 𝑅. (∀ (𝑎, 𝑥) ∈ 𝑆. ∃ (𝑏, 𝑦) ∈ 𝑇 .𝑥 𝑟 𝑦) ∧

(∀ (𝑏, 𝑦) ∈ 𝑇 . ∃ (𝑎, 𝑥) ∈ 𝑆.𝑥 𝑟 𝑦)
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Constructions

Definition
For 𝐾 ∶ 𝐹 → 𝐺, 𝐿∶ 𝐺 → 𝐻 the composite 𝐿 ∘ 𝐾 ∶ 𝐹 → 𝐻
is given on 𝑟 ∶ 𝑋 𝑌 :

(𝐿 ∘ 𝐾)𝑟 = ⋃
𝑟=𝑠∘𝑡

𝐿𝑠 ∘ 𝐾𝑡

= 𝐿𝑠 ∘ 𝐾𝑡couniversal factorization

𝑋 𝑌

𝑍

𝑍′

𝑟

𝑡

𝑡′

𝑠

𝑠′𝑓
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Constructions

Definition
For 𝐿∶ 𝐹 → 𝐺, the converse 𝐿∘ ∶ 𝐺 → 𝐹 on 𝑟 ∶ 𝑋 𝑌 is
given by

𝐿∘𝑟 = 𝐿(𝑟∘)∘ ∶ 𝐺𝑋 𝐹𝑌

Lemma
For relational connectors 𝐿∶ 𝐹 → 𝐺, 𝐾 ∶ 𝐺 → 𝐻 we have

(𝐿∘)∘ = 𝐿

and
(𝐾 ∘ 𝐿)∘ = 𝐿∘ ∘ 𝐾∘
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Constructions

Definition
The identity relational connector Id𝐹 ∶ 𝐹 → 𝐹 is given
on 𝑟 ∶ 𝑋 𝑌 by

𝑥 Id𝐹 𝑟 𝑦 ⟺ ∀𝐺∶ Set → Set, 𝐿∶ 𝐺 → 𝐹, 𝑠∶ 𝑍 𝑋, 𝑧 ∈ 𝐺𝑍.

𝑧 𝐿𝑠 𝑥 ⟹ 𝑧 𝐿(𝑟 ∘ 𝑠) 𝑦

Theorem
As expected, for 𝐿∶ 𝐹 → 𝐺 we have

𝐿 = Id𝐺 ∘ 𝐿 = 𝐿 ∘ Id𝐹

Heterogeneity 15/25



Lax Extensions are Connectors

Definition
A relational connector 𝐿∶ 𝐹 → 𝐹 is transitive if

𝐿 ∘ 𝐿 ≤ 𝐿

𝐿 extends 𝐹 if for all 𝑋,

Δ𝐹𝑋 ⊆ 𝐿(Δ𝑋)

Theorem
Lax extensions of 𝐹 are precisely transitive relational con-
nectors that extend 𝐹 .

lax functorality

lifting
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Heterogeneous Simulations

Definition
Let (𝐶, 𝛾 ∶ 𝐶 → 𝐹𝐶), (𝐷, 𝛿 ∶ 𝐷 → 𝐺𝐷) be coalgebras. A
relation 𝑟 ∶ 𝐶 𝐷 is an 𝐿-simulation for a relational con-
nector 𝐿∶ 𝐹 → 𝐺 if

𝐶 𝐷

𝐹𝐶 𝐺𝐷

𝑟

gr(𝛾)

𝐿𝑟

gr(𝛿)∘⊆
𝑐 ∈ 𝐶 and 𝑑 ∈ 𝐷 are 𝐿-similar (𝑐 ⪯𝐿 𝑑), if there exists an
𝐿-simulation 𝑟 such that 𝑐 𝑟 𝑑

Heterogeneity 17/25



Composites of Simulations

𝐶 𝐸

𝐷

⪯𝐿∘𝐾

⪯𝐾 ⪯𝐿

⊆

Does the converse hold?
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Safety Games

∃

∀∀∃

-positions are unsafe!
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Safety Games

Games

𝐺𝑋 = 2 × 2 × 𝑋+

Safety {∀, ∃}
Strategies

𝐹𝑌 = 𝑌 × ℕ + 𝑌 ℕ

Move by ∃ Move by ∀

Define 𝐿∶ 𝐺 → 𝐹 on 𝑟 ∶ 𝐶 𝐷

(𝑏, 𝑜, (𝑐0, … , 𝑐𝑛)) 𝐿𝑟 (𝑖, 𝑑) ⟺ 𝑏 = ⊤ ∧ 𝑜 = ∃ ∧ 𝑖 ≤ 𝑛 ∧ 𝑐𝑖
𝑟 𝑑

(𝑏, 𝑜, (𝑐0, … , 𝑐𝑛)) 𝐿𝑟 𝑢 ⟺ 𝑏 = ⊤ ∧ 𝑜 = ∀ ∧ ∀ 𝑖 ≤ 𝑛. 𝑐𝑖
𝑟 𝑢(𝑖)
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Safety Games

Lemma
A strategy state 𝑑 wins a game position 𝑐 iff 𝑐 ⪯𝐿 𝑑

Lemma
Similarity of 𝐿 and 𝐿∘ composes, i.e.

⪯𝐿∘𝐿∘ =⪯𝐿 ∘ ⪯𝐿∘

𝑥 ⪯𝐿∘𝐿∘ 𝑦 ⟺ there is a strategy that
wins both positions with the same (by in-
dex) moves
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Safety Games, Anew

Games

𝐺𝑋 = 2 × 2 × 𝒫ne(𝑋)

Strategies

𝐹𝑌 = 𝑌 + 𝒫ne(𝑌 )

Define 𝐿∶ 𝐺 → 𝐹 on 𝑟 ∶ 𝐶 𝐷

(𝑏, 𝑜, 𝑇 ) 𝐿𝑟 𝑥 ⟺ 𝑏 = ⊤ ∧ 𝑜 = ∃ ∧ ∃ 𝑦 ∈ 𝑇 .𝑥 𝑟 𝑦

(𝑏, 𝑜, 𝑇 ) 𝐿𝑟 𝑆 ⟺ 𝑏 = ⊤ ∧ 𝑜 = ∀ ∧ ∀ 𝑦 ∈ 𝑇 . ∃ 𝑥 ∈ 𝑆.𝑥 𝑟 𝑦
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