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Motivation

What states are behaviourally equivalent?
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Bisimulation of A-LTSs
Let (X,v: X =>P(AxX)), Y, 0: Y —>P(AXY))
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y(x) == b(y)

Idea
Just lift r along the functor!
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The Barr Extension”

Definition

Given a relation r: X —+ Y, take the span
i

X < r —245Y then

Fr =gr(Fmy) o (gr (Fmy))°

Example
For ' := P

APrB < (Vac€ A.3be B.a——b) A

(Vbe B.3ac A.a—b)

[Egli—l\wlilner ExtensionJ
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No Barr Extension

Remark
F-similarity captures behavioural equivalence iff F' preserves
weak pullbacks

Not all functors do, e.g. the monotone neighbourhood
functor M does not

A}

[SD o [P restricted to upscts]

Idea
Need a laxer notion of extension!

Homogeneity 5/25



Lax Extensions'

Definition

Let F': Set — Set. A lax extension L of F' consists of a map

(r X —+Y) (Lr: FX = FY)

such that
rCr = Lr C Ly (monotonicity)
Lso Lt C L(sot) (lax functoriality)

gr(Ff) C L(gr(f)) and gr (Ff)" C L(gr (f)")  (lifting)
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Example

Lemma

The monotone neighbourhood functor M has a lax extension
given by

M (r) = Forth(Back(r)) N Back(Forth(r))

Forth(r) = {(U,V)‘Vue U.HUEV.UTU}
Back(r) = {(U,V)‘VUE V.3u e U.urv}
Remark

Egli-Milner extension 2P(r) = Forth(r) N Back(r)
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Bisimulations

For coalgebras (C,v: C — FC), (D,6: D — FD) a
relation r: C — D is a L-bisimulation if

C—4+ D
gr(v)i IN *gr(é)"

FC —— FD
Lr

c"d = ) I s
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Lax Extensions

Definition

A lax extension L is identity preserving if
L(Ax) C Apx

It is converse preserving if
L(r°) = (Lr)°

Result (Marti and Venema 2012)

If L preserves identities and converses then L-bisimulation
captures behavioural equivalence
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Systems of Different Type

FX=2P(AxX)
FX=272(NxX)
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Relational Connectors?

Definition

Let F',G: Set — Set. A relational connector L: FF — G
maps a relation r: X =Y to

Lr: FX +GY

such that for v’': X +Y.[: X' - X, g: Y =Y

rCr’ = Lr C Ly (monotonicity)
L(gr (g) orogr(f)) = (gr(Gg)) o Lrogr (Ff) (naturality)
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LTSs over different Alphabets

Let F X =P(Ax X),GY =P (BxY)
For R: A+ Blet Lp: F =G

SLprT < V(a,b)€R.(V(a,z) €S.3(by) €Tz —y) A

(V(b,y) € T.3(a,x) € S.xLy)
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Constructions

Definition

For K: F — G, L: G — H the composite Lo K: FF — H
is given on r: X =Y

(LoK)r= | J Lso Kt

( . B ; N r=sot
couniversal factorization

= Lso Kt
X—!—)Y ’
Z
t’ Tf s’
o
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Constructions

Definition
For L: F — G, the converse L°: G — Fonr: X +Y is
given by

Lor=L(r°): GX +— FY

Lemma
For relational connectors L: F' — G, K: G — H we have

(L) =1L

and

(KoL)=L°o K°
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Constructions

Definition

The identity relational connector Id,: F' — F is given
onr: X —+Y by

xldpry < VG:Set - Set, L: G — F,s: Z+ X,z€ GZ.
zLsx = zL(ros)y

Theorem
As expected, for L: F — G we have

L=IdgeL=LolIdp
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Lax Extensions are Connectors

Definition

A relational connector L: F — F' is transitive if

LoL< L<__-[1ax functorality]

L extends F if for all X,

B S

Lax extensions of F are precisely transitive relational con-
nectors that extend F'.

Theorem
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Heterogeneous Simulations

Definition

Let (C,y: C — FC), (D,0: D — GD) be coalgebras. A
relation r: C —+ D is an L-simulation for a relational con-
nector L: ' — G if

C—%+ D

gr(v)i IN $gr(5)°

c € Cand d € D are L-similar (¢ <; d), if there exists an

L-simulation r such that ¢ o d
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Composites of Simulations

[Does the converse hold?)
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Safety Games

Safety Games



Safety Games

[Move by Ei Move by V

Games H I StrateglesH I

GX =2x2x Xt FY =Y x N4+ YN

Define L: G — Fonr: C—+ D

(b,0,(cgy-..yc,)) Lr (i,d) <= szAOZEIAiSn/\ciLd

(b,0,(coy-r¢p)) LT u <= szAOZVAViSn.ciiu(i)
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Safety Games

Lemma

A strategy state d wins a game position ¢ iff ¢ <; d

Lemma
Similarity of L and L° composes, i.e.

RLeLs =3[ © 3o

T =r.7- Y <= there is a strategy that
wins both positions with the same (by in-
dex) moves
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Safety Games, Anew

Games Strategies

GX =2x2x2P,(X) FY =Y +P,(Y)

Define L: G - Fonr: C—+ D

(b,0,T) LT x <~ b:—l—/\o:EI/\EIyET.wLy

(b,0,T) Lr S < b:TAOZV/\VyeT.EI:CES.xLy

Safety Games
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