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Motivation

@ Why Coalgebraic Logics?

e Provide a uniform, abstract framework for modeling and
reasoning about state-based systems (e.g., automata,
transition systems, probabilistic systems).

e Use category-theoretic tools to generalize a wide range of
modal and temporal logics.

@ Why Fuzziness?
e Many real-world systems involve uncertainty, vagueness, or
degrees of truth.
o Classical (crisp) logics are inadequate for modeling partial
or approximate information.
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Fuzzy Bases and Computational Hardness

@ kukasiewicz logic:

e Rich expressivity and strong logical properties.
e But computationally hard.

@ Zadeh logic:

e Simpler semantics: truth values interpreted via min/max.
o Efficient reasoning, but entails little to no deviation from
classical logic.

@ = There is a trade-off between expressivity and
tractability.
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Non-Expansivity: A Computationally Friendly Middle
Ground

@ Non-expansivity restricts operators and modalities to be
1-Lipschitz:
f(x) — f(y)l < d(x.y)

@ This captures a class of computationally well-behaved
fuzzy logics.

@ Non-expansive semantics often allow for more efficient
reasoning.

@ = Non-expansive fuzzy coalgebraic logic offers a
principled bridge:
e Retains useful structure from tukasiewicz.
e Avoids worst-case complexity; closer to Zadeh in tractability.
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Non-

expansive Fuzzy Coalgebraic Logic

@ Formulas over signature A are given by:
o0 =0 |poc|ony|D¢

with ¢ € [0,1] and © € A.

@ A predicate lifting of O € A given T : Set — Set is a natural
transformation
[C] : Homse(—, [0, 1]) = Homse(T°P(—), [0, 1]).

@ A T-modelis a coalgebra M = (X € Set, £ : X — TX).

@ Atoms A are emulated via modalities:

T:=Tx[01]"  [plf:=(txg~ g(p))
forpc A f: X —[0,1],t€ TX and g : [0, 1]~
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Non-expansive Fuzzy Coalgebraic Logic

@ The extension [¢]y : X — [0, 1] for a formula is given by:
[Olm =0 [-¢lm=1—[d]m

[peclu=Il¢slmecc  [eNIn = min([¢]m, [¥]Im)
[©lm = [Clx([¢]m) €

@ The syntactic size is computed as usual.
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Examples

@ Fix T = D as the distribution functor.

@ Given piecewise linear monotonic h: [0, 1] — [0, 1]
non-expansive fuzzy Lgen is defined by: A = {G} with

([Glx(v))p = SI[JOpﬂ{min(a, h(u({x € X | v(x) = a}))}
agc|0,
@ For h = id, write non-expansive fuzzy Lgen.

@ Define non-expansive quantitative fuzzy ALC by:
N={Mp | p €[0,1]} with

(IMplx(W)n = supfa| > u(x) > p}

xeXv(x)>a
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Examples

@ For a metric space (L, dy), fix T: Set — Set,
TX :=[0,1]>X and Tf := g — ¢ where
q(ly):= SUPxeX, f(x)=y q(/, x).
@ Define fuzzy metric modal logic by:
AN={{5 | ac L, ce|0,1]} with the predicate liftings:

([Oalx(M)u:= sup  min( sup (b, x),v,cod(a,b))
belL,vel0,1] xeX,f(x)=v
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Tableau Sequents

@ A tableau literal over a set of labels L is an expression of
the form / € / for some / € L and an interval / C [0, 1].

@ A tableau sequent over a set of labels L is a set of tableau
literals over L.

@ A tableau sequent is clean/complete/exact if it contains at
most/at least/exactly one tableau literal for each label.

@ A tableau sequent I over formulas is satisfied by the state
xinamodel MiftV(¢ e l)eT. [opm(x) € 1.
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One-step logics

@ Foraset V,write A(V) :={Qv|veV,OecAl
@ Define one-step formulas Prop(A(V)) over A by:
¢ :=0[=p[¢oc|eny|Ov

@ Define one-step T-model as tuple M = (X, 7, t) with
XeSet,te TXand7: V — (X — [0,1]).
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One-step logics

@ Define the extension by:
[0l =0 [~¢lm=1—[0]m

[peclu=Islmcc  [oM¥]u=min([¢]m, [¥]Im)
[OvIm = [Clx(7(V))(1)

@ A tableau sequent I' over L C Prop(A(V)) is satisfiable if
there exists a one-step T-model M such that
V(lel)el. [llme !l

@ Aone-step model M = (X,7: X x V — [0, 1]) realizes an
exact tableau sequent I over V if there is x € X such that
Vivel)el.m(x,v) el

@ Aone-step model M = (X,7: X x V — [0,1],t) realizes T
if the pair (X, 7) realizes T'.
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From full logic to one-step logic

@ A top-level decomposition of an exact tableau sequent I’
over formulas L is a function I’ : V — F(A) and an exact
tableau sequent ' over one-step formulas such that each
v € V occurs exactly once in ' and replacing each v by
(v)in 't yields I'.

An exact tableau sequent over formulas L C F(A) is satisfiable
in a logic L iff its top-level decomposition (V, T, T*) has the
following property: T'* is satisfiable in a one-step model

M = (X, t,t) where for each x € X there is a satisfiable tableau
sequent 'y over the image of I’ such that

eV, (P(v)el) ey r(v)(x) € 1.
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A Propositional Tableau Calculus

Tableau Rules
(Ax) B9t (Ax0) BSEL (ifo g )

roclécd r—pcl
(M) +Fseing (7) Foeiroxxen

roocel -
(©) r,¢e{x+¢c?xceel}ﬁ[0,1] (it 0 ¢ 1)

r,¢ocel0,b)
(&) Focpbra

(|—|) I,¢rpe(a,b)
reclab),ve(al] T,eclal]ype(ab)
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A Tableau Calculus

@ Alist (xq,...,xn) of tableau sequents is a propositional
tableau for a tableau sequent I over one-step formulas if:
e X1 = F,

e x; and x;, 1 are the premise and a conclusion of a tableau
rule respectively,
e no tableau rule has a premise matching x;,.
@ A propositional tableau (x, ..., xp) is open if the label of x,
is not L.

@ A tableau sequent I' over formulas is propositionally
satisfiable if there exists an open propositional tableau for
its top-level decomposition .
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An exact tableau sequent " over one-step formulas L is

satisfiable if and only if there exists an open propositional

tableau (xy,...,Xn) for T and the clean tableau sequent x,, (over
formulas of the form Qv ) is satisfiable.

The decision problem, whether a tableau sequent T’ over

one-step formulas L is propositionally satisfiable, is in NP (with
respect to the syntactic size of formulas in L).
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Polynomial-Space Bounded Logics

@ Alogic is one-step exponentially bounded if for every
tableau sequent I over L C A(V) with combined size n,
there is a bound n € N, at most exponential in n, such that
I is satisfiable iff it is satisfiable in a model with n states.

@ Such a logic is exponentially branching if for all n € N and
exact tableau sequents I over n formulas in A(V) there

exists a modal tableau rule ﬁ such that:

e There is an at most exponential bound 7 (only dependent
on n)on m,

e Each Q@ is a set of at most n exact tableau sequents over V,

o [ is satisfied in a one-step model M only if for some
ie{1,..., m}, all tableau sequents of Q; are realized in M,

e and for each pair (X, 7) that realizes all tableau sequents
for at least one Qj, there is a one-step model M = (X, 7, t)
that satisfies I'.
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Polynomial-Space Bounded Logics

@ An exponentially branching logic is polynomial-space
bounded if for any tableau sequent I over n one-step
formulas the following property holds: Computing an exact
tableau sequent in a conclusion of a modal tableau rule for
I" can be done in polynomial space.

@ This bound refers to the combined syntactic size of I'.

Satisfiability of a tableau sequent over formulas L in a
polynomial space bounded logic is decidable in PSPACE
(bounded in the combined syntactic size of L).
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If a logic is one-step exponentially bounded/exponentially
branching/polynomial-space bounded, then adding atoms to
the functor and modalities produces a one-step exponentially
bounded/exponentially branching/polynomial-space bounded
logic.
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Examples

The logics non-expansive fuzzy Lqen, NON-expansive
quantitative fuzzy ALC and non-expansive fuzzy metric modal
logic (under some conditions on the computability of the metric)
are one-step exponentially bounded.

The logics non-expansive fuzzy Lgen, NON-expansive
quantitative fuzzy ALC and non-expansive fuzzy metric modal
logic (under some conditions on the computability of the metric)

are exponentially branching.
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Examples

The logics non-expansive fuzzy Lgen, NON-expansive
quantitative fuzzy ALC and non-expansive fuzzy metric modal
logic (under some conditions on the computability of the metric)

are polynomial space bounded.

The satisfiability problem in the logics non-expansive fuzzy
Lgen, NoOn-expansive quantitative fuzzy ALC and non-expansive
fuzzy metric modal logic (under some conditions on the
computability of the metric) are in PSPACE.
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TBoxes

@ TBoxes are used to formalize knowledge and restrict
models to just models satisfying the TBox.

@ A TBox T is a set of axioms of the form ¢ C 4.
@ Amodel M = (X, 1) satisfies a TBox T, if
Vx € X, (¢ E¢) € T. [o]m(X) < [¢¥]m(X).

@ Example:

Sunny T G.(Warm & 0.1)
Warm C G.Dry

G.Sunny C Pleasant$ 0.4
Rainy C — G.Sunny

Sunny C G.(Sunny rnWarm)

N
~— ~— ~—
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~ o~~~
A W
~
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N—

@ Note: everything from here onwards is work in progress!
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TBoxes

@ A polynomial-space bounded logic is sanely modal
bounded if for each © € A there is a finite set of constants
Co such that: For all tableau sequents I over formulas
L € A(V) there is a modal tableau rule, where the bounds
in each tableau sequent of each conclusion are in the
additive subgroup of 1, ¢y for each © appearing in I', and
the bounds in T

@ A sanely modal bounded logic over the endofunctor T is
T-metric non-expansive, if there is a metric on each TX,
such that predicate liftings map predicates to
non-expansive maps with respect to this metric.
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TBoxes

@ A T-metric non-expansive is polynomially approximable if
for each n € N, there is a polynomial p : N — N such that
VX,]X\_n Z={2|10<q<rhteTX. 3 eTX:

d(t,t) < ,p(n and
0 VO, co C Z,f: X — [0,1]. [V]x(A)(t') € Z =
[CIx(H)(t) € Z,
o forvf: X — Z'. [Q]x(f)(t') € Z', where
7= {3 10< g < p(n)r}.

@ For a tableau sequent I' and TBox 7, let {% |0<qg<r}be
the additive group of 1, cr, the set of all constants
appearing in the bounds and formulas of I', the formulas of
T as well as ¢ for each © appearing in I and T,
intersected with the unit interval. Then write rr 1 for this r.
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(lemma

LetT be a tableau sequent and T be a TBox in a polynomially
approximable logic. Then a model M = (X, 1) satisfying T
satisfies I' in some x € X iff there is a model M’ = (X, 7")
satisfying I' in x and forally € X:

_a
1 U Gospmm)

STy 1<q<p(n)rr )

q
Ny e (- m))ﬂM(}’) € [1,1]

Let L be a polynomially approximable logic. Then the
satisfiability problem under a general TBox is in EXPTIME.

=) = = =

v
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Building a tableau graph

@ TBoxes can lead to generating infinite paths, e.g. 1 C {1.
@ Global caching ensures nodes are expanded at most once.

@ Start with the root note containing I' and the TBox
assertion, as well as nodes labelled 1 and T.

@ Use the propositional tableau to expand an unexpanded
node or terminate if everything has been expanded.

@ Apply the modal tableau rule to the resulting leaf, create an
edge to L with label 0 if the propositional tableau is closed
or an edge to T with label 0 if no modal operators remain.

@ Create for every tableau sequent in each conclusion a new
node and an edge to it (or link to the existing one).

@ Label the edges with a number corresponding with the
conclusion.
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Algorithm for deciding satisfiability
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Algorithm 1: checking satisfiability under TBoxes
Input: a tableau sequent I and TBox T
Output: true if I is satisfiable under T, false otherwise
create a tableau graph for (I', 7);
let Unsat, Queue := {L};
while Queue # () do
take and remove some nodeq from Queue;
forall node, with an edge from node, to node; do
remove the labels of the edge from all edges starting
at nodey;
remove all edges that are now unlabelled;
if nodeo has no outgoing edges then
L add node, to Queue and Unsat;

if root € Unsat then
| return false;

return true;
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