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Coalgebra

Discrete Transition

v X=SFX

Can Model Can’t Model

LTS: F=P(Ax —) Continuous-Time Behaviour
N(F)A: F =2 x (P—)*

DTMC: F =D
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Examples

\ Forster \

Brownian Motion

l.
]
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CTMC
Q® "Rate of Change" Matrix

P(t) =™
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Feller-Dynkin Processes

Definition

A Feller-Dynkin Process with statespace (E, &) is determined*

by a family of markov kernels (N;: E x & — [0, 1]);er+ such that
L4 N()(X, ) = 5)(

Ns+t /N X, d)/)Nt(%)

® Right continuity: limgjo Ne(x, ) = dx
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Bisimulation in Stochastic Processes

\ Forster \

L(0) = {a}
L(x)=0 Vx#0




Coalgebraic Methods for Continuous-Time Probabilistic Systems | Forster |

Process Equivalences

Stochastic Process

(Qa {ﬁt}tETu (Xt)tGTa (Px)er)
Canonical Choice: Q paths in (E, &)
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Process Equivalences

Stochastic Process

(Qa {ﬁt}tETu (Xt)tGTa (Px)er)
Canonical Choice: Q paths in (E, &)

obs: E — 2AP

Chen et al. 2023
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Process Equivalences

Stochastic Process

(Qa {ﬁt}tETu (Xt)tGTa (Px)er)
Canonical Choice: Q paths in (E, &)

obs: E — 2AP

Bisimulation
When xRy
® obs(x) = obs(y)
* P«(B) = Py(B)
when B time-R-closed

Chen et al. 2023
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Process Equivalences

Stochastic Process

(Qa {ﬁt}tETu (Xt)tGTa (Px)er)
Canonical Choice: Q paths in (E, &)

obs: E — 2AP

Bisimulation Trace Semantics
When xRy When B time-obs-closed,
® obs(x) = obs(y) P.(B) =Py,(B)

* P«(B)=Py(B)
when B time-R-closed

Chen et al. 2023
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Graded Monad

Definition

A graded monad M over a monoid T consists of
e M,:C—Cforte T
° >t MMy = Myt
° n:ld= M,

Subject to the usual monad laws (+ indices)



Coalgebraic Methods for Continuous-Time Probabilistic Systems | Forster |

Graded Coalgebra

Definition
A graded M-coalgebra is a structure

(X, (Oét: X — MtX)tGT)
such that

X —2 5 MX X —2 5 M.X

o] e |

Ms.e X T MM X M X
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Examples

(Classical) Coalgebra
For F: C — C, the N-graded monad

M, = F"

yields an isomorphism CoAlg(F) = GCoAlg(M)



Coalgebraic Methods for Continuous-Time Probabilistic Systems | Forster |

Examples
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Examples

(Classical) Coalgebra
For F: C — C, the N-graded monad

M, =F"
yields an isomorphism CoAlg(F) = GCoAlg(M)

Graded Semantics
For functor F and o: F = My, define inductively

o 1,n
o1 X 22 MiX 2% MyMX s M X

Feller-Dynkin Processes
® Without Observations: M; = 9
e With Observation: M, = 2(2AP*[0:t) x )
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Process Equivalences

Behavioural Equivalence

Two states x € X, y € Y are behaviourally equivalent if there is
a cospan of homomorphisms

such that g(x) = h(y)

Trace Equivalence
x and y are trace equivalent if Vt € T

M o ai(x) = M;! o B(x)
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Coalgebraic Modal Logic

Constants Modalities with depth

4

Syntactic components given by ¥ = (©, 0, N\)

Propositional Operators

LECRSNC) [0]: 1 —Q

*pel Ip]: Q" — Q

¢ AeA [\]: Myn@ = Q
Semantics for a graded M-coalgebra (X, «) are morphisms
[#]a: X — Q

Mqyixy [l

Al X 29 My X Man@ 25 0
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Invariance for Behavioural Equivalence

Theorem
Let h: (X,a) — (Y, 3) be a homomorphism.
Then [¢]a = [¢]p o h for all ¢.

= Behaviouraly equivalent states are logically Equivalent.
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Expressivity for Behavioural Equivalence

Definition
A graded set of modalities A for M is separating (with respect to
the generating set G of T) if for all sets X and all g € G the source

MeX M5 e Pho £ X - Q) € A with depth(\) = g}
is jointly injective.

Theorem

Let M be finitary and .Z = (©, 0, \) where A is separating and &
is functionally complete. Then £ is expressive w.r.t. behavioural
equivalence.
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Uniform Graded Monads

Definition
A graded monad is G-uniform if for all g € G the following
diagram is a coequalizer in EM(Mp):

Mguet et
MMM 4 MgM; 5 M,
pe Mt
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Trace Logic

Definition
The logic £ = (©, O, \) is a trace-logic if:
@ Q carries an M,-algebra structure o: M.Q — Q.
® [p]: Q" — Q are alg. homs. [p]: (2,0)" — (2, 0).
© [\]: MQ" — Q makes the following diagrams commute:

MMQ 5% M0 MeMg(Q) 2 .0
Mgo [A] peE J{O
e ] er

MgQ —=— Q MgQ —=— Q
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Invariance

Proof Strategy
[$]o

[\/[t'ocx\‘ /

= The uniform-depth fragment of a trace logic is invariant for
trace equivalence.

Semantics of (A¢)

MgM,1 Me), MgQ
“
Mgl - » Q
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Expressivity
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Expressivity
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Terminal Coalgebras |

Problem
Terminal-chain arguments don’t translate in an obvious way.

Theorem
When M is an accessible graded monad on a locally presentable
category, then a terminal coalgebra exists.
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Terminal Coalgebra Il

Inserter Category Ins(F, G)

Let F,G: € — 2.
FX —f 6x

E

Fy —£. GY
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Terminal Coalgebra Il

Inserter Category Ins(F, G)

Let F,G: € — 9.
FX —f 6x

e

Fy —£. GY

Graded Pre-Coalgebras

ns (AT, (H Mt) .AT)

where A1: € — [[;c1 € is the diagonal functor.
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Terminal Coalgebra Il

Inserter Category Ins(F, G)

Let F,G: € — 9.
FX —f 6x

e

Fy —£. GY

Graded Pre-Coalgebras Locally Accessible

ns (AT, (n Mt) .AT> S

teT

where A1: € — [[;cT € is the diagonal functor.
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Terminal Coalgebra llI

Definition
The equifier Eq(¢, 1) of natural transformations ¢,¢: F = G is
the full subcategory spanned by objects X with ¢x = 1x.

Graded Coalgebra via Equifiers
Let ¢(): U = M,U be the nat. trafo. where ¢8<)7a) = ay
nU,¢®: U= MU

pU o Mep(®) - 60, 600 U = MU
= GCoAlg(M) Accessible
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Terminal Coalgebra IV

Lemma
The forgetfull functor U: GCoAlg(M) — C creates colimits.

Theorem
When C is locally presentable and M is accessible, then
GCoAlg(M) is locally presentable.

In particular GCoAlg(M) has a terminal object.
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Conclusion

Future Work
® Apply Results on Characteristic Logics
® Terminal-chain arguments

® Apply to other systems:

e "Effectful Cyclicality"?
® Timed automata?
® Concurrent System?

® Extending results to non-accessible settings
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