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Syntax and Semantics EAU

® The concepts are generated by the grammar
C,D:=plc|-C|Cec|Cqc|CND|CUD|3IRC|VR.C
where p € N¢,c € [0,1] and R € Np.
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Syntax and Semantics EAU

® The concepts are generated by the grammar
C.,D:=plc|-C|Coc|Chc|CND|CUD|3IR.C|VR.C

where p € N¢,c € [0,1] and R € Np.
e We define: CUD =—~(-CMN=D),VR.C=-3dR~-Cand C & c=—((-C)&c)
e The valuation of some individual € A’ under the interpretation Z is recursively defined by:

Ha)=c (~DP()=1- DX
(EIR.C)I(x) = sup {min{RI(a:, Y), CI(ZI})}}

ye AL

(C o) (z) = max{C%(x) — ¢,0}  (C T D*(z)=min{C*(x), D*(z)}
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where p € N¢,c € [0,1] and R € Np.
e We define: CUD =—~(-CMN=D),VR.C=-3dR~-Cand C & c=—((-C)&c)
e The valuation of some individual € A’ under the interpretation Z is recursively defined by:

Fw)=c  (~-D)f(x)=1-D(a)

(3R.C) (x) = sup {min{R*(z,y), C*(x)}}
yeAL
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Syntax and Semantics EAU

® The concepts are generated by the grammar
C.,D:=plc|-C|Coc|Chc|CND|CUD|3IR.C|VR.C

where p € N¢,c € [0,1] and R € Np.
e We define: CUD =—~(-CMN=D),VR.C=-3dR~-Cand C & c=—((-C)&c)
e The valuation of some individual € A’ under the interpretation Z is recursively defined by:
c'(x)=c  (-D)*(zx) =1~ D*(x)
(3R.C) (x) = sup {min{R"(z,y), C*(x)}}
yeAL
(C o) (z) = max{C%(x) — ¢,0}  (C T D*(z)=min{C*(x), D*(z)}

e An inquality of the form C i c is called a concept assertion
® A sequence ['is a finite set of concept assertions

e A TBox 7 is a set of general concept inclusions (GCls) C' C D
e Question: Is there an Interpretation that satisfies a sequence I w. r. t. some TBox T
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Tableau Calculus LEA\\U

® |dea: build an interpretation by breaking concept assertion into its components
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Tableau Calculus LEA\U

® |dea: build an interpretation by breaking concept assertion into its components

® Apply propositional rules before the exists rule (construct an AND-OR-tree)

® Axioms detect contradictions (insert _L)

® A consistent marking corresponds to a model which satisfies the assertion

® Reduce the TBox to the concept assertion 7' > 1 (TBox assertion)

® Fora GCI C C D, we check for the existence of a intermediate value c with C < cand D > ¢
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Tableau Calculus |n§/A%\\U

® |dea: build an interpretation by breaking concept assertion into its components

® Apply propositional rules before the exists rule (construct an AND-OR-tree)

® Axioms detect contradictions (insert _L)

® A consistent marking corresponds to a model which satisfies the assertion

® Reduce the TBox to the concept assertion 7' > 1 (TBox assertion)

e Fora GCI C' C D, we check for the existence of a intermediate value cwith C < cand D > ¢
e |t suffices to check finitely many constants:

Z=7Z'U{z+e|zeZ\{1}},

where Z' is the additive subgroup of the constants in 7 and I', ¢ small enough
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Tableau Calculus |n§/A%\\U

® |dea: build an interpretation by breaking concept assertion into its components

® Apply propositional rules before the exists rule (construct an AND-OR-tree)

® Axioms detect contradictions (insert _L)

® A consistent marking corresponds to a model which satisfies the assertion

® Reduce the TBox to the concept assertion 7' > 1 (TBox assertion)

e Fora GCI C' C D, we check for the existence of a intermediate value cwith C < cand D > ¢
e |t suffices to check finitely many constants:

Z =7 U{z+e|zeZ\{1}},
where Z' is the additive subgroup of the constants in 7 and I', ¢ small enough

T= [] | |-Cozn(Dal-2)

CCDeT zeZ
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Tableau Rules LEA\U

S, ppc S, p<c

(Ax 1) (ife>1,peN¢)  (Ax0) (ifc<0,p € N¢)

S,c<d S,p<ec,p>d

L

S, CMND«<c
S,C<ac S,D<c
S,Coc<d S,Coece>d
S, C<d+c,d<°0 ( S,Cr>d+c
S,{3R.D; <;d; |1 <j<n},IRCrpc
{D; <, d; | d; ) [ENS c,je€{l,....,n}},Crc,T>1
(if c> 0 and S does not contain any 3R.D < d)

(AX ¢)

(ifc<ed)  (Axp)

(if d A p) G D € N¢)

S,CMNDpvc

M) ( S,~C'<xic
S,Crc,Dp>c

S, Cxr1l—c

<) (=)

(©9) o ) (if d 5 0)

(3R)
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Reshaping for better Programmability EAU

® Setting 0 as the least common multiple of all denominators of the rationals in 7 and I” gives:

7
C ¢ — <7 < ' =:
Z_{25|O_z_25,z€Z} )%
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Reshaping for better Programmability EAU

® Setting 0 as the least common multiple of all denominators of the rationals in 7 and I” gives:
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Reshaping for better Programmability EAU
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Reshaping for better Programmability EAU

® Setting 0 as the least common multiple of all denominators of the rationals in 7 and I” gives:
ZQ{Z%|O§Z'§25,72€Z}_:V

® We define v = 2—]‘5 (granularity) and enforce non-strict concept assertions:
C>c~~C>c+7 C<c~~C<c—vy
® \We apply the negation rule to start with only >-assertions:
C<c~»-C>1-c

® To ensure that the calculus does not create any other assertion types we transform all concepts into NNF at the
beginning
® We specify the tableau rules to handle only >-assertions internally
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Modified Rules EAU

A1) ZEZC st peNg  (Axed) 22 (e < a)
m&msfm%fpzd (if1 < c+d,peNe)
s SCOD2zc o SCUDzc
S,C>c,D>c S,C>c S,D>c
A.VR) SAVR.D; >d;|1<j<n},3RC >c

{Dj Zd] | 1 <dj—|‘C,j c {1,,%}},CZC,T21
(if ¢ > 0 and S does not contain any VR.D > d)
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Environment Setup EAU

® Set granularity by iterating over the input line
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Environment Setup EAU

® Set granularity by iterating over the input line
e Parse 7 and [ to a formula data type and map rationals to an integer in {0, . . ., %}

p $< 2/3 ; q+1/6 $< p
|I-q |l ? R. (p+2/3) <5/6; (p-1/2) &1/6 | ! R . q>= 1/3

e Construct TBox assertion 7" > 1

® Reshape ['and T’ > 1 into >-assertions in NNF

® Preprocess all subconcepts that may may be created in the tableau procedure (kind of Fischer-Ladner-closure)
® Sort concepts regarding their type

OR — EX — AX — ATOM — NEGATOM — OTHER — CONST — MINUS — PLUS — AND
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Environment Setup EAU

® Set granularity by iterating over the input line
e Parse 7 and [ to a formula data type and map rationals to an integer in {0, . . ., %}

p $< 2/3 ; q+1/6 $< p
|I-q |l ? R. (p+2/3) <5/6; (p-1/2) &1/6 | ! R . q>= 1/3

e Construct TBox assertion 7" > 1

® Reshape ['and T’ > 1 into >-assertions in NNF

® Preprocess all subconcepts that may may be created in the tableau procedure (kind of Fischer-Ladner-closure)
® Sort concepts regarding their type

OR — EX — AX — ATOM — NEGATOM — OTHER — CONST — MINUS — PLUS — AND

® |nitialize tables to store formula information (e.g. arrayFormula)
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Rule Application EAU

Label Representation and Global Caching

® We differentiate tableau rules with and without a branching operation
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® Deterministic rules are applied automatically without adding them to the cache

® Cache hits only happen on branching points
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Rule Application EAU

Label Representation and Global Caching

® We differentiate tableau rules with and without a branching operation

® Deterministic rules are applied automatically without adding them to the cache

® Cache hits only happen on branching points

e Stored label only contains assertions of type OR, EX, AX, ATOM, NEGATOM and OTHER

e We represent a label with a bit-set (bs) and a bit-vector-set (1b).

e |f the ¢-th bit in bs is set, the label contains the concept assertion arrayFormulal[i] > 1b[i]
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Rule Application EAU

Label Representation and Global Caching

® We differentiate tableau rules with and without a branching operation

® Deterministic rules are applied automatically without adding them to the cache

® Cache hits only happen on branching points

e Stored label only contains assertions of type OR, EX, AX, ATOM, NEGATOM and OTHER

e We represent a label with a bit-set (bs) and a bit-vector-set (1b).

e |f the ¢-th bit in bs is set, the label contains the concept assertion arrayFormulal[i] > 1b[i]
® For the global cache, we use a Hashtable where the keys are labels (i.e. a tuple of bs and 1b)
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Main Routine LEA\\U

Tableau Expansion and On-the-fly Propagation

® First: Computation of the label of the root node
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Main Routine |n§/A%\\U

Tableau Expansion and On-the-fly Propagation

® First: Computation of the label of the root node
® \WWe manage a queue with nodes to expand (contains initially the root node)
® |f the queue gets empty, the tableau graph is fully discovered

® Each expanded node contains status information that tell if it is satisfiable, unsatisfiable or its status in not known at
the moment

® |nstead of constructing the whole tableau graph, we stop after the status of the root node can be determined
e After marking a node as sat or unsat, that information is propagated backwards:

sat if one childis sat
1. An OR-node can be set as { unsat if all children are unsat

sat if all children are sat

2. An AND-node can be set as { unsat if one child is unsat
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Main Routine
Tableau Expansion and On-the-fly Propagation

=AU

® First: Computation of the label of the root node
® \WWe manage a queue with nodes to expand (contains initially the root node)
® |f the queue gets empty, the tableau graph is fully discovered

® Each expanded node contains status information that tell if it is satisfiable, unsatisfiable or its status in not known at
the moment

® |nstead of constructing the whole tableau graph, we stop after the status of the root node can be determined
e After marking a node as sat or unsat, that information is propagated backwards:

sat if one childis sat
1. An OR-node can be set as { unsat if all children are unsat

sat if all children are sat
unsat if one child is unsat

® When expanding an OR-node, we create both children, but the Queuing of the second one is delayed until the
alternative branch is unsatisfiable

2. An AND-node can be set as {
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Simplification EAU

® |dea: simplify OR-assertions
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Simplification EAU

® |dea: simplify OR-assertions
® Remove it if a sub-assertion is already in the label:
S, CUD>e,C>c

S, C>c

S,CUuD>e,D>d
S,D>d

(ifc>e€) and (if d > e)
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Simplification EAU

® |dea: simplify OR-assertions
® Remove it if a sub-assertion is already in the label:
S,CuD>e,C>c S,CUuD>e,D>d
S,C>c S,D >d
e Substitution with a sub-formula if the alternative branch clashes direcily:
S,-C >c,CUD >d
S,D >d

(ifc>e€) and (if d > e)

(ifc+d>1).
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Simplification EAU

® |dea: simplify OR-assertions
® Remove it if a sub-assertion is already in the label:

S,CuD>e,C>c S,CUuD>e,D>d

if ¢ > if d >
SCse (ifc>e€) and SD>d (if d > e)
® Substitution with a sub-formula if the alternative branch clashes directly:
S, -C>c,CUD>d
SD>d (ifc+d>1).
e Given a node z such that
12 4 1 4 1 5 3
DlU=->— L] > — —=C; M —=Cy UVR. —) > = dR.(— —) > =D >3 C L(x).
{ ;23 GGz 500 2 P& )25 3RPS ) 25 —4}— (=)

The label of z will be simplified to L.
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Semantic Branching EAU

Given a node x such that L(x)

6 8
LDy > — Ll Dy > —
1 1—11’0 2=

unfold C'U Dy > &

O|_|D323}g£(x). . -
11 {S,c> 5} {5,-C > 5,D; > &}
\

® |dea: explore subgraph unfold C' LI D, > &
disjoint alternative branches: < - - 1
500D > ¢ {S/C>11’ -C > g5} [{8,-C > 5, Ds > 31
S, C>c S,-C>1—c+~,D>d 7 ST :
clash unfold C' U D3 > 3
o / N
¥ {S//CZ C>11 {S// O>53’D32%}
\ |
explore subgraph explore subgraph

| |

Figure: lllustration of the semantic branching optimization technique
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Semantic Branching EAU

Given a node x such that L(x)

6 8
LDy > — Ll Dy > —
1 1—11’0 2=

unfold C'LU Dy > &

CUDy> 2} C Lla), / N
11 (S, >8y|  [{S,~C >4 D >4}

\

® |dea: explore subgraph unfold C' LI Dy > &

disjoint alternative branches: “ - —¥ 11

500D > ¢ {S/C>11’ ~C 2> {8, 2C > 5. D2 >

S,C>c S,-C>1—c+~y,D>d STt :
e Right child only explored after glash _ unfold C'U D3 > 3

left one is unsatisfiable p 11 - N — -

{5",C > 2-C > (9" -C > 8 Dy >33
\ |
explore subgraph explore subgraph

| |

Figure: lllustration of the semantic branching optimization technique
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Semantic Branching

=AU

Given a node x such that

6 8
LDy > — Ll Dy > —
1 1—11’0 2=

CUD; > %} C L),

® |dea:
disjoint alternative branches:
S, CuUuD>c
S, C>c S,-C>1—c+~,D>d
® Right child only explored after
left one is unsatisfiable

® Can prevent discovering of
large subgraphs

L(z)

unfold C'LU Dy > &

Y

N

{8,C >}

{S,-C > 1 D,

> 11}

\

explore subgraph unfold C' U Dy > %

SR e
{9,C> & -0> 4}
117 — 22J)

____________________________

V=

{5',-C >4

D, > &

clash /unfoIdCl_lD3 > 2
N
P {SHCZ C>11 {S” O>53,D32%}

explore subgraph

|

explore subgraph

|

Figure: lllustration of the semantic branching optimization technique
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Semantic Branching EAU

Given a node x such that L(x)

6 8
LDy > — Ll Dy > —
1 1—11’0 2=

unfold C'LU Dy > &

CUDy> 2} C Lla), / N
11 (S, >8y|  [{S,~C >4 D >4}

\

® |dea: explore subgraph unfold C' LI Dy > &
disjoint alternative branches: < / - 11
500D > ¢ {S/C>11’ C =5k ({8 ~C=5.D> g
SSC>c S,-C>1—-c+~,D>d STt :
® Right child only explored after glash _ unfold C' LI D3 > 47
left one is unsatisfiable S0 11 5 O\> TN
® Can prevent discovering of 1 = 1 2> D3 > 11}
large subgraphs ‘ |
e Only if lower bounds are explore subgraph explore subgraph
sufficient l l

Figure: lllustration of the semantic branching optimization technique
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Dependency-directed Backtracking EAU

Given a node z such that @ _pruning
u> U
{CZ L D; > ¢ ’ 1€ {1, e ,n}} y /";\_,x
13 H2
U 3R.§ > 1 C L(x). backjump @ o
e Disjunctions are expanded first

clash

Figure: lllustration of the dependency directed backtracking optimization technique
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Dependency-directed Backtracking EAU

Given a node x such that

{CZHDZZCZ’ZE{L,TL}}

13
U {HRE > Z} C L(z). backjump @ Lo

® Disjunctions are expanded first

e Contradiction in the
R-successor

clash

Figure: lllustration of the dependency directed backtracking optimization technique

FAU P Déring Bachelor Thesis Presentation November 18, 2025 14/19



Dependency-directed Backtracking EAU

Given a node x such that

{CZuDZZCZ’ZG{]‘??n}}

13
U {HR-§ > Z} C L(x). backjump @ .

® Disjunctions are expanded first

e Contradiction in the
R-successor

® Construct smallest subset

clash

Figure: lllustration of the dependency directed backtracking optimization technique
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Dependency-directed Backtracking EAU

Given a node z such that @ _pruning

u> U

{CZHDZZCZ’ZE{L,TL}} y
1.3 o2

U EIR.§ > 1 C L(x). backjump @
[_| S

® Disjunctions are expanded first

e Contradiction in the
R-successor

® Construct smallest subset

® None of the branching points
caused the clash

expansion cutoff

clash

Figure: lllustration of the dependency directed backtracking optimization technique
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Dependency-directed Backtracking EAU

Given a node x such that

{CiuD¢ZCi’i€{1,...,n}}
1_ 3 Hz b=z

U 3R.§ > 1 C L(x). backjump @ {
l_| S

® Disjunctions are expanded first

e Contradiction in the
R-successor

® Construct smallest subset

® None of the branching points
caused the clash

e — All z; and finally x can be set
to unsatisfiable

expansion cutoff

clash

Figure: lllustration of the dependency directed backtracking optimization technique
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Heavy OR-Branching

=AU

Input:
1 Series 3
T=<1Cp,UdRIR. | ¢+ — T
10 o So op |tm|zl'}a |c-nh_ |
emantic branching only
U {1 = Pn U VRVR_‘Q} e : zlacsjllfmpting onII:
U {1 E —Pp L] —p; | 0 S 1< n} —o— All optimizations
n—1
30 -
1=0 o
r—{>1}. i
e Simplification good 104
0-
llﬂ 2:[) 3I() 4IC' 5I[) EIID 7:[)

T T T T T T T
80 90 100 110 120 130 140

150
depth[n]
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Heavy OR-Branching

=AU

Input:
1 Series 3
T=<1Cp,UdRIR. | ¢+ — T
10 ol SO op Itmll: IOFIh- I
fema_nllc _ranc ing only
U {1 E Pn . VRVR_‘Q} * : zlacsjllfmpting onII:
U {1 E —Pp L] —p; | 0 S 1< n} —o— All optimizations
n—1
0
1=0 o
r={1>1}. £,
e Simplification good 104
® Semantic branching effectless
0-
lID ZIO 3;3 4ID 5;2) EID TIO

T T T T T T T
80 90 100 110 120 130 140

150
depth[n]
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Heavy OR-Branching

=AU

Input:

T = {1gpnuaR.3R. <q+1—10)}

U{lCp,UVRVR.—q}
U{1C —p, U—p;|0<i<n}

n—1
1=0

r={1>1}

e Simplification good
® Semantic branching effectless
® Backjumping very good

FAU P.Déring Bachelor Thesis Presentation

time[s]

10

Series 3

—8— No optimization
—o— Semantic branching only

1 —e— Simplification only

—8— Backjumping only
—o— All optimizations

T T T T T
10 20 30 40 50
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Heavy AND-Branching EAU

Input:
T = {1C3R.(VR)"p; |0 < i < k}, N Series 5
F — {1 Z 1} I de:rr(:gr:ItTlli)?gﬁzhing only
—a— Simplification only
251 o Backjumping only
. —o— All optimizations
® Every node x, where L(x) is of
the form . #07
T 2 1UUim{(VR)" pu.}
with 2 15 4
E
$1,...,$n€{0,--.,k_1}7 =
appears in the tableau graph. lo-
5_
0 L &> 4 > > »-
1 2 é 4 5 é % 8 9 10 11
depth[n]
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Heavy AND-Branching EAU

Input:
T ={1C 3R.(VR)".p: |0 < i < k}, N Series 5
F — {1 Z 1} I de:rr(:gr:ItTlli)?gﬁzhing only
—a— Simplification only
251 o Backjumping only
. —o— All optimizations
® Every node x, where L(x) is of
the form . 227
T > 1UUiZo{(VR) ..}
with 2 15 4
$1,...,$n€{0,...,]€—1}, 5
appears in the tableau graph. lo-
® Here: k=3
5_
0 L . . . " 2 -
1 2 3 4 5 6 7 8 9 10 11
depth[n]
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Heavy AND-Branching EAU

Input:
T ={1C 3R.(VR)".p: |0 <i <k}, o _ Series 5
F — {1 Z 1} I de:rr(:gr:ItTlli)?gﬁzhing only
—a— Simplification only
251 o Backjumping only
. —o— All optimizations
® Every node x, where L(x) is of
the form . 207
T > 1UUiZo{(VR) .ps,}
with % 15 4
331,...,.7%6{0,...,]6—1}, 5
appears in the tableau graph. lo-
® Here: £k = 3
e Amount of nodes is in 2(k") 5 |
0 L . 4 . 4 . 4 L
1 2 é 4 5 Eln % 8 9 10 11
depth[n]
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Fine-grained Example EAU

Input:
_ Series 7
T =1{po E p1}
—8— No optimization
U {pl E p2} 35 4 —e— Semantic branching only
1 —v— Simplification only
. —8— Backjumping only
I'= {pZ S O} U {]- Z 2_n} 30 77 —— All optimizations
25 +
_ 1
o ’Y - 2n+1
= 20
o
E
=
15 ~
10 ~
5_
oW & & & L i & x X
1 2 3 a 5 6 7 8 9 10
depth[n]
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Fine-grained Example

Input:

T ={po E p1}
U{p1 C pa}

F:ﬂmgmu{lz%}

1
.’}/:W

e 7" > 1 has exponential size

time[s]

Series 7

=AU

35

25 4

10 A

EEER

No optimization
Semantic branching only
Simplification only
Backjumping only

All optimizations
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Any Questions left?
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