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Non-Expansive Fuzzy ALC



Syntax and Semantics

• The concepts are generated by the grammar

C, D ::= p | c | ¬C | C ⊖ c | C ⊕ c | C ⊓ D | C ⊔ D | ∃R.C | ∀R.C

where p ∈ NC, c ∈ [0, 1] and R ∈ NR.

• We define: C ⊔ D = ¬(¬C ⊓ ¬D), ∀R.C = ¬∃R.¬C and C ⊕ c = ¬((¬C) ⊖ c)
• The valuation of some individual x ∈ ∆I under the interpretation I is recursively defined by:

cI(x) = c (¬D)I(x) = 1 − DI(x)

(∃R.C)I(x) = sup
y∈∆I

{min{RI(x, y), CI(x)}}

(C ⊖ c)I(x) = max{CI(x) − c, 0} (C ⊓ D)I(x) = min{CI(x), DI(x)}
• An inquality of the form C ▷◁ c is called a concept assertion
• A sequence Γ is a finite set of concept assertions
• A TBox T is a set of general concept inclusions (GCIs) C ⊑ D
• Question: Is there an Interpretation that satisfies a sequence Γ w. r. t. some TBox T
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Tableau Calculus

• Idea: build an interpretation by breaking concept assertion into its components

• Apply propositional rules before the exists rule (construct an AND-OR-tree)
• Axioms detect contradictions (insert ⊥)
• A consistent marking corresponds to a model which satisfies the assertion
• Reduce the TBox to the concept assertion T ≥ 1 (TBox assertion)
• For a GCI C ⊑ D, we check for the existence of a intermediate value c with C ≤ c and D ≥ c
• It suffices to check finitely many constants:

Z = Z ′ ∪ {z + ϵ | z ∈ Z ′ \ {1}},

where Z ′ is the additive subgroup of the constants in T and Γ , ϵ small enough
•

T :=
l

C⊑D∈T

⊔
z∈Z

(¬C ⊕ z) ⊓ (D ⊕ (1 − z))
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Tableau Rules

(Ax 1) S, p ▷ c

⊥
(if c ▷ 1, p ∈ NC) (Ax 0) S, p ◁ c

⊥
(if c ◁ 0, p ∈ NC)

(Ax c) S, c ◁ d

⊥
(if c ◁◦ d) (Ax p) S, p ◁ c, p ▷ d

⊥
(if d ◀(◁,▷) c, p ∈ NC)

(⊓ ▷) S, C ⊓ D ▷ c

S, C ▷ c, D ▷ c
(⊓ ◁) S, C ⊓ D ◁ c

S, C ◁ c S, D ◁ c
(¬ ▷◁) S, ¬C ▷◁ c

S, C ▷◁◦ 1 − c

(⊖ ◁) S, C ⊖ c ◁ d

S, C ◁ d + c, d ◁◦ 0
(⊖ ▷) S, C ⊖ c ▷ d

S, C ▷ d + c
(if d ▷ 0)

(∃R) S, {∃R.Dj ◁j dj | 1 ≤ j ≤ n}, ∃R.C ▷ c

{Dj ◁j dj | dj ◀(◁j,▷) c, j ∈ {1, . . . , n}}, C ▷ c, T ≥ 1
(if c ▷ 0 and S does not contain any ∃R.D ◁ d)
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Reshaping for better Programmability

• Setting δ as the least common multiple of all denominators of the rationals in T and Γ gives:

Z ⊆
{

i

2δ
| 0 ≤ i ≤ 2δ, i ∈ Z

}
=: V

• We define γ = 1
2δ (granularity) and enforce non-strict concept assertions:

C > c⇝ C ≥ c + γ C < c⇝ C ≤ c − γ

• We apply the negation rule to start with only ≥-assertions:

C ≤ c⇝ ¬C ≥ 1 − c

• To ensure that the calculus does not create any other assertion types we transform all concepts into NNF at the
beginning

• We specify the tableau rules to handle only ≥-assertions internally

FAU P. Döring Bachelor Thesis Presentation November 18, 2025 6/19



Reshaping for better Programmability

• Setting δ as the least common multiple of all denominators of the rationals in T and Γ gives:

Z ⊆
{

i

2δ
| 0 ≤ i ≤ 2δ, i ∈ Z

}
=: V

• We define γ = 1
2δ (granularity) and enforce non-strict concept assertions:

C > c⇝ C ≥ c + γ C < c⇝ C ≤ c − γ

• We apply the negation rule to start with only ≥-assertions:

C ≤ c⇝ ¬C ≥ 1 − c

• To ensure that the calculus does not create any other assertion types we transform all concepts into NNF at the
beginning

• We specify the tableau rules to handle only ≥-assertions internally

FAU P. Döring Bachelor Thesis Presentation November 18, 2025 6/19



Reshaping for better Programmability

• Setting δ as the least common multiple of all denominators of the rationals in T and Γ gives:

Z ⊆
{

i

2δ
| 0 ≤ i ≤ 2δ, i ∈ Z

}
=: V

• We define γ = 1
2δ (granularity) and enforce non-strict concept assertions:

C > c⇝ C ≥ c + γ C < c⇝ C ≤ c − γ

• We apply the negation rule to start with only ≥-assertions:

C ≤ c⇝ ¬C ≥ 1 − c

• To ensure that the calculus does not create any other assertion types we transform all concepts into NNF at the
beginning

• We specify the tableau rules to handle only ≥-assertions internally

FAU P. Döring Bachelor Thesis Presentation November 18, 2025 6/19



Reshaping for better Programmability

• Setting δ as the least common multiple of all denominators of the rationals in T and Γ gives:

Z ⊆
{

i

2δ
| 0 ≤ i ≤ 2δ, i ∈ Z

}
=: V

• We define γ = 1
2δ (granularity) and enforce non-strict concept assertions:

C > c⇝ C ≥ c + γ C < c⇝ C ≤ c − γ

• We apply the negation rule to start with only ≥-assertions:

C ≤ c⇝ ¬C ≥ 1 − c

• To ensure that the calculus does not create any other assertion types we transform all concepts into NNF at the
beginning

• We specify the tableau rules to handle only ≥-assertions internally

FAU P. Döring Bachelor Thesis Presentation November 18, 2025 6/19



Reshaping for better Programmability

• Setting δ as the least common multiple of all denominators of the rationals in T and Γ gives:

Z ⊆
{

i

2δ
| 0 ≤ i ≤ 2δ, i ∈ Z

}
=: V

• We define γ = 1
2δ (granularity) and enforce non-strict concept assertions:

C > c⇝ C ≥ c + γ C < c⇝ C ≤ c − γ

• We apply the negation rule to start with only ≥-assertions:

C ≤ c⇝ ¬C ≥ 1 − c

• To ensure that the calculus does not create any other assertion types we transform all concepts into NNF at the
beginning

• We specify the tableau rules to handle only ≥-assertions internally

FAU P. Döring Bachelor Thesis Presentation November 18, 2025 6/19



Modified Rules

(Ax≥1) S, C ≥ c

⊥
(if c > 1, p ∈ NC) (Ax≥c) S, c ≥ d

⊥
(if c < d)

(Ax≥p) S, ¬p ≥ c, p ≥ d

⊥
(if 1 < c + d, p ∈ NC)

(⊓ ≥) S, C ⊓ D ≥ c

S, C ≥ c, D ≥ c
(⊔ ≥) S, C ⊔ D ≥ c

S, C ≥ c S, D ≥ c

(⊖ ≥) S, C ⊖ c ≥ d

S, C ≥ d + c
(if d > 0) (⊕ ≥) S, C ⊕ c ≥ d

S, C ≥ d − c

(∃, ∀R) S, {∀R.Dj ≥ dj | 1 ≤ j ≤ n}, ∃R.C ≥ c

{Dj ≥ dj | 1 < dj + c, j ∈ {1, . . . , n}}, C ≥ c, T ≥ 1
(if c ≥ 0 and S does not contain any ∀R.D ≥ d)
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Implementation



Environment Setup

• Set granularity by iterating over the input line

• Parse T and Γ to a formula data type and map rationals to an integer in {0, . . . , 1
γ}

p $< 2/3 ; q + 1/6 $< p
|- q | ? R . (p + 2/3) < 5/6 ; (p - 1/2) & 1/6 | ! R . q >= 1/3

• Construct TBox assertion T ≥ 1
• Reshape Γ and T ≥ 1 into ≥-assertions in NNF
• Preprocess all subconcepts that may may be created in the tableau procedure (kind of Fischer-Ladner-closure)
• Sort concepts regarding their type

OR → EX → AX → ATOM → NEGATOM → OTHER → CONST → MINUS → PLUS → AND

• Initialize tables to store formula information (e.g. arrayFormula)
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|- q | ? R . (p + 2/3) < 5/6 ; (p - 1/2) & 1/6 | ! R . q >= 1/3

• Construct TBox assertion T ≥ 1
• Reshape Γ and T ≥ 1 into ≥-assertions in NNF
• Preprocess all subconcepts that may may be created in the tableau procedure (kind of Fischer-Ladner-closure)
• Sort concepts regarding their type

OR → EX → AX → ATOM → NEGATOM → OTHER → CONST → MINUS → PLUS → AND

• Initialize tables to store formula information (e.g. arrayFormula)
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Rule Application
Label Representation and Global Caching

• We differentiate tableau rules with and without a branching operation

• Deterministic rules are applied automatically without adding them to the cache
• Cache hits only happen on branching points
• Stored label only contains assertions of type OR, EX, AX, ATOM, NEGATOM and OTHER
• We represent a label with a bit-set (bs) and a bit-vector-set (lb).
• If the i-th bit in bs is set, the label contains the concept assertion arrayFormula[i] ≥ lb[i]
• For the global cache, we use a Hashtable where the keys are labels (i.e. a tuple of bs and lb)
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Main Routine
Tableau Expansion and On-the-fly Propagation

• First: Computation of the label of the root node

• We manage a queue with nodes to expand (contains initially the root node)
• If the queue gets empty, the tableau graph is fully discovered
• Each expanded node contains status information that tell if it is satisfiable, unsatisfiable or its status in not known at

the moment
• Instead of constructing the whole tableau graph, we stop after the status of the root node can be determined
• After marking a node as sat or unsat, that information is propagated backwards:

1. An OR-node can be set as
{

sat if one child is sat
unsat if all children are unsat

2. An AND-node can be set as
{

sat if all children are sat
unsat if one child is unsat

• When expanding an OR-node, we create both children, but the Queuing of the second one is delayed until the
alternative branch is unsatisfiable
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Simplification

• Idea: simplify OR-assertions

• Remove it if a sub-assertion is already in the label:

S, C ⊔ D ≥ e, C ≥ c

S, C ≥ c
(if c ≥ e) and

S, C ⊔ D ≥ e, D ≥ d

S, D ≥ d
(if d ≥ e)

• Substitution with a sub-formula if the alternative branch clashes directly:

S, ¬C ≥ c, C ⊔ D ≥ d

S, D ≥ d
(if c + d > 1).

• Given a node x such that{
D ⊔ 1

2
≥ 2

3
, C1 ⊔ C2 ≥ 4

7
, ¬C1 ⊓ ¬C2 ⊔ ∀R.(p ⊕ 1

10
) ≥ 4

7
, ∃R.(¬p ⊖ 1

10
) ≥ 5

6
, D ≥ 3

4

}
⊆ L(x).

The label of x will be simplified to ⊥.
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Semantic Branching

Given a node x such that

{C ⊔ D1 ≥ 6
11

, C ⊔ D2 ≥ 8
11

,

C ⊔ D3 ≥ 5
11

} ⊆ L(x).

• Idea:
disjoint alternative branches:

S, C ⊔ D ≥ c

S, C ≥ c S, ¬C ≥ 1 − c + γ, D ≥ d

• Right child only explored after
left one is unsatisfiable

• Can prevent discovering of
large subgraphs

• Only if lower bounds are
sufficient

L(x)

{S, C ≥ 6
11} {S, ¬C ≥ 11

22, D1 ≥ 6
11}

{S ′, ¬C ≥ 11
22, D2 ≥ 8

11}

{S ′′, C ≥ 5
11¬C ≥ 11

22} {S ′′, ¬C ≥ 13
22, D3 ≥ 8

11}

{S ′, C ≥ 8
11, ¬C ≥ 11

22}

unfold C ⊔ D1 ≥ 6
11

unfold C ⊔ D2 ≥ 8
11

unfold C ⊔ D3 ≥ 5
11

explore subgraph

clash

explore subgraph explore subgraph

Figure: Illustration of the semantic branching optimization technique
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Dependency-directed Backtracking

Given a node x such that

{Ci ⊔ Di ≥ ci | i ∈ {1, . . . , n}}

∪
{

∃R.
1
2

≥ 3
4

}
⊆ L(x).

• Disjunctions are expanded first

• Contradiction in the
R-successor

• Construct smallest subset
• None of the branching points

caused the clash
• ⇒ All xi and finally x can be set

to unsatisfiable

x

x1

x2

xi

xn

y

⊔ ≥

⊔ ≥

⊔ ≥

⊔ ≥

∃, ∀R

⊔ ≥

⊔ ≥

⊔ ≥

⊔ ≥

clash

backjump

pruning

expansion cutoff

Figure: Illustration of the dependency directed backtracking optimization technique
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Experimental Evaluation



Heavy OR-Branching

Input:

T =
{

1 ⊑ pn ⊔ ∃R.∃R.

(
q + 1

10

)}
∪ {1 ⊑ pn ⊔ ∀R.∀R.¬q}
∪ {1 ⊑ ¬pn ⊔ ¬pi | 0 ≤ i < n}

∪

{
1 ⊑

n−1⊔
i=0

pi

}
,

Γ = {1 ≥ 1}.

• Simplification good

• Semantic branching effectless
• Backjumping very good
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Heavy AND-Branching

Input:

T = {1 ⊑ ∃R.(∀R)n.pi | 0 ≤ i < k},

Γ = {1 ≥ 1}.

• Every node x, where L(x) is of
the form
T ≥ 1 ∪

⋃n
i=0{(∀R)i.pxi

}
with
x1, . . . , xn ∈ {0, . . . , k − 1},
appears in the tableau graph.

• Here: k = 3
• Amount of nodes is in Ω(kn)
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i=0{(∀R)i.pxi

}
with
x1, . . . , xn ∈ {0, . . . , k − 1},
appears in the tableau graph.

• Here: k = 3

• Amount of nodes is in Ω(kn)
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Fine-grained Example

Input:

T = {p0 ⊑ p1}
∪ {p1 ⊑ p2}

Γ = {p2 ≤ 0} ∪
{

1 ≥ 1
2n

}
• γ = 1

2n+1

• T ≥ 1 has exponential size
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Any Questions left?
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