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OVERVIEW

1. Introduction: Operational semantics, small-step vs big-step, and

abstract HO-GSOS.
2. Constraints: Strongly Separated HO-GSOS
3. Big-step SOS
4. Asketch of the proof

5. Examples

And an encoding in Haskell!




OPERATIONAL SEMANTICS

Operational Semantics: A set of inference rules, describing reduction.
Also called specification here.

Example: xCL

t,ss=S|K|1]S(t)| K(t)]S"(t,s) | ts.

m m S"(t,s) = (t-r)-(s-¥)
t—t t >t
K5k K@) >t 1he  ts—ts st

Why xCL? Syntactic simplicity (we'll see...), while being highly expressive.



SMALL-STEP VS BIG-STEP

Operational semantics are in different flavors: small-step vs big-step,
call-by-name vs call-by-value, ...

Small-step is fine-grained (like the given example).

Big-step does all at once.

Like the following xCL specification (all - are omitted):

syl tdv s K K(t) v siS S(t) v
viv stdv stdv st v
SUK() by sUS() S'(n) by sUS(na) (r)at) b
stv stdv stlv




STATING THE PROBLEM

Definition (Equivalence)

Two specifications (small-step and big-step) for one language are equivalent

iff for all the terms t and v:
t—="vAv]l < tlv

Usually, small-step is designed first, and big-step is derived.
We want to generalize this as much as possible.

One gets equivalent big-step for free from a designed small-step.



FIRST STEP FOR GENERALIZATION (RULE FORMATS)

m To generalize, we need rule formats (reasoning on them).
Like this one (HO-GSOS"):

(Xi — .Vi)]'EW (Xi i> yiz)ie{L..‘,m}\W,zG{xm,..‘,xm}

fOa, ..., Xm) =t

m We create the transformation for a specific rule format.
m Working with rule formats may be messy, though!

m Category theory helps!

'Goncharov, et al., "Towards Higher-Order Mathematical Operational Semantics’, 2023




NEXT STEP FOR GENERALIZATION (ABSTRACT HO-GSOS)

HO-GSOS is represented by natural transformations of the following form:

pxy: E(X X B(X, Y)) = B(X, T*(X + Y))

Example
xCL X = Iltep, XO@) BX, V) =Y 4V
p(S'(t) = reS"(t,r)
p(S"(t.s)) = r=>(t-r)-(s-r)
p((t.) - (s,0) = f(s) & p((t,t)-(s,0)) =t

And the uniquely derived operational model: v: u¥X — B(uX, uX)



XCLIN HASKELL: SYNTAX AND BEHAVIOUR

data XCL' x y =S | K| I | S' x | K' x
| ' x x | Comp x y --XCL, as a bifunctor.

newtype Mrg s x = Mrg (s x x) --Merge functor.
type XCL = Mrg XCL' --XCL as a functor.

data Free s x = Res x
| Cont (s (Free s x)) --{runCont :: s (Free s x)}

type Initial s = Free s Void --LFP of Sigmax

data Beh x y = Eval (x -> y) | Red y --Behaviour




XCL IN HASKELL: HO-GSOS

class (Bifunctor s,MixFunctor b)=>HO0GSOS s b where--HoGSOS law.
rho :: s (x , b xy) x -> b x (Free (Mrg s) (Either x y))

gamma :: Initial (Mrg s) ->

b (Initial (Mrg s)) (Initial (Mrg s)) --Operational model.
gamma (Cont (Mrg t)) = mx_second (>>= nabla)

$ rho $ first (id 6§66 gamma) t --Derived from the diagram.
where nabla = either id id

instance HOGSOS XCL' Beh where

rho :: XCL' (x, Beh x y) x -> Beh x (Free XCL (Either x y))

rho K = Eval $ sigOp . K' . Res . Left

rho (K' (s , _ )) = Eval $ const $ Res $ Left s

rho (Comp (_ , Red s ) u ) = Red $ sigOp $ Comp (Res $ Right s)
rho (Comp (_ , Eval f) u ) = Red $ Res (Right $ f u)

g



ABOUT ABSTRACT HO-GSOS

Notdirectly related (yet), but worth mentioning that:

m Bisimilarity is a congruence. relation®
m Howe’s method. 3
m Logical Relations **

m Operational methods for Call-by-push-value ©

ZGoncharoy, et al., "Towards Higher-Order Mathematical Operational Semantics”, 2023
*Urbat, etal., "Weak similarity in higher-order mathematical semantics’, 2023
“Goncharov, etal., "Logical Predicates in Higher-Order Operational Semantics’, 2024
*Goncharov, et al., "Bialgebraic Reasoning on Higher-Order Program Equivalence”, 2024
Goncharov, et al., “Abstract Operational Methods for Call-by-Push-Value’, 2025




SEPARATED HO-GSOS

A modified version of abstract HO-GSOS.
An effect monad T (w-continuous’, like P and S) is installed on the setting.

Along with some constraints (on X,B, and p). Don’t mind the future blues!

Y =M, + X Value formers and computation formers

t—="vAv] < tlv

xCL

Op={,K K S S S} +{}
TY(X) = Lreop (X0 TX,Y) =X X Y

’Goncharov, et al., "Unguarded recursion on coinductive resumptions", 2018



SEPARATED HO-GSOS (2)

B(X,Y) =TD(X,Y) + TY
p = TD(id, X¥inl)-p" 4+ p<,  Where :
Py LuX — TD(X, £*X)
Pyt Ze(X X B(X, V), X) = TZX(X +Y)

xCL T=I1d & D(X,Y)=Y*

(S (6) = ris S'(t )
P(S"(t,5) = ris (1)< (s-1)
FLF)-5) = fs) & p((tE)-5)= ¢




XCL IN HASKELL: SEPARATED HO-GSOS

data SepSig sv sc x y = SigV (sv y) | SigC (sc x vy)
data SepBeh d x y = Behv (d x y) | BehC vy

class (MixFunctor d, Functor sv, Bifunctor sc) =>
SepHOGS0S sv sc d where

rhoV :: sv x -> d x (Free (SepSig sv sc) x)

rhoC :: sc (x , SepBeh d x y) x ->

Free (SepSig sv sc) (Either x y)

instance (SepHOGSOS sv sc d) =>

HOGSO0S (SepSig' sv sc) (SepBeh d) where

rho :: SepSig' sv sc (x, SepBeh d x y) x ->

SepBeh d x (Free (SepSig sv sc) (Either x y))

rho (SigV v) = BehV $ mx_second (fmap Left) (rhoV v)
rho (SigC c¢) = BehC $ rhoC c



STRONG SEPARATION

Thisis our last last condition. Abstract form is a bit complex!

Definition (Strong Separation)

Every separable HO-GSOS p is strongly separated iff rules defining p© are of
the following form if | £ {):

{6t {6 = Hletmaantio
f(p17"'7pn7q17" 0 7qm) — f(p‘lla o 7p:q7q17"'7qm)

J=W\I & Vje]:p=rp

pis are called the strict variables.

Py Te(X x B(X,Y),X) = TE*(X +Y)



EXAMPLES

For example, xCL satisfies this.

s 5 s(b) S'(t) = s"(t,s) S'(t,s) 5 (t-#) - (s- )

t—t t >t
K5k K@) >e by ts—tes tes—t

But the language
tu= Q| f(t) | g(t),

with the following specification doesn't satisfy strong separation:

X—y
f(x) = a(y)




Bic-sTEP SOS

We need a rule format as the host for big-step specifications.

xillgi(d, . x) oxe g, k) el

fOa,..ooxq) dv

Specifications in this format are encoded by the following

natural-transformations:

€1 T (TX, X) = T(Z*X).

XCL &(1-q)=q £(K-q) =K'(q) £(S-q) =S'(a)
E(K'(t)-q) =t £(S'(t)-q) =S"(t,a) &(S"(s,t) - q) = (sq)(ta)




A SKETCH OF THE PROOF OF EQUIVALENCE

We have a strongly separable p, and we define the following two:
t—="vAv]l < tlv

Big-step operational model (derived from & derived from p):

¢ Xe(px, px) = T(X'(nX))

t—=*vAv]l< tlv

Multi-step transitions (derived from the  derived from p):

B: Te(px, px) — T(X* (X))

It has been proved that { and 3 coincide.




EXAMPLES: €2fg

v f00) v
And it does not work (as expected)!

f(f(9(2))) — 9(9(2)),
but

f(fla(1))) 4 9(2)



EXAMPLES: NON-DETERMINISTIC XCL IN HASKELL

instance SepHOGSOST VndxCL CndxCL (->) [] where

rhoVT :: VndxCL x -> [ x -> Free (SepSig VndxCL CndxCL) x ]
rhoVT NK = [sigOp . SigV . NK' . Res]

rhoVT (NK' t) = [const (Res t)]

rhoCT :: CndxCL (x , SepBehT [] (->) x y) x ->

[(Free (SepSig VndxCL CndxCL)) (Either x y)]

rhoCT (NComp (s , SepBehT (BehC s' : 1)) t ) =

sigOp (SigC $ NComp (Res $ Right s') (Res $ Left t)) :
rhoCT (NComp (s , SepBehT 1 ) t)

rhoCT (NComp (s , SepBehT (Behv f : 1)) t ) =

Res (Right $ f t) : rhoCT (NComp (s , SepBehT 1 ) t)
rhoCT (NComp (s , SepBehT []1 ) t ) = []

rhoCT (DSum s t) = [Res $ Left s, Res $ Left t]




ExAMPLE: CALL-BY-VALUE

t—t tSt s tSt s L

ts — t's ts — ts’ ts — t/

The first rule is both

t—t s—¢ t—t so
- and —44mMM—
t-s—t-s t-s—t-s

We can replace that with

t—t
t-s—>t-




ExXAMPLE: CALL-BY-VALUE (2)

And get the following equivalent big-step specification:

s tdv sUK tiw K(w)lv
viv st v stiv
sS tdw S(w) v sUK(r) tdw riv
st v st v
s S(r) tdw S'(r,w)dv s S"(r,q) tdw (rw)(qw) v
st v stdhv

Butitis not "the" of call-by value. For exmaple, we must have
(r-0-(1-1y=>1-(1-1),butwehave (I -1)-(I-1) =11




ExAMPLE: CALL-BY-VALUE (3)

Instead we can define the following

t—t s s— s
t-s—>t-s s-t—sot tos—>tos
t5t t—t t ot
sot—>set tes —t'es tes — t/

And derive the following from it:

syw wetlv tdw sewlv
viv st v sot v
sl tyv sUK K(t) v siS S(t) v
Csetlv setlv setlv
SUK() rlv sUS() S'(n0 by sUS"(ng) (1)) b
set v set v set v



TYPED xCL WITH RECURSION AND CONTROL

We add the following operators (typed!):
fixr: (t=>71)—>71 if;: bool, 7,7 — 7 true, false: bool

And modify D (and Band X for types!):

X, {true, false}  if 7 = bool
DX, Y)risr, = Yoy D(X,Y), =

{} if 7 # bool




TyPED XCL WITH RECURSION AND CONTROL (2)

And we define the following small-step semantics:

fix, > t-(fixy 1) true e false Lase

if;(b,s,t) — if (V',s,1t) if;(b,s,t) —s if;(b,s,t) =t
b— b b l«true b Lfalse

And the following big-step specification is derive from it:

plfixe q-(fix,-q) v bl true s|v bl false t{v
comp, . ,(p,q) d v if-(b,s,t) v if-(b,s,t) Jv




CONCLUSION AND FUTURE WORKS

What we have new:
m Anautomatic way to derive big-step semantics from a large family of
HO-GSOS specifications.

m Anew big-step rule format.

m Multi-step transitions and operational model for big-step SOS.

How to improve it:
m A-calculus!

m Formalizationin Agda
m Different effects (statefulness, probability, non-determinis, ...)
m Considering other constraints.

m Finding necessary condition(s).

24 [ 24



Thank you for your attention! :-)



APPENDIX



HO-GSOS for xCL in more detail:

Example

X = Iltep, X O@)  BX, V) =Y +v
p(S'(t,)) = inl(r s S"(t,1))
p("((t,0), (s,2))) = inl(r = (t- 1) - (s 1))
p((t,inl(f)) - (s.)) = inr(f(s)) & p((t,inr(t)) - (s,_)) = inr(t))



w-continuous monads:

w-continuous monad

A strong monad T is w-continuous iff the Kleisli category Cr is enriched with

w-cpos and satisfies the following conditions:
m Strength (7) is w-continuous: 7(id x IIif)) = L7(id X f;)
m Copairingin Cr is w-continuous: [LLif;, ILig;] = LLj[f;, gi]
m Bottom elements are preserved by strength and by postcomposition in
Cr:7(idx L)=1,f# 1L =1.

"An w-continuous monad is an Elgot monad, i.e. it supports an (Elgot)
iteration operator that sends every f: X — T(Y + X)tofT: X — TY, subject
to several standard laws of iteration. Specifically, fT = pg. [, g]" - "
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