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• GSOS rules

{𝑥𝑖 →
𝑎𝑖,𝑘

𝑦𝑖,𝑘}
𝑖∈𝐼,𝑘∈𝐾𝑖

{𝑥𝑗 ↓}
𝑗∈𝐽

𝜎(𝑥1…𝑥𝑛) →
𝑏

𝑢[𝑥1…𝑥𝑛, 𝑦𝑖,𝑘…]
or

{𝑥𝑖 →
𝑎𝑖,𝑘

𝑦𝑖,𝑘}
𝑖∈𝐼,𝑘∈𝐾𝑖

{𝑥𝑗 ↓}
𝑗∈𝐽

𝜎(𝑥1…𝑥𝑛) ↓

with 𝜎 ∈ 𝒪, 𝑛 = ar 𝜎, 𝑢 ∈ Σ∗, 𝑎𝑖,𝑘, 𝑏 ∈ 𝐴, 𝐼, 𝐽,𝐾𝑖 ⊂ ⟦1, 𝑛⟧
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• 𝜌((𝑡, 𝑇 ), (𝑢, 𝑈)) = {(𝑎, 𝑡′) | ∀(𝑎, 𝑡′) ∈ 𝑇} ∪ {(𝑎, 𝑢′) | ∀(𝑎, 𝑢′) ∈ 𝑈} ∪ {∗ | ∗ ∈ 𝑇 ∧

∗ ∈ 𝑈}

𝑡 →
𝑎

𝑡′
∀𝑎

𝑡 + 𝑢 →
𝑎

𝑡′

𝑢 →
𝑎

𝑢′

∀𝑎
𝑡 + 𝑢 →

𝑎
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𝑡 ↓ 𝑢 ↓
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1.3 Trace & Kleisli categories

• trace of a term 𝑡: tr 𝑡 = set of words of 𝐴∗ that can be produced by 𝑡
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• trace of a term 𝑡: tr 𝑡 = set of words of 𝐴∗ that can be produced by 𝑡, defined by
coinduction
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𝜁 : 𝐴∗ 𝐵𝐴∗ or 𝐴∗ → 𝑇𝐵𝐴∗ 𝜁(𝜀) = {∗}, 𝜁(𝑎.𝑤) = {(𝑎, 𝑤)}

• for any 𝑘 : 𝑋 𝐵𝑋,

𝑘

tr𝑘 𝐵tr𝑘
𝜁

𝑋 𝐵𝑋

𝐴∗ 𝐵𝐴∗
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1.4 Trace-GSOS

• GSOS rule

𝜌 : Σ(𝑋 × 𝐻𝑋) → 𝐻Σ∗𝑋
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1.4 Trace-GSOS

• GSOS rule

𝜌 : Σ(𝑋 × 𝑇𝐵𝑋) → 𝑇𝐵Σ∗𝑋

• Trace-GSOS rule

𝜌 : Σ(𝑋 × 𝐵𝑋) 𝐵Σ∗𝑋

⇝ only pure observations

• Rules observe each variable once and only once

Example :

𝑡 →
𝜏

𝑡′ 𝑡 →
𝜏

𝑡″

? 𝑡 →
𝜏

𝑡′ + 𝑡″

😕

∀𝑎
𝑎.𝑡 →

𝑎
𝑡

😕

𝑡 →
𝑏

𝑡′
∀𝑎, 𝑏

𝑎.𝑡 →
𝑎

𝑡

😎

𝑡 ↓
∀𝑎

𝑎.𝑡 →
𝑎

𝑡

😎
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• trace equivalence: 𝑡 ≡
tr

𝑢 ⇔ tr 𝑡 = tr 𝑢

Example :  Recall tr 𝑎(𝑏 + 𝑐) = {𝑎𝑏, 𝑎𝑐} = tr (𝑎𝑏 + 𝑎𝑐).
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𝑏 𝑐
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𝑏 𝑐
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𝑏

0

𝑐

0
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𝑎𝑏 + 𝑎𝑐 but not
bisimilar ⇝ ≡

tr
 coarsest

• congruence: ∀𝜎, (∀𝑖, 𝑡𝑖 ≡ 𝑢𝑖) ⇒ 𝜎(𝑡1…𝑡𝑛) ≡ 𝜎(𝑢1…𝑢𝑛)
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𝑎𝑏 + 𝑎𝑐 but not
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• congruence: ∀𝜎, (∀𝑖, 𝑡𝑖 ≡ 𝑢𝑖) ⇒ 𝜎(𝑡1…𝑡𝑛) ≡ 𝜎(𝑢1…𝑢𝑛)
• prove tr(𝜎(𝑡1…𝑡𝑛)) = ⟦𝜎⟧(tr 𝑡1… tr 𝑡𝑛)
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Example :  Recall tr 𝑎(𝑏 + 𝑐) = {𝑎𝑏, 𝑎𝑐} = tr (𝑎𝑏 + 𝑎𝑐). 𝑎(𝑏 + 𝑐) ≡
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𝑎𝑏 + 𝑎𝑐 but not
bisimilar ⇝ ≡

tr
 coarsest

• congruence: ∀𝜎, (∀𝑖, 𝑡𝑖 ≡ 𝑢𝑖) ⇒ 𝜎(𝑡1…𝑡𝑛) ≡ 𝜎(𝑢1…𝑢𝑛)
• prove tr(𝜎(𝑡1…𝑡𝑛)) = ⟦𝜎⟧(tr 𝑡1… tr 𝑡𝑛)

𝑖

Σtr𝑘 ?

𝑘

tr𝑘 ✔ 𝐵tr𝑘

⟦−⟧ 𝜁

Σ𝑋 𝑋 𝐵𝑋

Σ𝐴∗ 𝐴∗ 𝐵𝐴∗
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1.6 Strong and affine monads

• strong monad: st𝑋,𝑌 : 𝑋 × 𝑇𝑌 → 𝑇(𝑋 × 𝑌 ) 
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representing Trace-GSOS rules such that 𝜌 is smooth and is a map of distributive laws,
then trace equivalence is a congruence.
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2.2 Sketch of the proof
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𝑖
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2.4 Focus on hypothesis : Affineness

Theorem 2.4.1 : If 𝑇  is an affine monad then the smoothness of 𝜌 entails the
smoothness of 𝜌∗.
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Theorem 2.4.1 : If 𝑇  is an affine monad then the smoothness of 𝜌 entails the
smoothness of 𝜌∗.

• affine part of 𝒫 is 𝒫ne ⟶ no stuckness !
• at the level of rules: give a semantics to every situation, nothing unspecified

Example :

𝑡 →
𝜏

𝑡′

? 𝑡 →
𝜏

𝑡′
+

𝑡 →
𝑎

𝑡′
∀𝑎 ≠ 𝜏

? 𝑡 ↓

𝑡 ↓

? 𝑡 ↓

need to have some semantics eg. termination ↓
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2.5 And for non affine monads ?

• still under investigation 🚧
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2.5 And for non affine monads ?

• still under investigation 🚧
• idea 1: add an extra sink state ⊥ for stuck computations

• idea 2: map stuckness to explicit termination (cf. previous example) 🚨 change of
semantics

⟶ Can we get back information on the original system ?
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3. Conclusion

• For an affine monadic effect, under reasonable assumptions, trace equivalence is a

congruence 🥳 !
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3. Conclusion

• For an affine monadic effect, under reasonable assumptions, trace equivalence is a

congruence 🥳 !
• Can we do better ? Can we find a good reduction to the affine case for non affine monads ?

• Thank you all for welcoming me in the chair ❤

~ The End ~
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