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I ENION

o« k: X — HX a H-coalgebra — set equipped with semantics
Example: Letk : X - HX,forz € X, x | < * € k(z) and x RN (a,z") € k(x)
e GSOS rules

a; a;
{ iel keK, { J i}jeJ icl,keK, {:BJ i}jeJ

or
b

0(@y.Tp) = U[Ty Ty, Yy g o(xq...T,) |

witho € O,n =ar o,u € ¥*,a,,,b€ A, I,J,K; C [1,n]
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A full example

o syntax:t =0 | atVa€e A|t+t |7t

« rules
y t St u = tl o ul ottt
- — TG ——Va —Va -
04 at—=t bt 4w tdul 2ttt
a(b+ c) . ab + ac . ?(1a + Tb)
a | RN r|
! b+ c . b c . a—+b ;
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0 0 0 0 0 0
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« any syntax functor > and behaviour functor H
o rules v a natural transformation py : (X x HX) - HY*X

Example: For the previous example without 7 : XX =1+ A x X + X2,
P14+ AX (X XPA+AXX))+ (X xPA+AxX))? = P11+ Ax3*X)
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1.3 Trace & Kleisli categories

o trace of a term t: tr ¢ = set of words of A* that can be produced by ¢
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1.3 Trace & Kleisli categories

o trace of a term ¢: tr ¢ = set of words of A* that can be produced by ¢, defined by
coinduction

ectrtet] awEtrt <t -suAwetru
Example: tr a(b+ c¢) = {ab, ac}, tr (ab+ ac) = {ab,ac}, tr (a + b7 c) =
. a—+b?c b
RN
0 ?c

;

Trace Equivalence in Abstract GSOS — Robin Jourde 7/ 22



1.3 Trace & Kleisli categories

o trace of a term ¢: tr ¢ = set of words of A* that can be produced by ¢, defined by
coinduction

ectrtet] awEtrt <t -suAwetru
Example: tr a(b+ c¢) = {ab, ac}, tr (ab+ ac) = {ab,ac}, tr (a + b7 c) = {a}
. a+b7c b
SN
0 7c

;

Trace Equivalence in Abstract GSOS — Robin Jourde 7/ 22



1.3 Trace & Kleisli categories

o trace of a term ¢: tr ¢ = set of words of A* that can be produced by ¢, defined by
coinduction

ectrtet] awEtrtet > uAweE tru
Example: tr a(b+ c¢) = {ab, ac}, tr (ab+ ac) = {ab, ac}, tr (a + b?c¢) = {a}
o recal HX = P(1+ A x X)

Trace Equivalence in Abstract GSOS — Robin Jourde 7/ 22



1.3 Trace & Kleisli categories

o trace of a term ¢: tr ¢ = set of words of A* that can be produced by ¢, defined by
coinduction

ectrtet] awEtrtet > uAweE tru

Example: tr a(b+ c¢) = {ab, ac}, tr (ab+ ac) = {ab, ac}, tr (a + b?c¢) = {a}

e recal HX =P(1+ Ax X)=TBX
» T = P effectful behaviour
» B=14 A x X pure behaviour

Trace Equivalence in Abstract GSOS — Robin Jourde

7/ 22



1.3 Trace & Kleisli categories

o trace of a term ¢: tr ¢ = set of words of A* that can be produced by ¢, defined by
coinduction

ectrtet] awEtrtet > uAweE tru

Example: tr a(b+ c¢) = {ab, ac}, tr (ab+ ac) = {ab, ac}, tr (a + b?c¢) = {a}

e recal HX =P(1+ Ax X)=TBX
» T'= P effectful behaviour ++ powerset : non-determinism
» B=1+4 A x X pure behaviour «+ words : A* (initial B-algebra)

Trace Equivalence in Abstract GSOS — Robin Jourde 7/ 22



1.3 Trace & Kleisli categories

o trace of a term ¢: tr ¢ = set of words of A* that can be produced by ¢, defined by
coinduction

ectrtet] awEtrtet > uAweE tru

Example: tr a(b+ c¢) = {ab, ac}, tr (ab+ ac) = {ab, ac}, tr (a + b?c¢) = {a}
e recal HX =P(1+ Ax X)=TBX

» T'= P effectful behaviour ++ powerset : non-determinism

» B=1+4 A x X pure behaviour «+ words : A* (initial B-algebra)
o trt € P(AY)

Trace Equivalence in Abstract GSOS — Robin Jourde 7/ 22



1.3 Trace & Kleisli categories

Trace abstractly

Trace Equivalence in Abstract GSOS — Robin Jourde 8/ 22



1.3 Trace & Kleisli categories

Trace abstractly
o in the Kleisli category of T

Trace Equivalence in Abstract GSOS — Robin Jourde 8/ 22



1.3 Trace & Kleisli categories

Trace abstractly
o in the Kleisli category of T

AceKl(T)< AeC A—-BeKI(T)< A—-TBeC

Trace Equivalence in Abstract GSOS — Robin Jourde 8/ 22



1.3 Trace & Kleisli categories

Trace abstractly
o in the Kleisli category of T

AceKl(T)< AeC A—-BeKI(T)< A—-TBeC

« A* is the final B-coalgebra in KI(7T)

Trace Equivalence in Abstract GSOS — Robin Jourde 8/ 22



1.3 Trace & Kleisli categories

Trace abstractly
o in the Kleisli category of T

AceKl(T)< AeC A—-BeKI(T)< A—-TBeC

« A* is the final B-coalgebra in KI(7T)
(:A* — BA* or A* - TBA* C(e) ={x}, ((a.w)={(a,w)}

Trace Equivalence in Abstract GSOS — Robin Jourde 8/ 22



1.3 Trace & Kleisli categories

Trace abstractly
o in the Kleisli category of T

AceKI(T)= AeC
« A* is the final B-coalgebra in KI(7T)
(:A* — BA* or A* - TBA*

o forany k: X — BX,

Trace Equivalence in Abstract GSOS — Robin Jourde

A—-BeKI(T)< A—-TBeC

¢(e) = {*}, Cla.w)={(a,w)}

k
BX
; Btr,,
¢
BA*

8 /22



1.4 Trace-GSOS

« GSOS rule
p: (X xHX)—> HX*X
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1.4 Trace-GSOS

« GSOS rule
p:2(X xTBX)—>TBYX*X
o Trace-GSOS rule
p:3(X x BX)— BYX*X
-+ only pure observations

« Rules observe each variable once and only once

Example:
b
t Sttt v t 5t £t
- a 7 ——Va,b —Va
7t 47 At at —t at —t
- v L 4

~~ - =
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1.5 Trace equivalence & congruence

« trace equivalence:
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1.5 Trace equivalence & congruence

o trace equivalence:t =u & trit=tru
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1.5 Trace equivalence & congruence

 trace equivalence: { =u< trit =tru
T

Example: Recall tr a(b + c¢) = {ab, ac} = tr (ab + ac).

a(b+ c) aab—l—aca
o SN
1 b+c . b c
SN vl ]
0 0 0 0
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=
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T

Example: Recall tr a(b + ¢) = {ab,ac} = tr (ab+ ac). a(b+ ¢) . ab + ac but not
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1.5 Trace equivalence & congruence

 trace equivalence: { = U< trt =tru
T

Example: Recall tr a(b + ¢) = {ab,ac} = tr (ab + ac). a(b + ¢) = ab + ac but not

tr

bisimilar ~» tE coarsest
Tr

« congruence: Vo, (Vi,t, = u;) = o(t;...t,,)) = o(uy...u,)
« prove tr(o(t;...t,))) = [o](tr t;... tr t,))

1 k
> X X BX
MA* A* BA*
[-] ¢
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1.6 Strong and affine monads

e strong monad: sty y : X xTY - T(X xY)
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1.6 Strong and affine monads

« strong monad: sty y : X X TY—)T(X XY)wsst’' i TX X Y—>T(X xY)
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1.6 Strong and affine monads

o strong monad: sty : X XTY 5> T(X XY)wsst' :TX XY -T(X xXY)
’ S Tst’
o double strength dst : TX x TY it T(T)f xY) >—t> T?(X xY) 4 T(X xY) (and dst”)
Try, Ty

ds ~
o aﬂinemonad:TXxTY—iT(XxY) — TXxTY =idorn; : 1 —-T1
- affine part: greatest affine submonad

Example:

« Powerset P vy P_,

o (Sub)distribution § v D with DX = {Ziel px; | Dop;, =1z, € X,I finite}
and §X = {Zielpixi 1> p; <1z, € X, I finite}
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1.6 Strong and affine monads

o strong monad: sty : X XTY 5> T(X XY)wsst' :TX XY -T(X xXY)
’ S Tst’
o double strength dst : TX x TY it T(T)f xY) >—t> T?(X xY) 4 T(X xY) (and dst”)
ds Tr,,Tm ~
o aﬂinemonad:TXxTY—iT(XxY) 1—>2TX><TY:idor771:1—>T1

- affine part: greatest affine submonad

Example:

« Powerset P vy P_,

o (Sub)distribution § v D with DX = {Ziel px; | Dop;, =1z, € X,I finite}
and §X = {Zielpixi 1> p; <1z, € X, I finite}

« Maybe —+1 s Id
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2.1 The theorem

Theorem 2.1.1: Let C be a cartesian category, 1" be a strong affine effectful monad, B
a behaviour endofunctor that extends to K1(7'), ¥ a syntax endofunctor that extends to
KI(T) with all free objects (X*X), let { : Z —s BZ be the final B-coalgebra (with

dz,( =moz)andlet p: 3(X x BX) — T BY*X be a natural transformation

representing Trace-GSOS rules such that p is smooth and is a map of distributive laws,
then trace equivalence is a congruence.
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2.2 Sketch of the proof

« Recall
)
Y*X X
E*trk | \ trk
Y7 Z
[—]
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+ Recall
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X X
27*try, | \ tr,
Y*Z Z

[-]
o define [—] : semantics of Z + induction + trace
o 3X*X — BY*X (with p*) and Z — BZ
- show B-coalgebra morphisms
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2.2 Sketch of the proof

+ Recall
0
X X
27*try, | \ tr,
Y*Z Z

[-]
o define [—] : semantics of Z + induction + trace
o 3X*X — BY*X (with p*) and Z — BZ
- show B-coalgebra morphisms
o troi V
o« [—] o X*tr more complicated : naturality + smoothness + map of distributive law of p*

Remark: need dst
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2.3 Focus on hypothesis : Smoothness

Example: t =0 | a.t | t+t | 7t | It with the previous rules for 0, a., + and

t 5t/ t 5t
aVa - Ya
It =7t 7t —=t+t

la(b + c)

al
?7(b+c)
N
(b+c)+0 b )+0

O(—O
@)
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t 5t/ t 5t/
aVa - Ya
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la(b + c)
al
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2.3 Focus on hypothesis : Smoothness

Example: t =0 | a.t | t+t | 7t | It with the previous rules for 0, a., + and

t—t t—t
- Va - Va
It =7t Tt—>t+t
la(b + c) . l(ab + ac)
al / \
b (b+ c) . 7b Tc
N b | Le
c)+0 (b4+¢)+0 1 b+0 c+0 .
Vg TN \

trla(b + c) = {ab, ac, abb, abc, a_cb, acc}
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2.3 Focus on hypothesis : Smoothness

Example: t =0 | a.t | t+t | 7t | It with the previous rules for 0, a., + and

t ¢! t ¢!
Ya Ya
It S2¢ 7t 4+t
la(b + c) . l(ab + ac)
al / \
b 7(b+c) . 7b Tc
N b | le
c)+0 (b4+¢)+0 1 b+0 c+0 .
Vg N Y \

trla(b + ) = {ab, ac, abb, abc, a_cb, acc} + {ab, ac,abb, acc} = tr!(ab + ac)
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2.3 Focus on hypothesis : Smoothness

Example: t :==0 | a.t | t+t |7t | !t with the previous rules for 0, a., + and

t Loy £t
" Ya

a T
It —7¢ 7t >t
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2.3 Focus on hypothesis : Smoothness

Example: t :==0 | a.t | t+t |7t | !t with the previous rules for 0, a., + and

t 57¢ t st/
— VYa
It 52¢ 7t 5t
la(b+ 7) , ab+ar)
ol RN
?(b+17) 7b 77
rl ) Lr
1 b+ 1 ~ T
/ \ lT
0 0 0

trla(b+ 7) = {arb, arT}
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2.3 Focus on hypothesis : Smoothness

Example: t :==0 | a.t | t+t |7t | !t with the previous rules for 0, a., + and

t—7¢ t—t
Ya
It =7t Tt—t
la(b+ 7) 4 l(ab + aT)
a VRN
7(b+T) 7h T
r] 1 |-
1 b+ T ~ T
/ \ lT
0 0 0

trla(b+ 7) = {arb,ar7} # {a77} = tr!(ab + a1)
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2.3 Focus on hypothesis : Smoothness

Example: t :==0 | a.t | t+t |7t | !t with the previous rules for 0, a., + and

t 7 t st/
a‘v’a T
It —=7¢ 7t —t
la(b+ 7) 4 l(ab + aT) .
a VRN
7(b+ 1) b 27
r] 1 |
1 b+ T ~ T
/ \ lT
0 0 0

trla(b+ 7) = {arb,ar7} # {a77} = tr!(ab + a1)

—> observations that are “not used” (=
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2.3 Focus on hypothesis : Smoothness

« smoothness
» linear: if x; — x,, then not z, and z,/ in the target
» if o, in the target, the observation on z, is irrelevant ie. any other observation could

have been done (the same rule for each other possible observation exists)
o abstract smoothness

mix
. (Tmy, Try) dst 3
ST(X x BX) — %(TX x TBX) — YT(X x BX)
>\ ~ )\ ~
TS(X x BX) TS(X x BX)
Tp | 0 w o Te|
T?BY>*X > T'BY* X < T?BY>*X
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2.3 Focus on hypothesis : Smoothness

« smoothness
» linear: if x; — x,, then not z, and z,/ in the target
» if o, in the target, the observation on z, is irrelevant ie. any other observation could

have been done (the same rule for each other possible observation exists)
o abstract smoothness

mix
. (Tmy,Tmy) dst < . .
ST(X x BX) = X(TX x TBX) — T(X x BX)  ®(p)(0)(mix X;... mix X,) =
. . ®(p)(0) (X X5,)
TY(X x BX) TY(X x BX) where X, C X x BX
Io] 7 pwo ey
T2BY* X » TBY* X < T2BY*X
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2.3 Focus on hypothesis : Smoothness

» need smoothness for p* (terms with more than one layer)
Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
0L atS¢ at >t 7t ¢

T a
letXlz{t—>t’,u—>u’}
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Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
0L atS¢ at >t 7t ¢
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2.3 Focus on hypothesis : Smoothness

» need smoothness for p* (terms with more than one layer)
Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
0L atS¢ at >t 7t ¢

T / 7 / . T / & / T / ) /
letXlz{t—>t,u—>u}thenmlxXlz{t—>t,t—>u,u—>t,u—>u}

t 5t e X, u—?7¢ X,
7t L ¢/ U+
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b.7t — t b.7u -+~
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2.3 Focus on hypothesis : Smoothness

» need smoothness for p* (terms with more than one layer)
Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
o a‘v’a, b aVa o
0L atS¢ at >t 7t ¢

T / 7 / . T / & / T / ) /
letXlz{t—>t,u—>u}thenmlxXlz{t—>t,t—>u,u—>t,u—>u}

t St e X, u—>?¢ X,
7t L ¢/ U+
b
b.7t — t b.7u -+~

®(p)(b720) (X)) = {5 ]
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2.3 Focus on hypothesis : Smoothness

» need smoothness for p* (terms with more than one layer)
Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
0L atS¢ at >t 7t ¢

T / 7 / . T / & / T / ) /
letXlz{t—>t,u—>u}thenmlxXlz{t—>t,t—>u,u—>t,u—>u}

t 5t € X, uo?¢ X, t - ¢ € mix X, w— t' € mix X,
T T T
7t >t Tu -+~ 7t >t Tu —t
b b b
b.7t — t b.?7u + b.7t —> t b.?7u — u

®(p)(b720) (X)) = {5 ]
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2.3 Focus on hypothesis : Smoothness

» need smoothness for p* (terms with more than one layer)
Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
o a‘v’a, b aVa o
0L atS¢ at >t 7t ¢

T / 7 / . T / & / T / ) /
letXlz{t—>t,u—>u}thenmlxXlz{t—>t,t—>u,u—>t,u—>u}

t 5t € X, uo?¢ X, t - ¢ € mix X, w— t' € mix X,
T T T
7t >t Tu -+~ 7t >t Tu —t
b b b
b.7t — t b.?7u + b.7t —> t b.?7u — u

B(p*)(b.72,)(X,) = {i t} + {i A u} — 3(p*)(b.2 ;) (mix X,)
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2.3 Focus on hypothesis : Smoothness

» need smoothness for p* (terms with more than one layer)
Example: t == 0 | a.t | 7t with the following smooth rules
b
t 5t tl t St
0L atS¢ at >t 7t ¢

T / 7 / . T / & / T / ) /
letXlz{t—>t,u—>u}thenmlxXlz{t—>t,t—>u,u—>t,u—>u}

t 5t € X, uo?¢ X, t - ¢ € mix X, w— t' € mix X,
T T T
7t >t Tu -+~ 7t >t Tu —t
b b b
b.7t — t b.?7u + b.7t —> t b.?7u — u

S(p*)(b.7x)(X;) = {—b> t} + {i) t, A u} = ®(p*)(b.7 2, )(mix X;) — the stuck

computation introduces a mess (
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2.4 Focus on hypothesis : Affineness

Theorem 2.4.1:If T is an affine monad then the smoothness of p entails the
smoothness of p*.
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2.4 Focus on hypothesis : Affineness

Theorem 2.4.1:If T is an affine monad then the smoothness of p entails the
smoothness of p*.

- affine part of 7 is P, — no stuckness !
« at the level of rules: give a semantics to every situation, nothing unspecified

Example:

T a
t—t t—t tl
o + Va # T
7t =t 7t ... 7t ...

need to have some semantics
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2.4 Focus on hypothesis : Affineness

Theorem 2.4.1:If T is an affine monad then the smoothness of p entails the
smoothness of p*.

- affine part of 7 is P, — no stuckness !
« at the level of rules: give a semantics to every situation, nothing unspecified

Example:

T a
t—t t—t tl
- T VaFT —r
Tt —t 7t 7t

need to have some semantics eg. termination |
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2.5 And for non affine monads ?

- still under investigation %
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2.5 And for non affine monads ?

- still under investigation %
« idea 1: add an extra sink state | for stuck computations

» idea 2: map stuckness to explicit termination (cf. previous example) & change of
semantics

— Can we get back information on the original system ?
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3. Conclusion




» For an affine monadic effect, under reasonable assumptions, trace equivalence is a

congruence #5 !
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» For an affine monadic effect, under reasonable assumptions, trace equivalence is a
congruence #5 !
» Can we do better ? Can we find a good reduction to the affine case for non affine monads ?

» Thank you all for welcoming me in the chair @

~ The End ~
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