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Process Algebra

® model the behaviour of concurrent systems
e CCS (Milner), CSP (Hoare), m-calculus

® Bisimilarity can serve as the semantic property
distinguishing processes

Key Property

Bisimilarity is a Congruence

Process Algebra
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CCst

A process algebra featuring

the deadlocked process
action prefixing
nondeterministic choice
parallel composition
action renaming

action restriction

recursion

Milner, A Calculus of Communicating Systems.
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Preliminaries

® a set of actions A with 7 € A
an involution =: A\ {7} — A\ {7} (@=a)
Ren(A) = {g@: A\ {7} = A\ {r} | Va € A p(@) = Ta)}

a set V of variables

Process Algebra



Syntax of CCS

PQ=@|X|a.P|P+Q|P|Q|P\L|P[p |fixX P

where
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Syntax of CCS

PQ=a|X|a.P|P+Q|P|Q|P\L|P[p |fixX P

where
e XeVy
e acA
o LC A\ {7}
® © € Ren(A)
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To Steal an Example

CM := fix CM. coin . coffee « CM
CS = fix CS. pub . coin . coffee . CS
UNI = (CM | CS) \ {coin, coffee}

Process Algebra



To Steal an Example

CM = fix CM. coin . coffee « CM

CS := fix C'S. pub . coin . coffee . C'S
UNI := (CM | CS) \ {coin, coffee}
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Operational Semantics of CCS

act

a PP .
PP e=ae
P+Q— P P+ Q-5 (@
PTP' pan Q:’Q, par,
PlQ—P|Q PlQ—=P|@Q
PP Q5Q
. sync
PlQ—P|Q
PS5 P aad¢l PSP
P\L—P e

P [fix X. P/X]-> P

fix

fix X. P-%> P

Process Algebra



Guarded terms

Definition ( {7 guarded )

A term P is guarded if all variable occurences in P are only in
subterms of the form a . Q.

fixXa.X V
fix V. fix X.a. X)+ YV

Process Algebra


https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Guarded.html#690

Strong Bisimulation

Definition
R C Proc x Proc is a strong bisimulation iff
p - Q p_ Q
o :va ;a @
p Q p Q

P~ @Q:<= 3JR.(P,Q) € RA Ris a bisimulation

Process Algebra



Strong Bisimulation

Definition
R C Proc x Proc is a strong bisimulation iff
p_ Q p_ 0
© e o e
p Q p Q

P~ @Q:<= 3JR.(P,Q) € RA Ris a bisimulation

P+Q~Q+P, P+P~P P+a~P
(P+ Q)| S+ (P5+(QI)

Process Algebra



Bisimulation as a Congruence

We want ~ to be a Y-congruence, i.e. for all fe &

Xy~ Yla - -Xar(f) ~ LTar(f)
- f(Xl,...,Xar(f)) Nf(Yl,..., Yar(f))

Proofs of this in the presence of fixpoints are rather involved
and fragile?

2Amadio and Curien, Domains and Lambda-Calculi.
Process Algebra
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de Bruijn Indices

We set V=N
A substitution is a function o: n — Proc

fix always binds 0, we write fix P for fix 0. P

Bound variables count the number of binders to “jump
over":
fix a fix (B.0+7v.1)
A/

Process Algebra
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GSOS?®

i A
(Iij yij) ) <xzk > > L
j

f(l’l, ceey fL‘ar(f)) i> t

3Bloom, Istrail, and Meyer, “Bisimulation can't be traced”.
GSOS 12



GSOS?®

aj (6752
(%), (),
J

f(xl, cee xar(f)) st

where
e feX
o 1 <y <ar(f)
® 1,y are distinct

® { contains only variables from z;;, y;,

3Bloom, Istrail, and Meyer, “Bisimulation can't be traced”.

GSOS
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First-Order Abstract GSOS*

A categorical framework:
® A signature functor ¥: C — C
® A behaviour functor B: C — C

A GSOS rule corresponds to a natural transformation

0: 2(Id x B) = B

4Turi and Plotkin, “Towards a mathematical operational semantics”.
First-Order Abstract GSOS 13



Signature

Y =N
U{a.()/1]ae A}
U{+/2,] /2}
U{(-)[e] /1] ¥ € Ren(A)}
U{(-)\L/1|LC A}
Sx=]]x0

fex

Example: CCS without Fixpoints

14



Abstract GSOS

e A signature functor ¥ X = H x>0
fes
® A behaviour functor BX = P, (A x X)
PP
PlQ—=>P|Q

ox: S(X x BX) = BS* X
ox((P,bp) | (Q,00)) = {(a, (P | Q) | (o, P) € bp}
U...

Example: CCS without Fixpoints
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Abstract GSOS

® A signature functor X X = HXar(f)
fex
e A behaviour functor BX =P, (A x X)
P—=>r
PlQ—P|Q

ox: B(X x BX) = BS* X
ox((P,bp) [ (@ b)) = {(c, (P'| Q) | (a, P) € bp}
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Abstract GSOS

e A signature functor X X = H X0
fex

® A behaviour functor - =P (Ax X)

PlQ =P |Q

2(X x (BX) — BY* X
(P,B8) | (@.00) = {(a. (P | Q) | (o, P) € b}

u...

Example: CCS without Fixpoints
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Operational Model

We obtain a coalgebra (uX, v):

SpY ——— u¥ — Bu¥

lE( id,) /’\BZ

S(uS x BuY) —22 5 BY* s

Example: CCS without Fixpoints
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Operational Model

We obtain a coalgebra (1%, ): /

Yy ——— uY — Bu¥

l2< id,y) TBZ

S(uE x Buy) —22 5 BY* s

Example: CCS without Fixpoints



Abstract Behaviour

Spy -5 uY -5 Buy

=l e

YvB % vB -~ BvB

We obtain strong bisimulation:

P~ Q= [P, =[dl,

Example: CCS without Fixpoints 17



Compositionality for Free

Proposition

~ C puX X udi is a Y-congruence.

Example: CCS without Fixpoints

18



Why fix poses a problem

P [fix X. P/X] 5> P

fix X. P> P

Higher-Order Abstract GSOS

fix

19



Higher-Order Abstract GSOS®

Extend first-order abstract GSOS to allow for higher-order
languages:
® a signature functor ¥: C — C

® 3 mixed-variance behaviour bifunctor B: C* x C — C

Definition
A higher-order GSOS law is a family

oxy: 2(Xx B(X,Y)) - B(X, 2 (X+ Y))

dinatural in X and natural in Y.

5Goncharov, Milius, Schréder, Tsampas, and Urbat, “Higher-Order

Mathematical Operational Semantics”.
Higher-Order Abstract GSOS 20



Alternative fixpoint semantics

P [fix P/0] > P'
fix P> P

fix

P40 P
fix P-">40 P [fix P/0]

CCS in HOGSOS

fix'

21



Unguarded Case (Standard Semantics)®

P=fix0]a.0+a.9)

2
6 {f counter—example
CCS in HOGSOS

22


https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#3204

Unguarded Case (Standard Semantics)®

act
(e
X T—> I
sum
(03
Oé.@—}—a.@ﬁ@
compy —— act
T o
Pla.o+a.0—P|o A.0— O
fix — sumy
« (0%
P—P|o aeT+a.0— O
sync

Pla.o+a.0->P|o|o
fix

PS> Plo|o

24
6 {f counter—example
CCS in HOGSOS 22


https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#3204

Unguarded Case (Alternative Semantics)

P=fix0|la.o+a.o

o
0+ fix’

sync
0] ae@+a.@ gy -
fix

fix 0| e @ +To D >0

CCS in HOGSOS



Lemma ( ¢ step-subst )
Let P, P’ be terms, o a substitution.

PP — (Po)—>(Po)
Lemma ( ¢/ subst-fix-swap )

Let P be a guarded term, T, () arbitrary terms. If
(P [T/0]) > Q then there exists a (f such that

3Q. P Q@ AQ=(q [T/0])

CCS in HOGSOS 24


https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#3637
https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#615

Equivalence of the operational semantics

Theorem ( ¢4 fixefix!' )
Let P be a guarded term. Then for all (), a:

PiQ@Pifix’Q

CCS in HOGSOS
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https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#4877

Proof.
“=" by induction on the derivation using
¢/ subst-fix-swap in the fix case

“«<" by induction on the derivation using
¢/ step-subst in the fix' case

CCS in HOGSOS 26


https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#615
https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#3637

Indexing with Substitutions

Problem

PS5 P

fix P—>q0 P [fix P/0]

CCS in HOGSOS

fix
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Indexing with Substitutions

Problem
P50 P
fix P—>q0 P [fix P/0]

fix

Idea

Define a set of rules with labels .4 x Subst(n, m) such that

P55, P «— 3P.P5PAP =Po)

CCS in HOGSOS

27



Indexing with Substitutions

——FF act
a.P>, Po
PSP Q->, @
o par ” par,
Pl Q—,P | Qo P|Q—,Po| @

P00 mx pio) P
fix

fix P2 P

CCS in HOGSOS

28



Indexing with Substitutions

Proposition ( ¢ subst-step&fix' )
It does indeed hold that

P55, P «— 3P.P5PAP =Po)

CCS in HOGSOS
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https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/Step.Properties.html#7373

Indexing with Lists

Problem
Indexing by arbitrary substitutions is not necessary; We only

need substitutions of the form [fix P/0].

Solution
We index by a list of X + 1

CCS in HOGSOS
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Indexing with Lists

P[0,¢) = .
Xsub
(fix P)[¢] = fix P
P #0
name;

i[Po,Pl,...,Pn]:fiXP

i[Py, Py,..., P =i

Plg)= P P=rmnnn P g
————— act fix
O{.P"EP, le PiP() ..... PnPI

CCS in HOGSOS
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Example

P =1a. 1 fixa. ] =fix fix a. !
act

(e}
a.l T (el fix el P .
fix
. @ . .
fix v 1 —>fx qor fix fix avu 1 .

fix fix o I —>, fix fix oo 1

CCS in HOGSOS
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Fixing a behaviour

B(X,Y) = YY" 5 Py (A x YD)

CCS in HOGSOS
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Defining o

oxyv: 2(Xx B(X,Y)) = B(X,2(X+ Y))

CCS in HOGSOS

34



Defining o

pxvs XX BX, V) > (£°(X + V)5
Pt (A x (S5(X + ¥))XHD)

oxy = <Q§(, Y Q%Q y>

CCS in HOGSOS
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Defining Q%(,y

ok v S(X x B(X, ) = (S(X+ ¥)¥+0

F—=A_. O

mHAPO,Pz,...,Pn.{ﬁXP m < n7.Pm:iH1 P
m otherwise

a.(Pop,_) =X a.inr(opf)

fix (P,op,_) =& fix inr(op(inr T,¢))

CCS in HOGSOS
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Defining Q?X,Y

0% v (X x B(X, Y)) = Py (A x (Z*(X+ Y)*)
& 0
m
a.(P,op,_) —{(a,nyoinroop)}
fix (P,op, bp) = {(a,\.a(inl T,§)) | (a,0) € bp}

CCS in HOGSOS 36



Operational Model

A B(uX, —)-coalgebra t*: u> — B(uX, uX)

Y ux L D>

©(id,.*®) (id,.®)
(LoX fst, 0,5, ux) id x B(id,i02* V)

B(pX x B(pX, pX)) — p¥ x B(uX, Z* (¥ + pX)) — p¥ x B(uX, pX)

CCS in HOGSOS 37



Operational Model

A B(uY, —)-coalgebra t*: u¥ — B(uX, uX)

Y ux L > U

©(id,.*®) (id,.*®)
(LoX fst,ous, ux) id x B(id,i0x* V)

N(uX x B(uX, pX)) — pX x B(uX, 2 (uX + pX)) — pX x B(uX, u¥)

CCS in HOGSOS 37



Operational Model

A B(uY, —)-coalgebra t*: u¥ — B(uX, uX)

Y ux L > U

©(id,.*®) (id,.*®)
(LoX fst,ous, ux) id x B(id,i0x* V)

N(uX x B(uX, p¥)) — pX x B(uX, 2 (uX + pX)) —» pdl x B(uX, u¥)

ESGESGS  VaXeXox

CCS in HOGSOS 37



Strong Bisimulation

~ Y

_
l lcoit '

S Ly B(us, )

Proposition
~ IS a X-congruence

CCS in HOGSOS
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Formalizing in Agda

https://wwwcip.cs.fau.de/~oc4bujef/ma/ccs/
® de Bruijn indices inspired by PLFA’
® type of processes is a family Proc: N — Set

e P: Proc n means P is a term with at most n free
variables

"Wadler, Kokke, and Siek, Programming Language Foundations in
Agda.

Conclusion
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https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/

Conclusion

Amadio, Roberto M. and Pierre-Louis Curien. Domains and
Lambda-Calculi. Cambridge Tracts in Theoretical
Computer Science. Cambridge University Press, 1998.
Barr, Michael. “Coequalizers and free triples”. In:
Mathematische Zeitschrift 116 (1970), pp. 307-322.
Bloom, Bard, Sorin Istrail, and Albert R. Meyer.
“Bisimulation can't be traced”. In: J. ACM 42.1 (Jan.
1995), pp. 232-268. 1ssN: 0004-5411. DOT:
10.1145/200836.200876. URL:
https://doi.org/10.1145/200836.200876.

Goncharov, Sergey, Stefan Milius, Lutz Schroder,

Stelios Tsampas, and Henning Urbat. “Higher-Order
Mathematical Operational Semantics”. In: (2024).

Milner, Robin. A Calculus of Communicating Systems.
1980. por: https://doi.org/10.1007/3-540-10235-3.
Turi, D. and G. Plotkin. “Towards a mathematical
operational semantics”. In: Proceedings of Twelfth Annual
IEEE Symposium on Logic in Computer Science. 1997,

~n NN D901 AT 1N 11N /7/T T 1007 L110CE

40


https://doi.org/10.1145/200836.200876
https://doi.org/10.1145/200836.200876
https://doi.org/https://doi.org/10.1007/3-540-10235-3
https://doi.org/10.1109/LICS.1997.614955
https://plfa.inf.ed.ac.uk/22.08/

Intermission: Free Algebra®

Definition (Free >-Algebra)

Let X: C — C, X € Ob(C). A free X-Algebra of X is a
Y-Algebra (X* X, 1x) with a morphism X: ¥* X such that

YOI X sy y

w

X

8Barr, "“Coequalizers and free triples”.
Appendix 41



Intermission: Free Algebra®

Definition (Free >-Algebra)

Let X: C — C, X € Ob(C). A free X-Algebra of X is a
Y-Algebra (X* X, 1x) with a morphism X: ¥* X such that

YOI X sy y

SR X

A

YA——— A

8Barr, "“Coequalizers and free triples”.
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Intermission: Dinatural Transformations
Definition
Let F, G: C°® x C — D. A dinatural transformation o: F = G
is a family ox: F(X, X) — G(X, X) of morphisms such that

F(X, X) 2 G(X, X)

F(f,id) \G(id,f)

F(Y, X) G(X,Y)
F(im %(f,id)
F(Y,Y) %5 G(Y,Y)

for all f€ Home (X, Y)

Appendix
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Bialgebras

Definition
A p-bialgebra (X, a, b) consist of
® a Y-algebra (X, a: ¥ X — X)
® a B-coalgebra (X, b: X — BX)
such that

YX % s X"y BX

lE( id,b) TB?I

Y(XxBX) —2 5 BY* X

Appendix 43



Bialgebras

Definition
A o-bialgebra (X, a, b) consist of
® a Y-algebra (X, a: ¥ X — X)
® a B-coalgebra (X, b: X — BX)
such that

YX % s X b>BX/
lz<id,b> TB&

Y(Xx BX) —% - B X

Appendix



Denotational Model

If B has a final coalgebra (v B, ), we obtain the final
o-bialgebra (vB, a, 7):

YvB * s vB—"5 BvB

lE( id, ) TB@

S(vBx BvB) —2£ BY>*vB

Appendix 44



Denotational Model

If B has a final coalgebra (v B, 7), we obtain the final

o-bialgebra (vB, a, 7):

P

YvB @ vB —» BvB

lE( id, ) TB&

Y(vBx BvB) —22 BY*vB

~

Appendix 44
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