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Process Algebra

• model the behaviour of concurrent systems
• CCS (Milner), CSP (Hoare), π-calculus
• Bisimilarity can serve as the semantic property

distinguishing processes

Key Property
Bisimilarity is a Congruence
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CCS1

A process algebra featuring
• the deadlocked process ∅

• action prefixing α P
• nondeterministic choice P + Q
• parallel composition P | Q
• action renaming P [φ]

• action restriction P \ L
• recursion fix X.P

1Milner, A Calculus of Communicating Systems.
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Preliminaries

• a set of actions A with τ ∈ A
• an involution · : A \ {τ} → A \ {τ} (α = α)

• Ren(A) :=
{
φ : A \ {τ} → A \ {τ} | ∀α ∈ A. φ(α) = φ(α)

}
• a set V of variables
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Syntax of CCS

P,Q := ∅
∣∣ X

∣∣ α P
∣∣ P+Q

∣∣ P | Q
∣∣ P \L

∣∣ P [φ]
∣∣ fix X.P

where

Process Algebra 5



Syntax of CCS

P,Q := ∅
∣∣ X

∣∣ α P
∣∣ P+Q

∣∣ P | Q
∣∣ P \L

∣∣ P [φ]
∣∣ fix X.P

where
• X ∈ V
• α ∈ A
• L ⊆ A \ {τ}
• φ ∈ Ren(A)
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To Steal an Example

CM := fix CM. coin coffee CM
CS := fix CS. pub coin coffee CS

UNI := (CM | CS) \ {coin, coffee}
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To Steal an Example

CM := fix CM. coin coffee CM
CS := fix CS. pub coin coffee CS

UNI := (CM | CS) \ {coin, coffee}

Synchronization via handshake
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Operational Semantics of CCS
act

α P α P
P α P′

suml
P + Q α P′

Q α Q′
sumr

P + Q α Q′

P α P′
parl

P | Q α P′ | Q
Q α Q′

parr
P | Q α P | Q′

P α P′ Q α Q′
sync

P | Q τ P′ | Q′

P α P′ α, α /∈ L
res

P \ L α P′

P α P′
ren

P [φ]
φ(α) P′ [φ]

P [fix X.P/X]
α P′

fix
fix X.P α P′

Process Algebra 7



Guarded terms

Definition ( guarded )
A term P is guarded if all variable occurences in P are only in
subterms of the form α Q.

fix X. α X ✓
fix Y. (fix X. α X) + Y

Process Algebra 8
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Strong Bisimulation

Definition
R ⊆ Proc × Proc is a strong bisimulation iff

P Q

P′ Q′

R

α α

R

P Q

P′ Q′

R

α α

R

P ∼ Q :⇐⇒ ∃R. (P,Q) ∈ R ∧ R is a bisimulation
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Strong Bisimulation
Definition
R ⊆ Proc × Proc is a strong bisimulation iff

P Q

P′ Q′

R

α α

R

P Q

P′ Q′

R

α α

R

P ∼ Q :⇐⇒ ∃R. (P,Q) ∈ R ∧ R is a bisimulation

P + Q ∼ Q + P, P + P ∼ P, P +∅ ∼ P
(P + Q) | S 6∼ (P | S) + (Q | S)
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Bisimulation as a Congruence

We want ∼ to be a Σ-congruence, i.e. for all f ∈ Σ

X1 ∼ Y1, . . .Xar(f) ∼ Yar(f)

=⇒ f(X1, . . . ,Xar(f)) ∼ f(Y1, . . . ,Yar(f))

Proofs of this in the presence of fixpoints are rather involved
and fragile2

2Amadio and Curien, Domains and Lambda-Calculi.
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de Bruijn Indices

• We set V := N
• A substitution is a function σ : n → Proc
• fix always binds 0, we write fix P for fix 0.P
• Bound variables count the number of binders to “jump

over”:
fix α fix (β 0 + γ 1)

Process Algebra 11



GSOS3

(
xij

αj yij

)
j

(
xik

αk
)

k

f(x1, . . . , xar(f))
α t

3Bloom, Istrail, and Meyer, “Bisimulation can’t be traced”.
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GSOS3

(
xij

αj yij

)
j

(
xik

αk
)

k

f(x1, . . . , xar(f))
α t

where
• f ∈ Σ

• 1 ≤ ij, ik ≤ ar(f)
• xij , yij are distinct
• t contains only variables from xij , yij

3Bloom, Istrail, and Meyer, “Bisimulation can’t be traced”.
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First-Order Abstract GSOS4

A categorical framework:
• A signature functor Σ: C → C
• A behaviour functor B : C → C

A GSOS rule corresponds to a natural transformation

ϱ : Σ(Id×B) ⇒ BΣ⋆

4Turi and Plotkin, “Towards a mathematical operational semantics”.
First-Order Abstract GSOS 13



Signature

Σ := N
∪ {α ( · )/1 | α ∈ A}
∪ {+/2, | /2}
∪ {( · ) [φ] /1 | φ ∈ Ren(A)}
∪ {( · ) \ L/1 | L ⊆ A}

ΣX =
∐
f∈Σ

Xar(f)

Example: CCS without Fixpoints 14



Abstract GSOS

• A signature functor ΣX =
∐
f∈Σ

Xar(f)

• A behaviour functor B X = Pω1 (A× X)

P α P′

P | Q α P′ | Q

ϱX : Σ(X × B X) → BΣ⋆ X
ϱX((P, bP) | (Q, bQ)) = {(α, (P′ | Q)) | (α,P′) ∈ bP}

∪ . . .

Example: CCS without Fixpoints 15
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Operational Model

We obtain a coalgebra (µΣ, γ):

ΣµΣ µΣ BµΣ

Σ(µΣ× BµΣ) BΣ⋆ µΣ

ι

Σ⟨ id,γ⟩

γ

ϱµΣ

Bι̂

Example: CCS without Fixpoints 16



Operational Model

We obtain a coalgebra (µΣ, γ):

ΣµΣ µΣ BµΣ

Σ(µΣ× BµΣ) BΣ⋆ µΣ

ι

Σ⟨ id,γ⟩

γ

ϱµΣ

Bι̂

By initiality of (µΣ, ι)

Example: CCS without Fixpoints 16



Abstract Behaviour

ΣµΣ µΣ BµΣ

Σ νB νB B νB

ι

ΣJ−Kϱ J−Kϱ
γ

BJ−Kϱ
α τ

We obtain strong bisimulation:

P ∼ Q :⇐⇒ JPKϱ = JQKϱ

Example: CCS without Fixpoints 17



Compositionality for Free

Proposition
∼ ⊆ µΣ× µΣ is a Σ-congruence.

Example: CCS without Fixpoints 18



Why fix poses a problem

P [fix X.P/X]
α P′

fix
fix X.P α P′

Higher-Order Abstract GSOS 19



Higher-Order Abstract GSOS5

Extend first-order abstract GSOS to allow for higher-order
languages:

• a signature functor Σ: C → C
• a mixed-variance behaviour bifunctor B : Cop × C → C

Definition
A higher-order GSOS law is a family

ϱX,Y : Σ(X × B(X,Y)) → B(X,Σ⋆(X + Y))

dinatural in X and natural in Y.

5Goncharov, Milius, Schröder, Tsampas, and Urbat, “Higher-Order
Mathematical Operational Semantics”.

Higher-Order Abstract GSOS 20



Alternative fixpoint semantics

P [fix P/0] α P′

fix
fix P α P′

P α
fix’ P′

fix’
fix P α

fix’ P′ [fix P/0]

CCS in HOGSOS 21



Unguarded Case (Standard Semantics)6

P := fix (0 | α ∅+ α ∅)

6 counter-example
CCS in HOGSOS 22
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Unguarded Case (Standard Semantics)6

P := fix (0 | α ∅+ α ∅)

act
α ∅ α ∅ suml

α ∅+ α ∅ α ∅ compr
P | α ∅+ α ∅ τ P | ∅

fix
P α P | ∅

act
α ∅ α ∅ sumr

α ∅+ α ∅ α ∅
sync

P | α ∅+ α ∅ τ P | ∅ | ∅
fix

P τ P | ∅ | ∅
6 counter-example

CCS in HOGSOS 22
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Unguarded Case (Alternative Semantics)

P := fix 0 | α ∅+ α ∅

0
α

fix′
sync

0 | α ∅+ α ∅ τ
fix′

fix’
fix 0 | α ∅+ α ∅ τ

fix′

CCS in HOGSOS 23



Lemma ( step-subst )
Let P,P′ be terms, σ a substitution.

P α P′ =⇒ (Pσ)
α

(P′ σ)

Lemma ( subst-fix-swap )
Let P be a guarded term, T,Q arbitrary terms. If
(P [T/0]) α Q then there exists a Q′ such that

∃Q′.P α Q′ ∧ Q = (Q′ [T/0])

CCS in HOGSOS 24
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Equivalence of the operational semantics

Theorem ( fix⇔fix' )
Let P be a guarded term. Then for all Q, α:

P α Q ⇐⇒ P α
fix′ Q

CCS in HOGSOS 25
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Proof.
“⇒” by induction on the derivation using

subst-fix-swap in the fix case
“⇐” by induction on the derivation using

step-subst in the fix′ case

CCS in HOGSOS 26
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Indexing with Substitutions

Problem
P α

fix’ P′
fix’

fix P α
fix’ P′ [fix P/0]

Idea
Define a set of rules with labels A× Subst(n,m) such that

P α
σ P′′ ⇐⇒ (∃P′.P α P′ ∧ P′′ = P′ σ)

CCS in HOGSOS 27



Indexing with Substitutions

Problem
P α

fix’ P′
fix’

fix P α
fix’ P′ [fix P/0]

Idea
Define a set of rules with labels A× Subst(n,m) such that

P α
σ P′′ ⇐⇒ (∃P′.P α P′ ∧ P′′ = P′ σ)
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Indexing with Substitutions

act
α P α

σ Pσ

P α
σ P′

parl
P | Q α

σ P′ | Qσ

Q α
σ Q′

parr
P | Q α

σ Pσ | Q′

P α
(σ◦ [fix P/0]) P′

fix
fix P α

σ P′

CCS in HOGSOS 28



Indexing with Substitutions

Proposition ( subst-step⇔fix' )
It does indeed hold that

P α
σ P′′ ⇐⇒ (∃P′.P α P′ ∧ P′′ = P′ σ)

CCS in HOGSOS 29
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Indexing with Lists

Problem
Indexing by arbitrary substitutions is not necessary; We only
need substitutions of the form [fix P/0].

Solution
We index by a list of X + 1

CCS in HOGSOS 30



Indexing with Lists
P [□, ξ] = P′

fixsub
(fix P)[ξ] = fix P′

Pi 6= □
name1i [P0,P1, . . . ,Pn] = fix P

Pi = □ name2i [P0,P1, . . . ,Pn] = i

P [ξ] = P′

act
α P α

ξ P′

P α
P,P0,...,Pn P′

fix
fix P α

P0,...,Pn P′

CCS in HOGSOS 31



Example

P′ = 1[α 1, fix α 1] = fix fix α 1
act

α 1 α
α 1,fix α 1 P′

fix
fix α 1 α

fix α 1 fix fix α 1 fix
fix fix α 1 α

ε fix fix α 1

CCS in HOGSOS 32



Fixing a behaviour

B(X,Y) = Y(X+1)∗ × Pω1
(
A× Y(X+1)∗)

CCS in HOGSOS 33



Defining ϱ

ϱX,Y : Σ(X × B(X,Y)) → B(X,Σ⋆(X + Y))

CCS in HOGSOS 34



Defining ϱ

ϱX,Y : Σ(X × B(X,Y)) → (Σ⋆(X + Y))(X+1)∗×
Pω1

(
A × (Σ⋆(X + Y))(X+1)∗)

ϱX,Y = 〈ϱ1
X,Y, ϱ

2
X,Y〉

CCS in HOGSOS 34



Defining ϱ1
X,Y

ϱ1
X,Y : Σ(X × B(X,Y)) → (Σ⋆(X + Y))(X+1)∗

∅ 7→λ_.∅

m 7→λP0,P1, . . . ,Pn.

{
fix P m ≤ n,Pm = inl P
m otherwise

α (P, σP,_) 7→λ ξ. α inr(σP ξ)

fix (P, σP,_) 7→λ ξ. fix inr(σP(inr >, ξ))

...

CCS in HOGSOS 35



Defining ϱ2
X,Y

ϱ2
X,Y : Σ(X × B(X,Y)) → Pω1

(
A× (Σ⋆(X + Y))X+1∗)

∅ 7→∅
m 7→∅

α (P, σP,_) 7→{(α, ηY ◦ inr ◦σP)}
fix (P, σP, bP) 7→ {(α, λ ξ. σ(inl>, ξ)) | (α, σ) ∈ bP}

...

CCS in HOGSOS 36



Operational Model

A B(µΣ,−)-coalgebra ι♣ : µΣ → B(µΣ, µΣ)

ΣµΣ µΣ

Σ(µΣ× B(µΣ, µΣ)) µΣ× B(µΣ,Σ⋆(µΣ+ µΣ)) µΣ× B(µΣ, µΣ)

ι

Σ⟨ id,ι♣⟩ ⟨ id,ι♣⟩

⟨ι◦Σ fst,ϱµΣ,µΣ⟩ id ×B(id,ι̂◦Σ⋆∇)

CCS in HOGSOS 37
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Operational Model

A B(µΣ,−)-coalgebra ι♣ : µΣ → B(µΣ, µΣ)

ΣµΣ µΣ

Σ(µΣ× B(µΣ, µΣ)) µΣ× B(µΣ,Σ⋆(µΣ+ µΣ)) µΣ× B(µΣ, µΣ)

ι

Σ⟨ id,ι♣⟩ ⟨ id,ι♣⟩

⟨ι◦Σ fst,ϱµΣ,µΣ⟩ id ×B(id,ι̂◦Σ⋆∇)

ι̂ : Σ⋆ µΣ → µΣ ∇X : X + X → X

CCS in HOGSOS 37



Strong Bisimulation

∼ µΣ

µΣ νγ.B(µΣ, γ)

⌟
coit ι♣

coit ι♣

Proposition
∼ is a Σ-congruence

CCS in HOGSOS 38



Formalizing in Agda

https://wwwcip.cs.fau.de/~oc45ujef/ma/ccs/
• de Bruijn indices inspired by PLFA7

• type of processes is a family Proc : N → Set
• P : Proc n means P is a term with at most n free

variables

7Wadler, Kokke, and Siek, Programming Language Foundations in
Agda.
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Intermission: Free Algebra8

Definition (Free Σ-Algebra)
Let Σ: C → C, X ∈ Ob (C). A free Σ-Algebra of X is a
Σ-Algebra (Σ⋆ X, ιX) with a morphism X : Σ⋆ X such that

ΣΣ⋆ X Σ⋆X

X

ΣA A

ιX

Σh⋆ ∃! h⋆

ηX

h
a

8Barr, “Coequalizers and free triples”.
Appendix 41
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Intermission: Dinatural Transformations
Definition
Let F,G : Cop ×C → D. A dinatural transformation ϱ : F ⇒ G
is a family ϱX : F(X,X) → G(X,X) of morphisms such that

F(X,X) G(X,X)

F(Y,X) G(X,Y)

F(Y,Y) G(Y,Y)

ϱX

G(id,f)F(f,id)

F(id,f)
ϱY

G(f,id)

for all f ∈ HomC (X,Y)

Appendix 42



Bialgebras

Definition
A ϱ-bialgebra (X, a, b) consist of

• a Σ-algebra (X, a : ΣX → X)

• a B-coalgebra (X, b : X → B X)

such that

ΣX X B X

Σ(X × B X) BΣ⋆ X

a

Σ⟨ id,b⟩

b

ϱX

Bâ

Appendix 43



Bialgebras

Definition
A ϱ-bialgebra (X, a, b) consist of

• a Σ-algebra (X, a : ΣX → X)

• a B-coalgebra (X, b : X → B X)

such that

ΣX X B X

Σ(X × B X) BΣ⋆ X

a

Σ⟨ id,b⟩

b

ϱX

Bâ

Eilenberg-
Moore algebra
induced by a

Appendix 43



Denotational Model

If B has a final coalgebra (νB, τ), we obtain the final
ϱ-bialgebra (νB, α, τ ):

Σ νB νB B νB

Σ(νB × B νB) BΣ⋆ νB

α

Σ⟨ id,τ⟩

τ

ϱνB

Bα̂

Appendix 44



Denotational Model

If B has a final coalgebra (νB, τ), we obtain the final
ϱ-bialgebra (νB, α, τ ):

Σ νB νB B νB

Σ(νB × B νB) BΣ⋆ νB

α

Σ⟨ id,τ⟩

τ

ϱνB

Bα̂

By finality of (νB, τ)

Appendix 44
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