Quantalic(?!

Relational Connectors

Florian Guthmann
Pedro Nora
Jurriaan Rot

Lutz Schroder
Paul Wild

2026-06-30




Systems of Different Type

0
a
1 1
b b b
c
c 2
FX=P(Ax X) GX=P(Nx X)

Two-valued Relational Connectors 2/26



Relations

Notation
We write r: X—+ Yfor arelation rC Xx Yor r: Xx Y — 2

Relations s: Y—+ Zand t: X—+ Y combose:
(s-D)(7,2) = Jy€ Y.s(y,2) Atz y)

The graph of a function f: X — Y is the relation
gr(f): X— Y given by

T fla)=y
1 else

gr(f)(z y) = {
The identity relation Ax: X— X is given by Ax = gr(idy)
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Couniversal Factorization

A relation r: X —+ Y can be factorized in a couniversal

manner:
T
X i s> Y
>\ /{
o
t ™ S
i I
A

C.,={(A,B) e P(X) xP(Y)|Ax BCr}

s, ={((4,B),y)|y € B}
t,={(z(A,B)|ze A}
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Relational Connectors®

Definition

Let F, G: Set — Set. A relational connector L: F'— G maps
a relation r: X—+ Y to

Lr: FX—+ GY

such that for 7/: X+ Y/ X - X, ¢: YV > Y

rCr = LrC L/ (monotonicity)
L(¢°orof)=(Gg)° o Lro Ff (naturality)
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Constructions

Definition
For K: F— G, L: G — H the composite L- K: F — His

(L-K)r=\/ Ls- Kt
r=s-t
= Ls, - Kt,
A

AY

[Couniversal factorization]

Remark

Associativity of composition relies crucially on join preserva-
tion of relational composition:

el icl
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Constructions

Definition

The identity relational connector Idgp: F — F is given on
r: X—+ Y by

Idp(r)(a,b) <= VG: Set — Set,L: G— F,s: Z—+ X, ce GZ.
Ls(c,a) = L(r- s)(c, b)

Theorem
As expected, for L: F — G we have

L=Idg-L=L Idp
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Quantitative Systems

» Two-valued Bisimulation often not appropriate for
quantitative systems

» Relational Connectors are in parts specific to the
two-valued setting

Generalize!
?

But to what domain?
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Complete Semirings

Definition
A complete semiring is a tuple (R, ) ,,-,0,1) such that
» (R,>,,0) is a complete monoid

» (R,+,0) is a commutative monoid

» >, agrees with + on finite I
> forall j#7, [Ny =@

Sym= ¥ m

jed i€l i€Ujes I

» (R,-, 1) is a monoid

» - distributes over )
Z(a-ai):a-(Zai) Z(ai-a):(Zai)-a
icl il il il
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R-Valued Relations

Definition

A R-valued relation r: X—+ Yis a map X x Y — R.

R-valued relations s: Y—+ Zand ¢t: X—+ Y combose:

(s-)(z,2) = Y sy, 2) - (. y)

yey

‘What about complete semirings?
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Failure of Join Preservation

Definition

Composition of R-valued relations preserves joins if
(\/’I“,L> S = \/7"1"5
el el
for all s: X—+ Y, (r;: Y= 2)ies
Counterexample

1 y=1

0 else

Let R=NU{o0}, I= Y=N and rz-(y,z):{

(Vi) a=T=o0# Ymean= Y=

iel yeN icl ieN
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Quantales

Definition

A (commutative and unital) quantale is a tuple (V,®, k)
where

> V is a complete lattice
> (V,®, k) is a commutative monoid

> ® preserves joins

Example
» the extended positive reals with addition [0, 00)5™
» the extended positive reals with maximum [0, 0o]S5.
» the unit interval with truncated addition 0,15

» the booleans with conjunction
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Quantales

Since a map a ® —: V — V preserves joins, it has a right
adjoint hom(a, —): V — V:

a®b<c¢ <= b<hom(a,c)

Example

> truncated subtraction for [0, 00]5"

» minimum for [0, oo]r%;i
» truncated subtraction for [0, 1]§p

» implication for booleans
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Quantale-Valued Relations

Definition

A V-valued relation r: X—+ Yisamap X x Y — V.
The graph of a function f: X — Y is the relation

ko flo)=y

() (z.) = {L o

Definition

Given V-valued relations s: Y—— Z, t: X— Y their compo-
sition is given by

(s-8)(z,2) = \/ s(y,2) ® (s, 9)

yeyY
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Quantale-Valued Relations

Remark
V-valued relations form a complete lattice with the pointwise
order.

Theorem
V-valued relational composition preserves joins
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Extension'

Definition

The extension s e r of a a V-relation s: X —+ Y along a
V-relation r: X — Z is defined by

X —— Y

i N
>

t-r<s < t<ser 7 \A

t

(se—1)(zy) = /\ hom(r(z, z), s(z, y))

ze X
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Quantale-Valued Relational Connectors

Definition

Let F, G: Set — Set. A relational connector L: F'— G maps
a relation r: X—+ Y to

Lr: FX—+ GY

such that for 7/: X+ Y/ X - X, ¢: YV > Y

rCr = LrC L/ (monotonicity)
L(¢°orof)=(Gg)° o Lro Ff (naturality)
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(Bi)simulations

Definition

Let (C,v: C— FC), (D,d: D— GD) be coalgebras. A rela-
tion r: C— D is an L-simulation for a relational connector
L: F— Gif

C—+—D

wi IA %o

FC—L|—> GD
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POMDPs

Definition

A partially observable Markov decision process is a coalgebra
for the functor
FX=(D(X x Q) x R)*
| S G
(
[set of observations]

Definition

An policy for an agent interacting with a POMDP is a coal-
gebra for the functor

GY=Ax Y
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POMDPs

We model lower bounds on the optimal reward for a policy

in a POMDP as a [0, oo];-valued relational connector
L: F— G:

L(r)({d, b), (£, 9)) = b(€) + E(aw)~ay(2; 9(w))

An L-bisimulation then serves as a witness for a lower
bound on the optimal reward.
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Example

0.5: good, 0 sell: g,10

: ) inspect

0.5: bad, 0

Y = {0,g,b, %} 65 z=¢q,y=0
g w = good r(z,y) = ;0 ® i :L’ yj bg
B(0) = | inspect,w +— ¢ b w = bad T=LY=
0 else
* w=¢

B(g) = (sell, w > *)
B(b) = (scrap, w — *)
B(x) = (scrap, w > *)
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Composition of Relational Connectors

Definition
For K: F — G, L: G — H the composite L - K: F — H is
given on r: X+ Y-

(L-K)r=\/ Ls- Kt

s-t<r

Theorem
Relational connectors are closed under composition.
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Couniversal Subfactorization

A relation r: X —+ Y can be factorized in a couniversal

manner:
.
X : > Y
>\4 /{

{(A, B) € VX x VY |Va, . A(2) ® B(y) < r(a,9)}
((4, B),y) — B(y)
= (z,

(4, B)) = A(z)
b = (= 2), 5(2 —))
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Composition

Theorem
Let K: F— G, L: G— Hand r: X— Z, then

(L- K)r= Ls,- Kt,

Lemma

Composition of relational connectors is associative, i.e. for
M:H— D, K: G—H, L: F— G:

(M-K)-L=M-(K-L)
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Identity Connector

Definition

The identity relational connector Idp: F — F is given on
r: X—+ Y by

Idp(r)= N\ L(r-s)e Ls

G': Set—Set
L: G—»F
s: Z—>X

Conjecture

The connector defined above is an identity for composition:

L=Idg-L=L- Idp
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Further Work

» Generalize the FoSSaCS paper to quantales

» Find examples
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