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o Craig Interpolation shows that if one formula entails another, then the entailment can be
witnessed using only the vocabulary common to both formulas.

o It gives a precise way to measure which symbols are actually responsible for a consequence.

@ Uniform interpolation strengthens this by providing systematic variable elimination, similar
in spirit to quantifier elimination.

@ Interpolants can be used as approximations of formulas after forgetting selected
propositional variables.

@ However, Interpolation is often proved as an existence result.

@ In classical modal logic, there are already proof-theoretic approaches to Craig and uniform
interpolation.

@ The perspective here is explicitly computational: the sequent calculi should not only prove
that interpolants exist, but show how to construct them.

e We first develop this idea for K, and then adapt it to non-expansive fuzzy modal logic.
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Constructive viewpoint
Craig interpolation is treated by extracting an interpolant from a labelled sequent proof.

Uniform interpolation
Uniform interpolation is handled differently: we modify the calculus so that each derivation step
computes ' | C4(I), where C4(T) is the strongest g-free object making I', Cq(I") provable.

The contribution is to make these constructions explicit, especially in the signed-sequent
setting of non-expansive fuzzy modal logic.
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Modal Logic K

o Language:
pu=p|Ll-plerd ][Oy

o Kripke models:
M= (WeSet,RCWx W,V :At — P(W))

o Truth clause for [I:

M,wl-Op < Vv.wRv = (M, v ).
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One-Sided Sequent Calculus for K

@ Sequents are finite (multi)sets of formulas ' and are read disjunctively as
Ve
pel

@ Sequent calculus rules for sequents with formulas in NNF (to be read from the bottom-up):

he 9 Lo
A 1 N) —— V) ————
Wos W Worgne Wigws
e . :
(Ok) OF.O0 A (A propositionally saturated and contains no other { formulas)
y L,

@ Optional weakening rule:
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Craig Interpolation

Definition (Craig Interpolation Property)
A logic L has CIP if whenever

Lo — 1,
there is a formula 6 such that

LFo—6 and LFO—,

with

Var(6) C Var(yp) N Var(v). )
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Uniform Interpolation

Definition (Uniform Interpolation Property)
A logic L has UIP if for every formula ¢ and every variable p, there exist formulas 3p. ¢ and
Vp. ¢ not containing p such that they are respectively the strongest p-free consequence and

weakest p-free antecedent of .

eFx < 3p.pkx  (p¢ Var(x)).
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Craig Interpolation for K

@ Possible proof methods:
e proof-theoretic, via sequent calculi;
e semantic, via bisimulations or model amalgamation;
e algebraic, via modal algebras.

Modal logic K has Craig interpolation.

@ Idea: For ¢ I- 1), we construct a proof tree for —w4, ¥ ¢, and construct the interpolant
along it.

@ The subscripts allow us to retrace whether a formula is part of the antecedent or the
consequence.

@ In more detail we define a function /, mapping a sequent with antecedent and consequence
labels to an interpolant of the negated conjunction over all antecedent formulas and the
disjunction of the consequence formulas.
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Interpolant Extraction Rules
Initial and weakening cases

— 1
M (—L)a
= T
r,(}l)c
1(r
o (")
O
r:PAa(_‘P)A
- 5 T
rapCa(_'p)C
rapAv(_‘p)C
raPC7(_‘P)A

\
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Interpolant Extraction Rules

Propositional rules

% = (T, o) V(T )

% (T, o k) )
mﬁ = 0N, ga)
% — O, oc)
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Uniform Interpolation for K

@ Uniform interpolation is stronger than Craig interpolation.

@ In modal logic K, uniform interpolants can be obtained via fixpoint-style or
automata-theoretic constructions.

Modal logic K has uniform interpolation.
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A Sequent Calculus for Post-Interpolants in K

o Fix a variable g. We write

] Cq()
to mean that C4(I") is the strongest g-free formula such that
ey

is provable.

@ The post-interpolant 3q., ¢ of ¢ is then obtained as

Ca(=p)-

@ One obviously obtains Vq. ¢ as —dq., —.
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Initial & Propositional Rules

@ Initial Rules:

pel
v#{q,~q}

where in (At), [ contains only atoms, L, and their negations.

@ Propositional Rules:

ra(P ’ Cq(ra()p) rﬂﬁ ’ Cq(raw)
Co A | Co(T ) v Co(T, 7))

ra ‘2 "/} ‘ Cq(r7 <p7¢)

(/\) ra‘PV¢ ’ Cq(r7907¢)

(V)
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Modal Rule

@ Modal Rule:
NI Cq(ra#’l) T, | Cq(ra‘Pn)
M| Go(I)
O, Ow1,....Opp, A
A 0G(Me) A OGO A A\ —x

1<i<n XEA

x¢{q,—q}

(Ok)

Here A is propositionally saturated and contains no other formulas of the form ¢x or Oy.
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Non-Expansive Fuzzy Modal Logic

@ Syntax:
pp=0]plpoc|-pleny|Op
where p ranges over propositional atoms and ¢ € [0, 1].
o Fuzzy Models:

M= (W eSet,R: Wx W —10,1], V: At x W — [0, 1])
@ Sequents I are finite (multi)sets of literals, where literals are of the form:
pc, e {>,>, <, <}

o We will also use <« € {<, <}, > € {>,>}.
@ Semantics of :

[O¢]m(w) = ¢ <= sup min(R(w,w’), []m(w’)) =

w'eWw
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One-Sided Sequent Calculus for Non-expansive Fuzzy Modal Logic

r

(W)W (AXP)W (Ve €[0,1]: e<cor erd)
(Axo) 00 (Opac)  (Axpo) Fpoc (0>c)  (Axp) Fpac (Lac)
L L N
(ev) m (ot 0>d) (&) m (04d)
0) pdac,{pi>ic|Veel0,1], note<dc: er; ¢}

ra <><)O <c, {@l D Ci}
(where T is propositionally saturated and contains no literals of the form ¢ > d)
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Craig Interpolation

Definition (Craig Interpolation)

The logic has Craig interpolation if, for all literals o <y ¢ and ¢ < d, whenever
@ X1 € =1 ip d, there exists an interpolating literal /(, ), such that

Var(I(, %)) € Var(p) N Var(),

and

et c=1(p,)  and (e, ¢) E 1 d.
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Uniform Interpolation

Definition (Uniform Interpolation)

The logic has uniform interpolation if, for every literal ¢ <1 ¢ and every propositional variable g,
there exist g-free literals

dq(p > c) and  Vg(px>c)
such that
pcl=3dq(erac) and Vg(pxac) = pxc.

Moreover, for every g-free literal y,

pcEYxY <= Jqlpxc) E=x,

and

XEexcec < xFEVq(pxo).
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Craig Interpolation: Reduction Step

@ Using negation if necessary, it suffices to consider entailments of the form
phcEYRd
@ Define the two fixed literals
5:=0<; 0.5, U:= -0« 0.5.
@ We build a proof of the sequent
YA’ ¢, Yc < d.

@ We then once again use this proof tree to build an interpolant.
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Craig Interpolant Assignment: Initial Rules

Rules involving 0

Weakening
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Craig Interpolant Assignment: Initial Rules

Contradictory literals

Thadateds Y
Readaerde
I (p<c)a, (pr< d)c o pRTc
Fo=aceds P
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Craig Interpolant Assignment: Propositional Rules

Rules preserving the interpolant

I (e (1—c))x
I (—p < c)x

M (p ) (P ac)x

= (L (e (1= 0)))

= (M, (p<6) (W ac))
— (T, (prd+c))
= I, (pad+c))

Branching meet rule

I, (¢>c)x (¥ c)x
s, T QUL (pr ) MU, (65 c).)) <4 05
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Craig Interpolant Assignment: Modal Rule

Diamond rule

>

T, (Op <c)a, {(pivi ci)x}
PN

I, (O <c)e, {(wivi ci)x}

= 0Q(I(X)) <« 05

= 0-Q(I(X)) <1 0.5

Here ¥ denotes the premise sequent generated by the modal rule.
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Uniform Interpolation: Strategy

As in the case of K, we introduce a modified sequent calculus whose rules compute, together
with a sequent I, a strongest g-free literal C4(I") such that I, C4(I") is provable.

@ Thus a derivation has the form I' | C4(T).
o If we want the post-interpolant of a literal ¢ > ¢ we construct C, ((p%o c).

@ We can once again reduce to the case p<c.
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Initial Rules

@ Axioms:
A 1]: d
(Axp) Fpacprd|1405 (Ve € [0,1]: e<cor e>d)
(Ax0) Foc190s (09
A 0 A e 1
(Axpo) Mp>rc|1<0.5 (0>c) (Axp1) Mp<c|1<05 (1<)
@ Atoms introduction:
(At)

r | |_|P|><1C€r Q(p%oc) 4 05
p#q
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Propositional Rules

@ Rules preserving Qq4(I):

M={T, p>® (1 =)} | () M={lpacpact| G

- M
() M —ppac| Co() (M) MeMyac| Cy(l)
M={l > (d+c)} | C(M)
(er) F oo d] Co(m) (not 0> d)
M={T,pa(d+c)} | G(I)
(09 —F o cad | ¢ (0<d)
@ Branching meet rule:
() Mopc| Gl o) Fysc| Gl yvsc)

Menyesc| QG erc))NQ(C(T,¥>c))<0.5
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Modal Rule

@ For the modal rule and {Q¢;<c; |1 <i<n}{0¢¥i>di|1<i<m} (where w.l.o.g. we assume
the terms are ordered, i.e. the most restrictive bounds have the highest index), let:

li=wpi<c,{Y>di|Vee[0,1], not e<ci: e>d;}
M={dod1<j<i}
@ The modal rule then is:

Ml G(M) oo T Go(Th)
M1GM) o Tl G()
M{0pi<c |1<i<n},{O¢i>di|1<i<m}
| Li<icn QUOQuc/2(Co(T7)) > ci/2) U

|_|1§;§m Q(OQa+d)/2(Co(M7)) (1 +dj)/2) U |_|p1><1;éer Q(p=<°c) < 0.5
p#aq

(where T is propositionally saturated and contains no literals of the form (v 1 €)

(©)
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@ We began with interpolation in classical modal logic K, using one-sided sequents as the
basic proof system.

e For Craig interpolation, the main construction is proof-transformational: labelled
derivations are converted into interpolants.

@ For uniform interpolation, the construction is different: a modified calculus computes
expressions

] Co(M),
where C4(I) is the strongest g-free object making I', C4(I") provable.

@ The same two proof-theoretic patterns are then adapted to non-expansive fuzzy modal
logic using signed literals.
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Main message

Craig and uniform interpolation are both constructive and deeply rooted in sequent calculi, but
in different ways.

Craig interpolation : extract an interpolant from a labelled proof,

Uniform interpolation : compute C4(I") inside a modified calculus.
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