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When is a pointed coalgebra a rooted tree?

E.g. for the Set-functor FX =1 + X2, which of the following is a tree?

A ' B, C D, E
7] 0 7] @ 7]

/ /\ Y /\ [\

© 00 00 @9 00
/\ /\ /\ /\ \
6 0 60 6 0 P (d]
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When is a pointed coalgebra a rooted tree?
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Definition: (Pointed) Coalgebras

C=(I—5Cc—5FC)

[ :=1 in this talk

Definition: Coalg;(F)
1
C h D
| o

FC—"—— FC

This Talk: All coalgebras are pointed, all trees are rooted.
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Definition: {Pointed) Coalgebras Definition: A coalgebra C € Coalg,(F)

C=(/1—2sc—5Fc) is called a (rooted) tree:
I:=1 in this talk if every h: B — C is a split epimorphism in
Coalg,(F).

Definition: Coalg;(F)
1
C i D

Fc— 5 Fc

This Talk: All coalgebras are pointed, all trees are rooted.
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Definition: {Pointed) Coalgebras Definition: A coalgebra C € Coalg,(F)

C=(/1—2sc—5Fc) is called a (rooted) tree:
I:=1 in this talk if every h: B — C is a split epimorphism in
Coalg,(F).
Definition: Coalg; (F) , ide
1
1 . .
N LING
3s Vh
C h D C--=—->B—— C
] f bl
Fh FC 2 FB - FC

Fc— 5 Fc

This Talk: All coalgebras are pointed, all trees are rooted.
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When is a pointed coalgebra a rooted tree?

E.g. for the Set-functor FX =1 + X2, which of the following is a tree?

A .¢ B a; C & D E‘% E .
0 0 0 @ 0
/ /N A /\ W\
e ® 0 0 0 @® 9 ® 0
/\ /\ /\ N\ \
6 0 6 0 6 0 E <> 0
Definition: C a tree = every h: B — C a split-epimorphism
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When is a pointed coalgebra a rooted tree?

E.g. for the Set-functor FX =1 + X2, which of the following is a tree?

A .¢ B a; C = D E‘% E .
b b 4 @ 7

/ /\ A /\ f\

© 006 00 @9 © 06
/A /A /\ /\ \
G0 G0 G0 ;@ ]
T [ —

Definition: C a tree = every h: B — C a split-epimorphism
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C D E

é 0 v 0 h i
VN e N () gl
@00 , 00 ..

No Isomorphism

@ No Splitting
in coalgebras

Definition: C a tree every h: B — C a split-epimorphism



Intro

Reachability Construction Examples Conclusions | Thorsten WiBmann |

C D E

é 0 v 0 h i
VN e e ) e
@00 , 006 ., . O

No Isomorphism

@ No Splitting
in coalgebras

Definition: Tree unravelling of a pointed coalgebra C
A morphism h: T — C, where T is a tree.

Definition: C a tree = every h: B — C a split-epimorphism
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C D E

é 0 v 0 h
VN e N () T
@00 , 006 ., . O

No Isomorphism

2

@ No Splitting
in coalgebras

Definition: Tree unravelling of a pointed coalgebra C

A morphism h: T — C, where T is a tree.

Proposition
® There is at most one tree unravelling of C, if Coalg;(F) has weak pullbacks.
® Every tree is reachable

® T is atree < every h: R = T with R reachable is an isomorphism

Definition: C a tree = every h: B — C a split-epimorphism
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C D E

e o v (0] h 0 2
\ /\ / () for FX =1+ X
(7

inl N on Set

@ o No Splitting

in coalgebras

0—_
o

No Isomorphism

swap < Not unique up to
unique iso

Definition: Tree unravelling of a pointed coalgebra C

A morphism h: T — C, where T is a tree.

Proposition
® There is at most one tree unravelling of C, if Coalg;(F) has weak pullbacks.
® Every tree is reachable

® T is atree < every h: R = T with R reachable is an isomorphism

Definition: C a tree = every h: B — C a split-epimorphism



Intro Reachability Construction Examples Conclusions | Thorsten WiBmann |

Trees
“Precisely one path to every state”
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Reachability
“At least one path to every state”
Def.: C € Coalg,(F) is reachable Def.: C € Coalg,(F) is a tree

Every monic h: D = C is an iso Every h:D — C is an split epi
Adamek, Milius, Moss, Sousa '13
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Def.: C € Coalg,(F) is reachable

Every monic h: D = C is an iso
Adamek, Milius, Moss, Sousa '13

Def.: reachable part of C

Monic h: R = C s.t. R reachable

Construction

Barlocco, Kupke, Rot '19 WiBBmann,
Milius, Katsumata, Dubut '19

Def.: C € Coalg,(F) is a tree

Every h: D — C is an split epi

/\/el/[/

Def.: tree unravelling of C
h:T - Cs.t. Tis a tree

Construction
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Def.: C € Coalg,(F) is reachable Def.: C € Coalg,(F) is a tree

Every monic h: D = C is an iso Every h: D — C is an split epi

Adamek, Milius, Moss, Sousa '13 N
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Def.: reachable part of C Def.: tree unravelling of C
Monic h: R = C s.t. R reachable h:T - Cs.t. Tis a tree

Construction Construction

Barlocco, Kupke, Rot '19 WiBBmann,
Milius, Katsumata, Dubut '19

Existing Generlization to (€, M)
Requires M &€ Mono
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Reachability
“At least one path to every state”
Def.: C € Coalg,(F) is reachable

Every monic h: D = C is an iso
Adamek, Milius, Moss, Sousa '13

Def.: C € Coalg,(F) is a tree
Every h: D — C is an split epi
Def.: reachable part of C Def.: tree unravelling of C

Monic h: R = C s.t. R reachable h: T —>Cs.t. Tis a tree

Construction

Barlocco, Kupke, Ra
Milius, Katsumata, [

Existing Generlization t0
Requires M &€ Mono
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Definition: (&£,.M)-factorization system on a category C

f
( NS
A —» Im(f) —/—— B

+ closure of £, M + diagonal lift

Examples
® £ = Epi, M = Mono in Set
® £ =lso, M = Mor in every category
°* If (EM)inC, F:C - C, F[M] M = (£,M) in Coalg;(F)

WiBmann '22
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Assumption: (€,M)-factorization system on C and F[M] & M

Definition: Generalized Reachability
® M-subcoalgebra of C: m:B = C in M in Coalg;(F)
® Cis M-reachable: every m: B > C in M is a split-epi in Coalg; (F)
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Assumption: (€,M)-factorization system on C and F[M] & M

Definition: Generalized Reachability
® M-subcoalgebra of C: m:B = C in M in Coalg;(F)
® Cis M-reachable: every m: B > C in M is a split-epi in Coalg; (F)
Instance

For M € Mono
Earlier concepts of reachability
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Assumption: (€,M)-factorization system on C and F[M] & M

Definition: Generalized Reachability
® M-subcoalgebra of C: m:B = C in M in Coalg;(F)
® Cis M-reachable: every m: B > C in M is a split-epi in Coalg; (F)
Instance New Instance

For M € Mono For M = Mor
Earlier concepts of reachability M-reachability = being a tree
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Assumption: (€,M)-factorization system on C and F[M] & M

Definition: Generalized Reachability
® M-subcoalgebra of C: m:B = C in M in Coalg;(F)
® Cis M-reachable: every m: B > C in M is a split-epi in Coalg; (F)

|l Instance |l New Instance
For M € Mono For M = Mor
Earlier concepts of reachability M-reachability = being a tree

How to construct the M-reachable subcoalgebra of a coalgebra?

Get rid of assumption Mee=Mono of WiBmann, Milius, Katsumata, Dubut '19
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Definition for a functor F:C — D
p: P = FR is F-precise if for all m,n € M
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Definition for a functor F:C — D
p: P = FR is F-precise if for all m,n € M

P—2 5 FR y P L5 FR R
s [Fm | 7]
FC —z— FD FC %D
U
For M € Mono
Least bound (also called base) for the
functor F Blok '12

Intuition: p: P — FR is precise
iff every y € R is mentioned at least once
in the definition of p
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Definition for a functor F:C — D
p: P = FR is F-precise if for all m,n € M

For M <€ Mono

Least bound (also called base) for the
functor F Blok '12

Intuition: p: P — FR is precise
iff every y € R is mentioned at least once
in the definition of p

Conclusions | Thorsten WiBmann |

Examples

P L5 FR R

o\ 8

FC C>% D
l

For M = Mor
WiBmann, Dubut, Katsumata, Hasuo '19

Intuition: p: P — FR is precise
iff every y € R is mentioned precisely once
in the definition of p
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Reachability Construction Examples

Intro

Example for FX = {1} + X X X and M = Mor

P f R

» | fIPoFR
1% X1'—’J_

%2 2 xa+ (y1,y2)

X3 —/y3 x3 > (y2,y2)
X4—9 X4'—)J_
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Example for FX = {1} + X X X and M = Mor

h
P f R RR—R
“ , | FP=FR ,
% xy -1 }/} Y1
0 Y2 ) Y2

X2H(.y17y2) /
3 —/y3 x3= (y2,2) yé/y3
X4—9 X4'—)J_ .ylll
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Intro Reachability Construction Examples

Example for FX = {1} + X X X and M = Mor
P f R p P R—R
f:P— FR p: P— FR'

Xl%yl xp =L x>l Xlﬂ/

e
X2 2 x> (y1,y2) XZ'—’(y{,yé) 2 Y2 Y2

I
3 (y2,02)  xa+ (v3,ya) X3\’Y3/Y3
o

X4—9 X4'—)J_ X4'—)L Xy Ya

]
n ” Y1
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Example for FX = {1} + X X X and M = Mor

P f R
f:P— FR p: P— FR'

Xl%yl X1'—’J_ Xl'—’J_
X 2 o () xee (1, y2)

x5y x30 (y2,2)  xa+ (v3,y4)
X4—e xg L XL

Definition: F admits precise factorizations for M

For every f: P — FR, there is a precise p: P — FR'
with h: R' » R in M such that f = Fh- p.
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P p R—R
]

X1 ﬂ/m —y

X2 %) Y2

X3 —— !
@\}y‘?/)@

X4 Ya

P s FR'

N JFh

FR
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Intro Reachability Construction Examples

Example for FX = {1} + X X X and M = Mor

h
P f R p P R—R
fiP—FR p: P— FR' |
X X —
1%}/1 Xl'—’J_ Xl'—’J_ 1‘9/)}/],' Y1
X Xo — I B ke
2Jy2 X~ (y1,y2) XZ'_’(YéaYé) 2 Y2 Y2
3 Y3 30 (y2,52)  x3= (yz,0s) 8 \’ )’3/)/3
X4—e X4'—)J_ X4'—)J_ X4—e .ylll
Definition: F admits precise factorizations for M p PR
For every f: P — FR, there is a precise p: P — FR' f\| JFh
FR

with h: R' = R in M such that f = Fh- p.

Examples for M = Mor
Polynomials, Right-Adjoints, Analytic Functors
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Reachability Construction Examples

Example for FX = {1} + X X X and M = Mor
h
P f R p P R—R
f:P— FR p: P— FR' |
Xl%yl x> L xi= L Xlﬂ/)y%%ﬁyl

X2 %) Y2

X2 Y2 L
s x2+ (y1,¥2) Xz'—’()/},y%) )
X3 e 30 (y2,52)  x3= (yz,0s) 8 \—>y3/y3
X4—e X4'—)J_ X4|—)J_ X4—e -y!1
Definition: F admits precise factorizations for M p P FR
For every f: P — FR, there is a precise p: P — FR' f\, LFh
FR

with h: R' = R in M such that f = Fh- p.

Examples for M = Mor

For M S Mono
Polynomials, Right-Adjoints, Analytic Functors

< F preserves infinite M-intersections
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Assumption F admits precise factorization w.r.t. M

Construction for C = (C, c, ic) € Coalg,(F)

Define my: T, = C = “states k steps away from ic":

(€, M)-factorization: F-precise factorization:
ic t
_ — Ty —— FTia
T 0
/ —Z)Z;? ) C mkI Ikaﬂ
=Tm(ic

C —~— FC
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Assumption F admits precise factorization w.r.t. M

Construction for C = (C, c, ic) € Coalg,(F)

Define my: T » C = "states k steps away from ic":

(€, M)-factorization: F-precise factorization:
——— Te — FTin
= Linbe o | [

C —— FC

Theorem

The image Zm([ my]) of the coalgebra morphism [myJx: [ ey Tx — Cis a
M-reachable subcoalgebra of C.
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Assumption F admits precise factorization w.r.t. M

Construction for C = (C, c, ic) € Coalg,(F)

Define my: T » C = "states k steps away from ic":

(€, M)-factorization: F-precise factorization:
——— Te — FTin
I Lo e | [

C ——— FC

Theorem

The image Zm([ my]) of the coalgebra morphism [myJx: [ ey Tx — Cis a
M-reachable subcoalgebra of C.

Instance for M S Mono
Zm = Union of reachable states
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Assumption F admits precise factorization w.r.t. M

Construction for C = (C, ¢, ic) € Coalg;(F)

Define my: T, = C = “states k steps away from ic":

(€, M)-factorization: F-precise factorization:
——— Te — FTin
= Linbe o | [

C —— FC

Theorem

The image Zm([ my]) of the coalgebra morphism [myJx: [ ey Tx — Cis a
M-reachable subcoalgebra of C.

Instance for M <€ Mono Instance for M = Mor, £ = Iso:

Im = Union of reachable states Im =[], Tk is the tree-unravelling of C
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For FX = {a} + {b} + X X X, F:Set — Set:

T, T, T, T3 Ta C
-0-0-0-0-0—  —"— -©Q_
NoNCON N |

(2]

?
© 66 0 [ b]
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For FX = {a} + {b} + X X X, F:Set — Set:

T, T T, Ts T. C
-0-0-0-0-0— —— -Q=
NONCON N }

® 0 6 0O ©

Adamek & Porst 2004 for polynomial functors F:Set — Set

Every element e € vF in the final (point-free) F-coalgebra induces a tree coalgebra.

o
|
(]
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For FX = {a} + {b} + X X X, F:Set — Set:
T, T T, Ts T. C
-0-0-0-0-0— —— -0
NONCON N }
® 0 6 0O ©

Adamek & Porst 2004 for polynomial functors F:Set — Set

o
|
(]

Every element e € vF in the final (point-free) F-coalgebra induces a tree coalgebra.

I Instance

Our Construction for final coalgebras in Set:

For every element e € vF, consider the pointed coalgebra
e f
1— vF — F(vF)

Its tree unravelling = Adamek & Porst's tree coalgebra.
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Partial automata FX = O X (A = X)

i w
® Trees = For every state q, there is precisely one w € A* with gg — q.

® Tree unravelling of an automaton = Words for which the automaton is defined.
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Partial automata FX = O X (A = X)

® Trees = For every state q, there is precisely one w € A* with qo RN qg.

® Tree unravelling of an automaton = Words for which the automaton is defined.
Rooted Multigraphs: Coalgebras for the finite multiset-functor BX = N
® Trees = For every node precisely one path from the root

® Tree unravelling = Coalgebra of paths
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Partial automata FX = O X (A = X)

® Trees = For every state q, there is precisely one w € A® with qo = qg.

® Tree unravelling of an automaton = Words for which the automaton is defined.
Rooted Multigraphs: Coalgebras for the finite multiset-functor BX = N
® Trees = For every node precisely one path from the root

® Tree unravelling = Coalgebra of paths

C | D |
G 7

\‘ /

., 0\\,
?@ /@
® o

@'\

/
(V2

@*@;
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Partial automata FX = O X (A = X)

® Trees = For every state q, there is precisely one w € A® with qo = qg.

® Tree unravelling of an automaton = Words for which the automaton is defined.

Rooted Multigraphs: Coalgebras for the finite multiset-functor BX = N

® Trees = For every node precisely one path from the root

® Tree unravelling = Coalgebra of paths

C + D i
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Powerset

No precise maps for powerset P: Set — Set
p: P — PR is P-precise — R =@

U
P-Coalgebras

® Only one tree: the P-coalgebra of one state and no transitions.

c i D E

o o o _
ANz DT el o
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Conclusions

® Being a tree = instance of reachability
= Leveraging reachability to arbitrary (£,,M)-factorizations
® Universal property of tree unravellings
= Unique up to iso # Unique up to unique iso
® Construction & existence of the tree unravelling and M-reachability

= Subsumes earlier explicit definitions for polynomial functors by Adamek & Porst
= Also works for all analytic Set-functors ...
= ... e.g. the finite multiset functor
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