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Abstract

We study a model of side-effecting processes obtained by adjoining free operations to a monad modelling
base effects by means of a cofree coalgebra construction; one thus arrives at what one may think of as types
of non-wellfounded side-effecting trees, generalizing the infinite resumption monad. Types of this kind have
received some attention in the recent literature; in particular, it has been shown that they admit guarded
iteration. Here, we show that they also admit unguarded iteration, i.e. form complete Elgot monads,
provided that the underlying base effect supports unguarded iteration.
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1 Introduction

Following seminal work by Moggi [17], monads are widely used to represent com-
putational effects in program semantics, and in fact in actual programming lan-
guages [28]. Their main attraction lies in the fact that they provide an interface
to a generic notion of side-effect at the right level of abstraction: they subsume a
wide variety of side-effects such as state, non-determinism, random, and I/0O, and
at the same time retain enough internal structure to support a substantial amount
of generic meta-theory and programming, the latter witnessed, for example, by the
monad class implemented in the Haskell basic libraries [19].

In the current work, we study a particular construction on monads motivated
partly by the goal of modelling generic side-effects in the semantics of reactive
processes. Specifically, given a base monad T and objects (types) a, b, we have,
assuming enough structure on 7" and the base category, a family of final coalgebras

TPX = vy. T(X +a x 7°)

for each object X. These final coalgebras can be seen as arising in two ways: on
the one hand, one may start from reactive processes sending messages of type a and
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receiving messages of type b (possibly terminating with results of type X), modelled
as non-wellfounded a-labelled b-branching trees (with leaves labelled in X), i.e.
inhabitants of vy. (X + a x 4?), and then add generic side-effects encapsulated by
T to the model (e.g. non-determinism or access to a global shared memory). On
the other hand, one may see a and b as the types of an uninterpreted side-effect
f:a— badded to the base monad T, e.g. an I/O-operation (in fact, the interactive
input and output monads originally considered as examples by Moggi [17] can be
seen as generated by uninterpreted effects of this kind); if one wishes to model
non-terminating programs that use f as well as side-effects from 7', one obtains
infinite trees of exactly the kind given by T'X. The construction of T°X from
T is an infinite version of the generalized resumption transformer introduced by
Cienciarelli and Moggi [9]. It has been termed the coalgebraic generalized resumption
transformer by Pirég and Gibbons [20] (later generalized further [21]), who show
that on the Kleisli category of T', T is the free completely iterative monad generated
by T(a x _b).

The result that T2 is a completely iterative monad brings us to the contribution
of the current paper. Recall that complete iterativity of Té’ means that for every
morphism

e: X = TY + X),

read as an equation defining the inhabitants of X, thought of as variables, as terms
over the defined variables (from X) and parameters from Y, has a unique solution

el X - TPy

in the evident sense, provided that e is guarded. The latter concept is defined in
terms of additional structure of T as an idealized monad, which essentially allows
distinguishing terms beginning with an operation from mere variables. Guarded-
ness of e then means essentially that recursive calls can happen only under a free
operation. Similar results on guarded recursion abound in the literature; for exam-
ple, the fact that 7 admits guarded recursive definitions can also be deduced from
more general results by Uustalu on parametrized monads [27].

The central result of the current paper is to remove the guardedness restriction
in the above setup. That is, we show that a solution ef : X — T’Y exists for every
morphism e : X — T?(X +Y). Of course, the solution is then no longer unique
(for example, we admit definitions of the form = = x); moreover, we clearly need to
make additional assumptions about 7. Our result states, more precisely, that T
allows for a principled choice of solutions e' satisfying standard equational laws for
recursion [25], thus making 72 into a complete Elgot monad [3]?. The assumption
on T that we need to enable this result is that T itself is an Elgot monad (e.g.
partiality, nondeterminism, or combinations of these with state), i.e. we show that
the class of Elgot monads is stable under the coinductive generalized resumption
transformer. We show moreover that the structure of 70 as an Elgot monad is
uniquely determined as extending that of T'.

2 We vary the original definition of Elgot monads, which requires the object X of variables to be a finitely
presentable object in an lfp category, by admitting unrestricted objects of variables; this change is explicitly
not an important part of our contribution, and presumably not central to the technical development although
we have not checked details in the finitary case.
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The motivation for these results is, well, to free non-wellfounded recursive def-
initions from the standard guardedness constraint. Note for example that in [20],
it was necessary to assume guards in all loop iterations when interpreting a while-
language with actions originally proposed by Rutten [24] over a completely iterative
monad. Contrastingly, given that T is a (complete) Elgot monad, one can now just
write unrestricted while loops. We elaborate this example in Section 5, and recall
a standard example of unguarded recursion in process algebra in Section 6.

2 Preliminaries

According to Moggi [17], a notion of computation can be formalized as a strong
monad T over a Cartesian category C (i.e. a category with finite products). In
order to support the constructions occurring in the main object of study, here we
work in a distributive category C, i.e. a category with finite products and coproducts
(including a final and an initial object) and such that the natural transformation

[id x inl,id X inr]

XxY+XxZ

X x (Y +2)

is an isomorphism [10], whose inverse we denote distx y,z. Here we denote injections
into binary coproducts by inl : A — A+ B, inr: B— A+ B. The projections from
binary products are denoted fst: A x B — A, snd : A X B — B; pairing is denoted
by (_,_), and copairing of f : A - C, g: B — C by [f,g9] : A+ B — C. Unique
morphisms A — 1 into the terminal object are written !4, or just |. We write |C| for
the class of objects of C. Distributivity essentially allows for using context variables
in case expressions, i.e. in copairing.

We shall also require existence of certain exponentials, i.e. objects X% adjoint to
Cartesian products a X X, which means: for any X and Y, there is an isomorphism

curry x y : Homg(X x a,Y) = Homg(X,Y*)

natural in X and Y. We write uncurryx y- for the inverse map cu rry)_(ly. Then evalu-
ation morphism evy : X% xa — X (natural in X)) is obtained as unchrryXa’X(ian).
We commonly omit indices at natural transformations if it improves readability un-
less confusion arises.

Remark 2.1 The role of exponents in X is to capture a notion of arity of algebraic
operations generating effects, e.g. a = 2 would correspond to binary operations such
as nondeterministic choice. A more general setup would involve categories enriched
over a symmetric monoidal closed category V whose objects are then treated as
arities (and coarities, i.e. objects used for indexing families of operations) [13,12].
Instead of assuming existence of exponentials X one assumes existence of tensors
a x X and cotensors X° with a,b € |V|. Cotensors are adjoint to tensors in the
same way as exponentials are adjoint to products with a constant object. We expect
that our main results extend to this setting.

Recall that a monad T over C can be given by a Kleisli triple (T,n,_*) where T
is an endomap of |C| (in the following, we always denote Kleisli triples and their
functor parts by the same letter, with the former in blackboard bold), the unit n is

3
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a family of morphisms nx : X — T X, and the Kleisli lifting _* maps f: X = TY
to f*: TX — TY, subject to the equations

n*=id [fon=f (ffog)*=f"og"

This is equivalent to the presentation in terms of an endofunctor T' with natural
transformations unit and multiplication. A monad is strong if it is equipped with
a natural transformation 7xy : X x TY — T(X x Y) called strength, subject to a
number of coherence conditions (e.g. [17]). Strength enables interpreting programs
over more than one variable, and allows for internalization of the Kleisli lifting, thus
legitimating expressions like A\z. (f(z))* : X — (TY - TZ)for f: X — (Y = TZ),
which essentially encodes curry(uncurry(f)*o7). Strength is equivalent to the monad
being enriched over C [14]; in particular, every monad on Set is strong. Henceforth
we shall use the term ‘monad’ to mean ‘strong monad’ unless explicitly stated
otherwise.

The standard intuition for a monad T is to think of T'X as the set of terms
in some algebraic theory, with variables taken from X. In this view, the unit
converts variables into terms, and a Kleisli lifting f* applies a substitution f : X —
TY to terms over X. In our setting, the ‘terms’ featuring here are often infinite;
nevertheless, we sometimes call them algebraic terms for distinction from the terms
in our metalanguage.

The Kleisli category Cr of a monad T has the same objects as C, and C-
morphisms X — TY as morphisms X — Y. The identity on X in Crg is nx; and
the Kleisli composite of f : X - TY and g:Y — TZ is g* o f. A monad T has
rank r if it preserves k-filtered colimits. On Set this condition intuitively means
that T" is determined by its values on sets whose cardinality is smaller than .

3 Complete Elgot Monads

As indicated in the introduction, we will be interested in recursive definitions over
a monad T; abstractly, these are morphisms

[+ X =>TY+X)

thought of as associating to each variable x : X a definition f(x) in the shape of an
algebraic term from 7'(Y + X), which thus employs parameters from Y as well as
the defined variables from X. The latter amount to recursive calls of the definition.
This notion is agnostic to what happens in the case of non-terminating recursion.
For example, T" might identify all non-terminating sequences of recursive calls into
a single value | signifying non-termination; at the other extreme, T" might be a
type of infinite trees that just records the tree of recursive calls explicitly.
To a recursive definition f as above, we wish to associate a solution

1. X = 1Y,

which amounts to a non-recursive definition of the elements of X as terms over Y
only. As we do not assume any form of guardedness, this solution will in general

4
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fail to be unique. We thus require a coherent selection of solutions fT for all equa-
tions f, where by coherent we mean that the selection satisfies a standard set of
(quasi-)equational properties. Formally:

Definition 3.1 (Complete Elgot monads) A complete Elgot monad is a strong
monad T equipped with an operator _T, called iteration, that sends any f : X —
T(Y + X) to f1 : X = TY satisfying the following conditions:

e unfolding: [n, f1]* o f = fT;

e naturality: g o f1 = ([Tinlog,no inff*o f)f for any g: Y — TZ;

e dinaturality: ([noinl,h]* o ¢)t = [, ([noinl,g]*oh)* o g for any g : X —
T(Y +Z)and h: Z — T(Y + X);

e codiagonal: (T[id,inr]o g)t = (¢")f for any g : X — T((Y + X) + X);

e uniformity: foh = T(id+h)og implies ffoh =gl forany g: Z — T(Y + Z)
and h: Z — X.

Additionally, iteration must be compatible with strength in the following sense: for
any f: X = T(Y + X), 7o (id x fT) = (T'disto 7 o (id x f))T.

Remark 3.2 The above definition is inspired by the axioms of parametrized uni-
form iterativity [25], which goes back to Bloom and Esik [8]. Adamek et al. [3]
define Elgot monads by means of a slightly different system of axioms: the co-
diagonal and dinaturality axioms are replaced with the Beki¢ identity. Both ax-
iomatizations are however equivalent, which is essentially a result about iteration
theories [8, Section 6.8]. Moreover, the iteration operator in [3] is defined only for
f:X = T(Y + X) with finitely presentable X, under the assumption that C is lo-
cally finitely presentable; hence our use of the term ‘complete Elgot monad’ instead
of ‘Elgot monad’. We have the impression that this difference is not technically
essential but have not checked details for the finitary variant of our results.

In the further development, examples of complete Elgot monads will arise either
as so-called w-continuous monads (Definition 3.3) or as extensions thereof with free
operations, i.e. via the coinductive generalized resumption transformer.

If T supports an iteration operator ' then it is always possible to parametrize

it with an additional argument to be carried over the recursion loop, i.e. we derive
an operator _¥sending f: Zx X - T(Y +X) to ff: Zx X = TY by

1= (T(snd+id) o (T'dist) o 77y x o (fst, ). (1)

We call the derived operator _* strong iteration.
As indicated above, an important class of examples of complete Elgot monads
arises via a suitable order-enrichment of the Kleisli category.

Definition 3.3 (w-continuous monad) An w-continuous monad consists of a
monad T and an enrichment of the Kleisli category Ct of T over the category
wCppo of w-complete partial orders with bottom and (nonstrict) continuous maps,
satisfying the following conditions:

e strength is w-continuous: 7o (id X | |; fi) = [ J;(7 o (id X f;)):
5
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* copairing in Cr is w-continuous in both arguments: [|_|Z fis L gi] =il fi, 9il;

¢ bottom elements are preserved by strength and by postcomposition in Cr:
To(idxLl)=1, ffol =_1.

Example 3.4 Many of the standard computational monads on Set [17] are w-
continuous, including nontermination (T'X = X + 1), nondeterminism (7T'X =
P(X)), and the nondeterministic state monad (TX = P(X x S)° for a set S of
states). On wCppo, lifting (T X = X ) and the various power domain monads are
w-continuous.

Remark 3.5 As observed by Kock [14], monad strength is equivalent to enrichment
over the base category. One consequence of this fundamental fact is that if C is
enriched over the category wCpo of bottomless w-complete partial orders and w-
continuous maps (i.e. C is an O-category in the sense of Wand [29] and Smyth and
Plotkin [26]), with the bicartesian closed structure enriched in the obvious sense,
then Cr is also enriched over wCpo, since T, underlying a strong monad, is an
wCpo-functor (aka locally continuous functor [26]). Then T is w-continuous in
the sense of Definition 3.3 iff each Hom(X,TY) has a bottom element preserved
by strength and postcomposition in Cp. This allows for incorporating numerous
domain-theoretic examples by taking C to be a suitable category of predomains,
and T, in the simplest case, the lifting monad TX = X, (from which one builds
more complex examples by the construction explored next).

If T is an w-continuous monad, then the endomap
h= [n,h]" o f

on the hom-set Homc (A, T'B) is continuous because copairing and Kleisli composi-
tion in 71" are continuous, and hence has a least fixpoint by Kleene’s fixpoint theorem.
We can define an iteration operator by taking fT to be this fixpoint; in other words,
f1 is defined to be the smallest solution of the unfolding equation as per Defini-
tion 3.1. The verification of the remaining identities is tedious but straightforward;
in summary,

Theorem 3.6 On every w-continuous monad, defining iteration by taking least fix-
points determines a complete Flgot monad structure.

This result is unsurprising in the light of analogous facts known for so-called w-
continuous theories [8, Theorem 8.2.15, Exercise 8.2.17].

Remark 3.7 Every complete Elgot monad T can express unproductive divergence
as the generic effect

(x 22 7y + x))'.

This computation never produces any effects, i.e. behaves like a deadlock. If T
is w-continuous, then unproductive divergence coincides with the least element of
Hom(X,TY), for which reason we use the same symbol L for the above morphism,
but in general, there is no ordering in which unproductive divergence could be a
least element.
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4 The Coinductive
Generalized Resumption Transformer

We proceed to recall the definition of the coinductive generalized resumption trans-
former [20], of which for simplicity we consider a version with only one family of
free operations (rather than a whole signature or, even more generally, an arbitrary
endofunctor on the base category). We then prove our main result, stability of the
class of complete Elgot monads under this construction (Theorem 4.5).

Given a,b € |C| such that exponentials of the form X? exist and a monad T,
put

()Nl =ax_? and  TYX = vy.T(X +42);
i.e. T°X is the final coalgebra of T(X + (_)2), which we assume to exist. The
assignment (_)? is clearly a functor, i.e. applies also to morphisms. Intuitively, T2 X
is a type of possibly non-terminating computation trees, with each node consisting
of a computation with side-effects specified by T that either returns a value in X
or continues with one of a-many free operations each combining b-many subsequent
computations. Let
outy : TPX — T(X + (TP X))

be the final coalgebra structure, and let coit(g) : ¥ — Té’X denote the final mor-
phism induced by a coalgebra g : Y — T(X + Y?):

% coit(g) Th X

T(X +(coit(g))?)

Intuitively, coit(g) encapsulates (in 7°X) a computation tree that begins by exe-
cuting g, terminates in a leaf of type X if g does, and otherwise (co-)recursively
continues to execute g, forming a new tree node for each recursive call. It is easy to
verify that outy is natural in X. By Lambek’s lemma, out is a natural isomorphism.
Thus, T' maps into Tf; via,

ext =T — Ll T(Id+4(Tb)b) —ou , Tb,

We record explicitly that T is a strong monad:

Lemma 4.1 Given a monad T and a,b € |C|, T? is the functorial part of a monad
T, with the monad structure characterized by the following properties.
(i) The unitn” : X — T°X is defined by outon” = noinl (i.e. n” = out™' onoinl).
(ii) Given f: X — T°Y, the Kleisli lifting % : T°X — TPY is the unique solution
*

of the equation outof$ = [out of,mo inr(f§)g] o out.

(iii) Given f: X — TPY, letg = [f,n"] : X+Y — TPY; then ¢ is a final morphism
of coalgebras, namely g% = coit([T(id +(TPinr)%) o outog,n o inr]* o out).

(iv) The strength 7 : X x T’Y — T2(X x Y) is the unique solution of outoT” =
T(id+(77)2) o Tdo7o(id x out) where § : X x (Y 4+ (TLY)2) — (X xY) + (X x

7
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TY) is the obvious distributivity transformation:

(Té)7(id x out)

X xTbY T(X xY + (X xTPY)?)

| s

TH(X xY) —2M L T(X xY +T2(X xY)h).

The proof of Lemma 4.1 is facilitated by the fact that T(X + (_)2) can be shown
to be a parametrized monad, which implies that ’]I‘Z is a monad [27, Theorems 3.7
and 3.9]. Alternatively, the fact that T® is a monad can be read off directly from
the results of [20]. What is new here is that we show that T? is, in fact, strong, and
hence supports an interpretation of the standard computational metalanguage [17].
This amounts to showing that the strength defined in the last item satisfies the
requisite laws [17]. One fact of potentially independent interest used in the (quite

involved) proof of these laws is
Lemma 4.2 For any functor G : B — C, outg : TPG — T(G+ (TPG)Y) is the final
T(G + 1d%)-coalgebra in [B, C].
Following Uustalu [27] (and other work [20,1]), we next introduce a notion of guard-

edness.

Definition 4.3 (Guardedness) A morphism f : X — T(Y + Z) is guarded if
there is u: X — T(Y + T2(Y + Z)%) such that outof = T(inl +id) o u:

X ! TH(Y + Z)

| e

T +To(Y + 2)0) —mma 2 T + 2) + (T2(Y + 2))5)-

Guardedness of f : X — T2(Y +7) intuitively means that any call to a computation
of type Z in f occurs only under a free operation, i.e. via the right summand in
T(Y + Z)+ (TX(Y + Z))b). A familiar instance of this notion occurs in process
algebra [7], illustrated in simplified form as follows.

Example 4.4 Let T be the countable powerset monad over a suitable category, i.e.
TX =P, X ={Y CX||Y| <w}. The object T4 X = v7y.P,, (X + A x ) can be
considered as the domain of possibly infinite countably nondeterministic processes
over actions from A with final results in X. A morphism n — T(X +n) can be seen
as a system of n mutually recursive process definitions; the latter is guarded in the
sense of Definition 4.3 iff every recursive call of a process is preceded by an action,
which coincides with the standard notion of guardedness from process algebra. We
recall an example of an unguarded definition in this setting in Section 6.

The following result is the main technical contribution of the paper; it states es-
sentially that iteration operators, i.e. Elgot monad structures, propagate uniquely
along extensions T — T2.
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Theorem 4.5 Let T be a complete Elgot monad. Given a,b € |C|, let T% be the
monad identified in Lemma 4.1.

(i) There is a unique iteration operator making Tg a complete Elgot monad that
extends iteration in T in the sense that for f: X — T2(Y + X) and g : X —
T(Y + X), if

outof = (Tinl)og
(i.e. f =out to(Tinl)og) then

outofT = (Tinl)og.
(ii) For any guarded morphism f : X — T2(Y + X), f1 is the unique morphism
satisfying the unfolding property n”, f1¥ o f = f1.

Proof. (Sketch) Uustalu already proves that guarded morphisms f have unique
iterates fT [27, Theorem 3.11]. The key step is then to define f1 for unrestricted f
in a consistent manner. For f: X — T2(Y + X), let >f : X — T2(Y + X) be the
composite

X s Ty £ THY + X))
O p(y 4 X))+ THY 4+ X))

o THY 4 X)
(guarded by definition), where w is the composite

x L v+ x)
2 TUY + X))+ T (Y + X))

I T+ TH(Y + X)) + X)

with 7 = [inl+id, inlinr]. That is, > f makes f guarded by iterating
outof : X — T((Y + X) + T2(Y + X)})

(in the complete Elgot monad T) over the middle summand of the result. It is easy
to check that >f = f when f is guarded. We hence can define

ff=0cnt

(in T®). Further (nontrivial) calculations show that this definition indeed satisfies
the axioms of complete Elgot monads.

To establish uniqueness, we first show that any morphism f : X — T2(Y + X)
can be decomposed into two morphisms g : X — T?(Z+X)and h: Z — T2 (Y +X),
where Z =Y + T2(Y + X)?, as

f=1[hn"o inr]§ og

with g completely unguarded, i.e. outog = (T'inl) o ¢’ for some ¢’; that is, we split
f into a guarded part and a completely unguarded one, with iteration on the latter

9
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part being determined by the requirement that iteration on 7T extend iteration
on T. Next we show that for any choice of Elgot monad structure _T on T2,

fl=(hbogh)t

and that
hdogl =17
In summary, we then obtain that ft = (hSog")f = (> f)T, i.e. our previous definition

of f1 is the only possible one with the given properties, as >f is guarded and
therefore (> f)' is determined uniquely already by the unfolding property. a

The following results characterize T? within the (overlarge) category CElg(C) of
complete Elgot monads over C and (strong) monad morphisms [16] preserving it-
eration in the evident sense:

Definition 4.6 A complete Elgot monad morphism £ : R — S between complete
Elgot monads R, S is a morphism £ between the underlying strong monads (i.e.
Eon=mn,€of*=(Eof) ol for f: X - RY,and £ o1 = 7o (id x§)) additionally
satisfying
(€og)f =¢oy

forg: X - R(Y + X).
Lemma 4.7 The natural transformation ext : T — T® is a complete Elgot monad
morphism.
Theorem 4.8 Suppose that CElg(C) has an initial object L. Then

(i) LY is the free complete Elgot monad over the signature functor ()2 : C — C;

(i) For any complete Elgot monad T, T? is the coproduct of T and L. in CElg(C),
with left injection ext : T — T (in particular, ext is a morphism in CElg(C)).
The crucial step in proving Theorem 4.8 is the following statement, which is inter-

esting in its own right.

Lemma 4.9 Let a,b € |C| and let T, S be two complete Elgot monads. Given a
complete Elgot monad morphism p: T — S and a Kleisli morphism u : a — Sb, the
transformation 1 : T? — S with ¢ defined componentwise as the composite

[noinl, X(z,f). S(inrof)u(x)]*op

TPX — 5 T(X 4 a x (TPX)?) S(X +TbX)

extends to a complete Elgot monad morphism. Conversely, any & : T2 — S induces
(ext: T — S and

outlonoinro (id,A_.n)

Tbh —s Sb,

These two passages are mutually inverse and thus witness a bijection between com-
plete Elgot monad morphisms ']I‘Z — S and pairs consisting of Kleisli morphisms
a — Sb and complete Elgot monad morphisms T — S.

The existence and the exact shape of the initial complete Elgot monad IL mentioned
in Theorem 4.8 depend on the properties of C. Recall that C is hypereztensive [2]

10
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if it has countable coproducts that are disjoint and universal (i.e. stable under
pullbacks), and coproduct injections are, as subobjects, closed under countable
disjoint unions. Examples include Set, wCpo, and complete metric spaces as well
as all presheaf categories.

Theorem 4.10 Let C be hyperextensive. Then the monad L given by LX = X+1 is
w-continuous. Equipped with the arising complete Elgot monad structure according
to Theorem 3.6, L is the initial complete Elgot monad over C.

Proof. The base category C is, a fortiori, extensive; in any extensive category,
LL is the partial map classifier for partial morphisms whose domains are coproduct
injections. Thus, the Kleisli category of L inherits orderings on its hom-sets from the
extension ordering on partial functions; the fact that coproduct injections are closed
under unions in C then guarantees that these orderings are w-complete (note that
any ascending chain of coproduct injections qua subobjects can, using universality of
coproducts, be transformed into a disjoint union of coproduct injections). Using the
properties of hyperextensive categories, one can show that this induces an wCppo-
enrichment of Cy, that satisfies all additional conditions imposed in Definition 3.3.

To see initiality, note that any complete Elgot monad T for any X € |C| possesses
a global element | x = (5} :1 — TX where dx =noinr:1— T(X +1). It follows
by naturality of iteration that L x is actually natural in X. Moreover, L is preserved
by complete Elgot monad morphisms. It is easy to see that {x = [n, Lx] yields a
complete Elgot monad morphism £ : . — T. On the other hand it is the only such
because for any other complete Elgot monad morphism 6 : . — T one would have
foinl=0on=n=~¢,oinland foinr=0o 1 = 1 =& oinr implying § = &. O

5 Example: Unrestricted While Loops

We use a simple while-language with actions proposed by Rutten, given by the
grammar
P,Q:=A| P;Q | ifbthen Pelse @ | while bdo P

and, following Pirég and Gibbons [20], interpreted in the Kleisli category of a
monad M. Here, A ranges over atomic actions interpreted as Kleisli morphisms
[A] : n — Mn for some fixed object n, and b over atomic predicates, interpreted
as Kleisli morphisms [b] : n — M (1 + 1) (with the left-hand summand read as
‘false’). We say that A is of output type if [A] has the form (M fst) o 7 o (id,,, p) for
some p : n — M1, and of input type if [A;] factors through ! : n — 1. Sequential
composition P;(@ is interpreted as Kleisli composition [Q]* o [P], and

[if bthen P else Q] = [[Q] o fst, [P] o fst]* o M dist o7 o (id, []).

The key point, of course, is the interpretation of the while loop, given in the presence
of iteration _T by

[while bdo P] = ([(Minl) oo fst, (M inr) o [P] o fst]* o M dist o7 o (id, [[b]]))T. (2)

It has been observed by Pirég and Gibbons that if one instantiates M with a com-
pletely iterative monad, one needs to guard every iteration of the while loop, i.e.

11
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change the semantics of while to be

[while bdo P]| = ([(Minl) onofst,(Minr) o [P] ofst]* o M distor o (id, [b]) o fy)T

where v : n — Mn is guarded, as otherwise the iteration may fail to be defined. If
we instantiate M with an Elgot monad, such as T® for an Elgot monad T, then the
guard is unnecessary, i.e. we can stick to the original semantics (2). As an example,
consider a simple-minded form of processes that input and output symbols from n
and have side effects specified by T; i.e. we work in M = (TJ)? meaning to use the
adjoined free effects 1 — n to capture output and those of type n — 1 to capture
input. We assume an atomic action write that outputs a symbol from n, and an
atomic action read that inputs a symbol. We interpret write as being of output
type, i.e. by [write] = (M fst) o T o (id,,, w) where

w = extoout L onoinrofid,,nol,) : n — (TH)7(1)
(n” being the unit of T}), while read is of input type, i.e. [read] = r o!,, where

r=out lon” oinro(idy,r) : 1 — (TH)in
and 7o : 1 — (T1)7(n)" is obtained by currying n™ o snd : 1 x n — (T1)%(n) (nM
being the unit of M). Moreover, assume a basic predicate b whose interpretation is
largely irrelevant to the example as long as it may take both truth values; for exam-
ple, b might just pick a truth value non-deterministically or at random, depending
on the nature of the base monad T. Consider the program

read; while true do if b then skip else write

where skip is an atomic action interpreted as [skip] = n : n — Mn. It is possible
for the loop to not perform any write operations, as b might happen to always pick
the left-hand branch; that is, the loop body fails to be guarded. Since M is an
Elgot monad and not just completely iterative, the semantics of the loop is defined
(by (2)) nonetheless.

6 Example: Simple Process Algebra

It is shown in [5, Theorem 5.7.3] that a simple process algebra BSP featuring finite
choice and action prefixing can express all countable transition systems if unguarded
recursion is allowed. The idea of the proof is to introduce variables X;; for i,k € N
representing the k-th transition of the i-th state, with X;o representing the i-th
state itself, and (unguarded) recursive equations

Xir = bir-Xj(ip),0 + Xi et (3)

where the k-th transition of the ¢-th state performs action b;; and reaches the
j(i,k)-th state. (It is then stated explicitly that the use of unguarded recur-
sion is essential.) To model this phenomenon using the coinductive generalized

12
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resumption transformer, we take T = P, the powerset monad on Set (an El-
got monad by Theorem 3.6) and an operation act with interpretation [act] =
out~tonoinro(ids, n’ly) : @ — T}1, where a is the type of actions. That is, we
regard (unbounded) nondeterminism as part of the base effect, and add action
prefixing via coinductive generalized resumptions. Then the definition (3) is rep-
resented by the map g = out lof : Nx N — T}(N x N) = T}(0 + N x N) with
f:NxN-=T((NxN)+axTHN x N) (eliding the exponent 1) given by

f(i, k) = {inr(bir,n" (5(3,k),0)),inl(i, k + 1)}.

Again, our result that T} is an Elgot monad guarantees that this equation has a
solution ¢'; the choice _T of solutions in T} is uniquely determined as extending the
usual structure of T =P as an Elgot monad via taking least fixed points.

7 Related Work

The above results benefit from extensive previous work on monad-based axiomatic
iteration. In particular we draw on the concept of Elgot monad studied by Adamek
et al. [3]; the construction of the free Elgot monad over a functor [4] is strongly
related to Theorem 4.8.i, and we do not claim this result as a contribution of
this paper. There is extensive literature on solutions of (co)recursive program
schemes [6,1,15,11,20,21], from which our present work differs primarily in that
we do not restrict to guarded systems of equations. In particular, as mentioned in
the introduction, Pirég and Gibbons [20] actually work with the same monad trans-
former, the coinductive generalized resumption transformer. Pirég and Gibbons [21,
Corollary 4.6] also prove a characterization of the coinductive generalized resump-
tion transformer as taking coproducts of monads similar to our Theorem 4.8.ii; but
again, this takes place in a different category, that is, in completely iterative mon-
ads (admitting guarded recursive definitions) rather than complete Elgot monads
(admitting unrestricted corecursive definitions). One consequence of this is that the
second summand in our coproduct result is a free Elgot monad and not a free com-
pletely iterative monad over a x _°, and hence has a built-in notion of divergence.
Technically, results on T? being a completely iterative monad are incomparable to
our result on 7T being a complete Elgot monad — we prove a stronger recursion
scheme for T but need to assume that T is an Elgot monad, while T? is completely
iterative without any assumptions on 7.

We construct solutions of unguarded recursive equations from solutions of
guarded recursive equations, for the latter relying crucially on results by Uustalu on
guarded recursion over parametrized monads [27], which in particular has allowed
us to make do without idealized monads.

The axiomatic treatment of iteration via Elgot monads is essentially dual to
the axiomatic treatment of recursion by Simpson and Plotkin [25], who work in a
category D with a parametrized uniform recursion operator Homp(Y x X, X) —
Homp (Y, X) and a subcategory S of strict functions in D. Given a distributive
category C equipped with a complete Elgot monad, we can take S = C° and
D = C7’. Then the iteration operator over Cr sending f : X — T(Y + X) to
ft: X = TY induces precisely a parametrized uniform recursion operator for the
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pair (D, S) in the sense of Simpson and Plotkin.

8 Conclusions and Future Work

We have developed semantic foundations for non-wellfounded side-effecting recur-
sive definitions, in the form of iteration, specifically for recursive definitions over
the so-called coinductive generalized resumption transformer that constructs from
a base monad T the monad v7.T(_ 4 a x 7*). While previous work on the same
monad transformer was focussed on guarded corecursive definitions, in the frame-
work of completely iterative monads, we work in the setting of (complete) Elgot
monads, which admit unrestricted recursive definitions. As the core results, we
have established that

J T(f is a complete Elgot monad if T  is a complete Elgot monad;

e the structure of T as a complete Elgot monad is uniquely determined as ex-
tending the one of T’

e if the underlying category C admits an initial complete Elgot monad L (typi-
cally L = _ +1) then T? = T + L% in the category of complete Elgot monads
on C.

In particular this requires proving the equational laws of complete Elgot monads
for the solution operator that we construct on T?. Ongoing work is concerned with
a formal verification of our results, which are technically quite involved, in the Coq
proof assistant; a preliminary version can be found at https://git8.cs.fau.de/
redmine/projects/corque.

Besides the fact that applying the coinductive resumption monad transformer
to a complete Elgot monad T again yields a complete Elgot monad T, the resulting
object obviously has a richer structure provided by the adjoined free operations. One
topic for further investigation is to identify (and possibly axiomatize) this structure.
Future work is concerned with using this structure for programming definitions of
free operations as morphisms 7°X — TX in a similar spirit as in the paradigm of
handling algebraic effects [23]. In conjunction with iteration this actually produces
a recursion operator more expressive than iteration. This however requires going
beyond the first-order setting of this paper (which was sufficient for iteration), as
call-by-value recursion is known to be an inherently higher-order concept.

Acknowledgements The authors wish to thank Stefan Milius and Paul Blain Levy
for useful discussions.
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A Appendix: Omitted Proofs

Proof of Theorem 3.6

Since copairing and Kleisli composition are continuous, the endomap h — [, h]* f
over a hom-set Homg (A, T B) is also continuous and hence the least fixpoint of it
exists by Kleene fixpoint theorem. We take this fixpoint as the definition of fT.

Let us verify the axioms of Elgot monads one by one. To that end we employ
the following uniformity rule for continuous functionals [22]:

UF=GU U(Ll)=1
U(pF) = pG (A1)

e Unfolding. This holds by definition.

e Naturality. In (A.1) take F(u) = [n,u]*f, G(u) = [n,u|*[(Tinl)g,ninr]* f and
U(h) = g*u. By definition, U(L) = L, uF = fT, uG = ([n, u*[(T inl)g, ninr])T.
Then we have

U(F(u)) = g*[n,ul"f = [n,g"u]"[(T'inl)g, ninr]" f = G(U(u)).

Therefore, by (A.1), g*f1 = U(uF) = uG = ([(Tinl)g, ninr]* f)T.

* Dinaturality. Let us denote s = [ninl, h]*g and ¢t = [ninl, g]*h. The identity in
question is then s' = [, tf]*g. Observe that

.41 = [n, [n, t]*[ninl, g]"h] g (unfolding)
= [777 [777 [777 tT]*g]*h] *g
= [777 [777 tT]*g}*[n in|7 h]*g

i.e. [,t1]*g satisfies the unfolding identity for s', therefore st C [n,tT]*g. By
symmetry we obtain t! C [n, s'[*h and therefore

[n,tT*g C *h] (continuity)

[ I
s i Al
st

We have thus shown the identity s = [, t/]*¢ by mutual inclusion.

e (Codiagonal. Recall that we are claiming that
(T(id+V)g)" = (4"

for g : A — T((B+ A) + A). We first show that (¢7)' is a fixpoint of the
functional defining the left-hand side as a least fixpoint, thus proving E. That
is, we have to show that

[0, (g")']*T(id +V)g = (). (A.2)
16
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We proceed as follows:

(gD = [, (g")1]*g" (unfolding)
= [0, (gN* .99 (unfolding)
= [0, (g"'], [n, (g") 9" T*g
= [[n, (4", (4" T*g (unfolding)
=, (g")'V]*g
= [n, (g T(id+V)g

For the converse inequality, continuity allows us to use fixpoint induction.
Recall that the right hand side is the least fixed point of the functional F' :
(A— TB) — (A — TB) defined by

F(f)=[nfT"g",

and hence the supremum of the chain (F%(L));eny. We show by induction on i
that all members of this chain are below (7'(id +V) o g)T, with trivial induction
base. So let f C (T(id+V) o g)T. We have to show

[0, f1*g" T (T(id +V)g)".

We establish this by a second fixpoint induction on the definition of gf, again
with trivial induction base. So assume that [n, f[*r T (T(id +V)g)!, with
r:A— T(B+ A); we have to show that

[0, f1*[n,7]*g C (T(id +V)g)T.

We calculate as follows:

[0, f1* [, r]*g = [n. £, [n, fTr]"g
C [n, f,(T(id +V)9)T*g (inner IH)
C [, (T(d +V)g)T, (T(id +V)g)']"g (outer IH)
= [, (T(id +V)g)'|T(id +V)g
= (T(id+V)g)". (unfolding)

Uniformity. Let f : A — T(X + A), g : B — T(X + B), G(u) = [n,u|*g,
F(u) = [n,u]*f, and U(u) = uw*h. Then U(L) = L and

UF(u)

([, u]"f

[, ]*( )

[, w]*[ninl, (Tinr)h]"g
[0, u*ninl, [, u ]*(Tinr)h]*g
[n, u]inl u*h]

o

[7,u*h]g
=GU (u).
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Therefore by (A.1), (f1)*h = UpF = uG = g'.

In the following, we will use the axioms of strength as in [16]:

snd = T'sndt (STR1)

(Ta)T = 7(id X7T) (STR2)

7(id xn) =n (STR3)
(r(id x f))*T = 7(id x f*) (STR4)

where a : (X xY) xTC — X x (Y x TC) is the associativity isomorphism of
products.
To prove compatibility of strength and iteration, we proceed by first showing

(T dist)7(id x f))T E 7(id x f7).
First observe that, for any g: A — T'B,

dist

Cx(B+A4) — — CxB+CxA
dist™
id X[n,g]l [n,7(id Xg)]J (DsT)
CxTB = T(C x B).

This is easily checked componentwise starting from C x B + C x A and using the
fact that by definition dist™! = [id x inl,id x inr]. Then we have

7 (id xfT)
= 7(id x[n, f1* f)
= 7(id x[n, f17*)(id x f)
7(id x[n, fT]))*7(id x f) (STR4)
Jd

= (
([n, 7(id x fT)] dist)*7(id x f) (DsT)
= [, 7(id x fN)]*(T dist)7(id x f).

Therefore, 7(id x f1) is a fixed point of the functional defining ((7 dist)7(id x f)) as
a least fixpoint and the inequality above holds. The converse inequality,

r(id x f1) © (T dist 7)(id x ),
is shown by fixpoint induction as above for the codiagonal. The base case is trivial
with
7(fst, Lsnd) = 7(fst, L fst) = 7(id, L) fst = L fst =
Assume now that 7(id xg) C (T'dist 7(id x f))T. We can then calculate

7(id x[n, 91" f)
= 7(id x[n, g]")(id x f)
= (7(id x[n, g]))*7(id x f) (STR4)

18
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([n, 7(id x g)] dist)*7(id x f) (DsT)
C ([n, (T dist7(id x f))"] dist)*r(id x f)
= [, (T dist 7(id x f))T]*T dist 7(id x f)
= (T'dist 7(id x f))T

which completes the proof. O
We extend the statement of Lemma 4.2:

Lemma A.1 If Té’X exists for each X, then Té’ is a functor and out : Té’ —
T(Id+(T%)?%) is a natural transformation. For any functor G : B — C, outg :
TG — T(G + (T*G)) is the final T(G + 1d2)-coalgebra in B, C].

Proof. Functoriality follows from T carrying a monad structure, as shown in the
proof of Theorem 4.5 independently of this lemma. Now TUf = (n”f)}, so by the
description of § we have

out TP f = [outn” f,n” inr(T? £)2]* out
= [ninl f,ninr(T3f)q]" out
= Tinl f,inr(T°£)°] out
= T(f + (T, f)3) out,
i.e. out is natural.

To show finality, let 8 : F' — T(G + a x F®) be a natural transformation. We
define f : F — TPG componentwise by the equation

out fx = T(GX +a x f%)Bx

using finality of out : T°GX — T(GX + (T!GX)%). We have to show that f is
natural (uniqueness is clear). So let g : X — Y'; we have to show fy Fg = T’Ggfx.
Note that we have a T(GY + (_)%)-coalgebra

T(Gg+id)Bx : FX — T(GX + (FX)?) — T(GY + (FX));

we show that both fy Fg and (T?Gyg)fx are final coalgebra morphisms into T°GY
for T(Gg + id)Bx. On the one hand, we have

out fy Fg = T(GY + (fy)2)By Fyg (definition of fy)
= T(GY + (/v)))T(Gg + (Fg)})Bx (naturality of 3)
=T(GY + (fy Fg)o)T(Gg + id)px.

On the other hand,

out(T?Gg) fx = T(Gg + (T°Gg)%) out fx (naturality of out)
= T(Gg + (T2G9))T(GX + (fx)a)Bx (definition of fx)
= T(GY + ((T)Gg) fx)a)T(Gg +id)Bx.
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Proof of Lemma 4.1

T(X + (_)?) can be shown to be a parametrized monad, which implies that T
underlies a monad T, with unit and Kleisli lifting uniquely characterized by the
corresponding equations [27, Theorems 3.7 and 3.9]. What is missing is to show
that T is a strong monad, as we need here.

Let us first show the identity

gt = coit([T(id +(TPinr)%) out g, ninr]* out), (A.3)

By definition, ¢® is the unique morphism making the following diagram commute:

§
TY(X +Y) g Y
outJ/ J/out
. N
T(X +Y +TP(X + 1)) loutg, 7 nrlgs)] T(Y + (T2Y)?)

We then have on the one hand,

out g = [out[f, "], ninr(g%)]* out (definition of §)
= [fout f,out "], pinr(g’,)]* out
= [[out f,ninl],n inr(g§2)]* out (definition of ")

and also on the other hand,

T(id +¢%2) [T'(id + (T inr)®) out g, inr]* out
= [T(id —i—(g§T£’ inr)Z)[out fyoutn”],n inr(g§)b]*out

a

= [fout £, ninl], ninr(g"2)]* out,

i.e. indeed g% satisfies the characteristic property of the final morphism (A.3).
We proceed to prove that ']TZ is strong. We define the strength 7¥ as the unique
final coalgebra morphism shown in the following diagram:

X x by —TOTEX p oy sy 4 (X x TPY)Y)

r{ P(id ()

THX xY) —2 . T(X xY +TY(X xY)?)

That is, 7 is the unique solution of equation out 7% = T'(id +(7¥)%)(T6)7(id x out).
By Lemma A.1, 77 is a natural transformation. Let us check the axioms of strength
from [16].
e (sTrR1) The identity snd = (T?snd)r” follows from TP(!,id)snd = 7, since
obviously snd = (T?snd)T?(!,id) snd. Since 7¥ is uniquely defined by the cor-
responding characteristic identity, it suffices to show that T?(!,id) snd satisfies
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the same identity. Indeed,

T(id+ (T2(,id) snd)? ) (75)7(id x out)
= T((!,id) snd + (T2(!,id) snd)} ) (T'6)7(id x out)
= T(((id) + (T2(1,id))}) snd)(id x out)
= T({,id) + (T2(!,id))}) out snd
= out(T?(!,id))snd.
e (sTR2) In order to prove that (TPa)r” = 7V(id x7")a : (X x Y) x T°C —
TP((X x Y) x C) where a : (X xY) x T°C — X x (Y x T?C) is the obvi-

ous associativity isomorphism, we show that (TPa~1)7%(id x7")a satisfies the
identity characterizing 7", i.e.

out TPa 17 (id x 7)o = T(id +(T a1 7% (id x7¥))2)Té7(id x out).
We calculate, transforming the left hand side,

out TPa 17" (id x ")«

=T(a™ ' + (TPa 1)) out 77 (id x ) (naturality of out)
=T(a "+ (Tza "))

T(id +(7)8)(T6)7(id x out)(id x7")cx (definition of 7")
= Ta™" + (Tha~'7")})

(T6)7(id x (T(id +(7*)2)(T5)7(id x out)))ex (definition of 7")
=T(a™" + (Tpa"'7")7)

(T)T(id x ((id +(77)2)8))7(id x (7 (id x out)))a. (naturality of 7)

We continue to transform the last part of the term:

7(id x (7(id X out)))«

= 7(id x7)(id x (id X out))«

= 7(id x7)a((id x id) x out) (naturality of «)
= Tar(id x out) (7 strength)

(contracting a product of identities into an identity in the last step). Summing
up, it remains to show that

T(a !+ (TPa™17)0)ToT (id x ((id +(77)2)8))Tarr(id x out)
= T(id +(TPa 77 (id x7¥)a)8)To7(id x out).

This will follow once we show that
S(id x ((id +(7)2)8))ex = (a + ((id x7%)a)?)6.
We calculate

8(id x ((id +(7")2)0))
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§(id x (id +(7%)%)) (id x8)a

(id x id +(id x7 (id xd) (naturality of J)
(

= (@

")a)d
id x id +(id x7)2) (o + a2)d
+ ((id x7")a)g)é.

Here, we use the obvious identity

5(id x0)a = (e + al)o

in the last step, which is easily proved by reasoning in the internal language of
a bicartesian closed category.

e (sTr3) In order to obtain the identity 7¥(id xn”) = ", we show that the left
hand side satisfies the characteristic equation for 1", i.e. out 7% (id xn") = ninl.
Indeed,

out 77 (id xn”) = T(id +(7)2)(T6)7(id x out)(id xn*)  (definition of 7")
= T(id +(7")°)(T8)7(id xn)(id x inl) (definition of n")
= T(id +(7)2)(T8)n(id x inl) (sTr3 for T)
= T(id +(7")8)(T6)T(id x inl)7 (naturality of n)
= T(id+(r)8) (T inl)n
=ninl.

e (sTry) Given f: X — TPZ, we show that (7¥(id x )37 = 7¥(id x f3), which
generalizes the corresponding identity in [18] under f =id. Let g = [f, "] and
let us show first that (77(id xg))$7¥ = 7¥(id x¢%). This implies the identity for
f as follows:

(7 (id x £))¥77 = (77 (id xg)(id x inl))}7
= (7"(id xg))§Tb(|d x inl)T”
)

= (r"(id xg) 57V (id x T inl) (naturality of 77)
= 77(id xg%)(id x T2 inl) (sTRy4 for g and 7)
= 7¥(id xg*T?inl)
= 77(id x f*).

By Lemma 4.1 and by definition of 77, both ¢% and 7% are final morphisms from
suitable coalgebras. By composing the corresponding commutative squares we
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obtain the following diagram:

id x[T(id +(T2 inr)%) out g,n inr]* out (Té)T

X x Tty XxT(Z+TPYY) — T(X x Z+ (X xTPY)?)

l id xT(id +452)
id x g8

d/t> X xT(Z+T2Z)
TZ | @or
T(X x Z+ (X xTtZ)%)

T(id +(7*)2)

X x

(T6)7(id x out)

T(id +(7* (id xg%))%)
TN(X xZ) ————— TUX x Z+TVX x 2)%)

out

from which we conclude that

7 (id xg%) = coit((Td)T(id X [T(id +(T?inr)2) out g, ninr]* out)).

We will be done once we show that also (77(id x¢))$7” is a morphism from the

same coalgebra to the final one, i.e. the identity

out(7”(id x g))¥7¥

= T(id +(("(id x))¥7")2)(T6) 7 (id x [T (id + (T2 inr)?) out g, n inr]* out).

Let us denote T'(id +(72inr)%) out g by h and show that the following diagram

commutes:

T(X x (Y + (TPY)?) — L T(X xY + (X x TPY))

(r(id x[h,ninr]))*l l[(TCS)T(id xh)nind*  (A.5)

T(X x (Z+(TPY)})) —L0—— T(X x Z+ (X xTY)Y)
Note that § can explicitly be given by expression
d(z,e) = [Ay.inl{z,y), Az, ¢). inr(z, Av. (z, c(v)))]e.
Therefore,

(T8)(id xh), nint]* (T6)
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= (T6)(7(id x[h,ninr]))*.
Now, we obtain (A.4) as follows:

T(id + ((7¥(id x g))57")2
(T6)7(id [T (id +(T2 inr)2) out g, 7 inr]* out)
= T(id +((7"(id xg))*7");)
[(T)7(id xT(id +(T?inr)2) out g), ninr]*(T'§) out)
= T(id+((7"(id xg))*7");)
[(T6)7(id xT'(id +(T2in
(T9)7(id x out)
= T(id +((r"(id Xg))§ ")a)
(T&T(id x (id +(TP inr)®))7(id x out g), ninr]*
(T0)7(id x out)
T(id +((7"(id xg))*7")2)
[T(id +(id X T2 inr)2)(T6)7(id x out g), ninr]*
(T9)7(id x out)
= [T(id +((7¥(id xg))37" (id x T2 inr))2)(T6)7(id x out g),
ninr((r7(id x g))’7")e)]* (T'8)7 (id x out)
= [T(id+((7"(id x g inr))*r")g) (T)7 (id x out g),
ninr((7"(
(

r)g))(id X out g), ninr]*

inr((7(id x¢))7)2)*(T6) 7 (id x out)
= [T(d+((r* (id x5))7)2) (T6) 7 (id x out g),
ninr((r7(id x g))*7")e)]" (T8)7 (id x out)
= [T(id +(7*)2)(T5)7(id x out g),
pine((7(id xg))’r*)\)]* (T6)r(id x out)
= [T(id +(7)2)(T5)7(id x out)(id x g),
)

ninr((7V(id x¢))37")8)]*(T6)7(id x out)
= [out7”(id xg

Ja
)*T
)o
(

inr((7"(id xg))%7")2)]* (T8)7(id x out)
inr(((id > 9))*)2)]*
(
(

( n

( n
T(id+(7 ))T(STldxout)

(

(

);
= [out 7" (id xg),
(
)i

= Jout 77 (id xg), ninr((7"(id xg)) ) )] out 7
= out(7V(id xg))%7".

(A.5)

(naturality of 7)

(naturality of 0)

(naturality of n)

(naturality of 7%)

(since g = [f,7"])

(STR3 FORT")

(definition of ")

(definition of 7")

(definition of §)

We have thus shown all properties (STRy)—(sTR4) and the proof is completed.O

Proof of Theorem 4.5

We tackle Claim i and first show existence, i.e. we define an iteration operator on Tg
and show that it satisfies the axioms for complete Elgot monads and is consistent

with iteration in T. Along the way we will establish also Claim ii.

Our notion of guardedness coincides with that of Uustalu [27], who shows that
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guarded morphisms f have unique iterates f1. For any f: X — T?(Y +X) (possibly
not guarded) let >f : X — T°(Y + X) be the morphism out™! T'(inl + id)w’ where
w is the composed morphism

X Loy 4+ X) 2 T((Y + X) + THY + X)P)
I (Y + THY + X)) + X)

with 7 = [[inlinl,inr],inlinr]. Obviously, > f is guarded by definition. We now define
fT = (>f)!. To make sure that this definition is consistent we check that >f = f
whenever f is guarded. Suppose, out f = T'(inl +id)u. Then f = out™ T'(inl +id)u
and therefore

>f = out™ ' T'(inl 4id) ((T'r) out f)*

ut = T'(inl +id) ((Tr) out out ~* T'(inl + id)w)
ut ™t T(inl +id) ((T70) T (inl + id)u)*

= out ! T'(inl +id)(Tinlu)T

ut™ ! T(inl +id)u

:f‘

We are left to check the axioms of Elgot monads (Definition 3.1).
 Unfolding. For any f: X — T2(Y + X) we have

=W P f (definition of t)
= [, ¥ out™  T(inl +id)((T'7) out f)T (definition of )
= out_l[[ninl,out fT],ninr[n”,ff]g’:Z]*

T(inl+id)((T'w) out f)1 (definition of §)

= out™! [ninl,ninr [n”,fT]§Z]*((T7r) out f)T
= out 1 T(id+[i, F15)((T) out £)

and thus we obtain the following intermediate equation:

out fT = T(id +[n", f1°% ) (T7) out f)T. (A.6)

Now, continuing the above calculation we obtain

= out™ T(id + [, FE)(Tr) out £)1

= out L T(id +[n”, F11¥) [, (Tr) out f){]*(T'7) out f (unfolding)
= out™ [T(id +[n", f11¥)n, out f1]*(T'r) out f (A.6)
= *1[7](|d +[n", fT]§b) out f1*(T'w) out f (naturality of n)
= 1[[mnl out 1], ninr [, f1? ] out f

= 1[outn fnine Y, /18 } out f (definition of ")
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= [, fP out ' out f (naturality of §)
= [nyv fT]§f'
e Naturality. Assume that h : X — T2(Y + X) is guarded and show that so is

[(T?inl)g,n” inr]3h for any g : Y — Z. Let u be such that out h = T(inl 4 id)u
and let w = [(T?inl)g,n" inr]. Then

*

out[(T2 inl)g, n” inr]*h = [out w, ninr(w §)2] outh
outw, ninr(w g]*T(inl—i-id)u
(wh)h] u
out(T?inl)g, ninr(w §)b]*u
T(inl +T2 inl%) out g, n inr(w §)b]*u

T(mH—ld)[ (id +T2inl%) out g, pinr(w §)b]*u.

[
=
[outwlnl ninr(w
= [out
= [

Now, since t = [(TPinl)g, n” inr]¥ > f is guarded, it is the unique fixpoint of the
map
t = [, 8T inl)g, " inr]® o> f.

However, on the other hand,

[, g* FTR(TZ inl)g, " inr ] > f
=[9.6°f P> f
=[9. 5N > f
=g'l". (=N > f
=g'ff
and therefore t! = ¢8fT. Tt remains to show that [(TCinl)g,n”inr]d > f =

>[(T?inl)g,n" inr]¥ f. Since > f is guarded by definition, we know by the calcu-
lation above that [(T?inl)g,n" inr]¥ > f is guarded and therefore

[(Tlinl)g,ninr]® > f = >[(TCinl)g, ninr]® > f.
To finish the proof, we calculate
>[(TCinl)g, n” inr]® > f = out™ T(inl +id)((T'w) out[(T2 inl)g, 1" inr]® > f)T.
Further transforming the dagger expression in the previous term yields

(T') out[(TC inl)g, ninr]® > f)T
(T)[out w, ninr(w®)2]*T(inl +id)((T'7) out f)1)T
(T7)Jout(Tl inl)g, ninr(w®)2]*((Tr) out £)T)T
([(T inl)(T)[out(T? inl)g, pinr(w?)?], nlnr] (T)out )N (nat. for T)
T[id, inf][(T'inl)(T'7)[out(T? inl)g, ninr(w®)2], ninr]*(Tw) out f)T  (codiag. for T)
[(T7) out(T?inl)g, pinr], (T7)ninr(w®)8]* out f)*
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((T'm)[[out(T? inl)g, ninlinr], ninr(w®)?]* out f)T
((T7)[out[(T2 inl)g, n” inr], ninr(w®)’]* out f)T
(T'm) out[(TClL’ inhg,n” inr]g’f)Jr

and therefore
>[(T2inl)g, ninrl® > f = >[(T¢ inl)g, ninr]*f.
Dinaturality. Given g : X — T(Y + Z) and h : Z — T’(Y + X), let s =
[Vinl,hdg : X — T2(Y + X), t = [n”inl,gP’h: Z — T2 (Y + Z), w = [, t1]3g :
X — TPY. The idea is to show the identity
", w)¥ > s = [, 13" inl, > 1] (A7)

from which we will be able to obtain that

w ="ty
=", " 1] > 1% (unfolding)
= [0, 1P [n” inl,>1]%g
= [0, w]’ > s, (A.7)

i.e. that w satisfies the recursive equation uniquely identifying s’ and hence
w=s'. Let

p = T((id +[n" inl h]§”) id) : T(Y+TUY +2)+ Z) - T(Y + T2Y + X) + Z),
q=T((id+[n"inl, gI° o+ id) : T(Y 4+ TY + X)+ X) > T(Y +T2(Y + Z) + X)
and observe that

((T'm)out )" = ((Tﬂ') [out[n inl, k], ninr[n” inl h§ﬂ*outg)

— ([ninl(id+[n” inl, h%%), (Tx) out h)|*((T) out g))'
— ([ninl, ((Tx) out b)}*p((Tx) out g))'.

An analogous calculation applies to ((T'r) outt)’ and hence we obtain

((Tm) outs)' = ([ninl, ((T'm) out h)["p((T'7) out g))", (A.8)
((T'm)outt)t = ([ninl, ((T'7) out g)]*q((T'r) out h))T. (A.9)

Let us calculate the left-hand side of (A.7):

out[n”, w]® > s
= [out[n”,w],ninr[n”,w]§2]*out >s
— [out[”, w], pinr [p*, w]so] “T(inl +id)((T'7) out s)’!
= T(id+[n", w]f, ) ((Tr) out s)f
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= T(id+[n”, w]% ) ([ninl, (T7) out b)]*p((T7) out g))’! (A.8)
= 7(id+[n", w].) [n, ([ninl, p( TW) out 9)]* (') out 1)) T*p((T'7) out g)
:T<|d—|—77 w]§z> (id +[n” inl, A]® )

([ninl, p((T'm) out g)]*((Tw) out h))'*((T'7) out g)
— In(id+[n”, £1]5)),
T(id + [, w]®") ([ inl, p((Tr) out g)]*(T'x) out ) TJ*(Tm) owt g),

where for the last step, note that

(0", [, w]*h]}

[n (", ", t1]8g]*h]}
= [n", [n", t']%[n" inl, g]* ]
= [n", )%

Now, let us calculate the right-hand side of (A.7):

out[n”t']*[n” inl, >t)%g
= [out[n” 1, ninr ¥, t1 §b] out[n” inl, >t]%g
a
out[n”, t1],ninr [n” ¢ §Z} [n(id +[n”in|,>t]§2),out >t]*((T'7) out g)
v

= [n(id +[n”, t1]} ){out[n 1], 7]|nr[n”,tT]§Z]*outl>t]*((T7r)outg).

P
[ t[n”, t1], pinr | n”,tT]§b] [out[n”inl,Dt},ninr[n”inl,Dt]§Z]*outg
= ]

We have thus reduced (A.7) to
T(id +[n” w]§ )([ninl, p((T'7) out g)]*(Tw) out h) = [out[n”,tT],ninr[n”,tT]§Z]*out >t

Then, on the one hand

T(id +[n”, w]? )([77”1' p((Tm) out g)]*((Tm) out 1))’

= (T((id +[n", w]’ ) id) [ inl, p((T'r) out g)]*((T'7) out h))’

= ([ninl(id +[n", w]® ) T((inl +[n”, w]®,) + id)p((T7) out g)]*((T'7) out 1)1
= (fninl(d + [n”,w]®,), T((inl +[n”, £1]} )+'0|)((T7T)Outg)]*((imﬂOuth))T
= (T((id+[n",t ] 2) + id)[pinl(id +[n” inl, g]%,), ((T7) out )]*((T'r) out b))’
id +[n" tT} D ([ninl(id +[n” inl, g]® ) ((T'm) out g)]* ((T'w) out h))1

id + [ 115 ([ nl, ((T'r) out g)]*q((T'm) out 1))

T(
T(
and also on the other hand

[out[n”,tT], ninr [n”, tT]§Z} “out >t
= [out[nl’,tT],ninr[n”,tT]E’;Z}*T(inI+id)((T7r) outt)f
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= T(id +[", 1" ((T'7) out 1)
= T'(id +[n", tT]§Z)([77 inl, (T'm) out g)]*q((T'7) out h))T. (A.9)

The proof is thus completed.
 Codiagonal. Let g: X — T(Y + X + X). We shall show below that

>(TP[id, inr] > g) = > (T[id, inr]g). (A.10)
Since TP[id, inr]Tg is the unique fixpoint of the map
v+ 7,718 & Ty lid, inrlg
we will be done once we show that (¢")T is also a fixpoint of the same map, i.e.
(gD = [0, (g")]" & (T2fid, inr]g). (A.11)
We denote by 7 : (Y + X) + X — (Y + X) + X the morphism swapping two

last components of the coproduct. We consider the following three cases.
(i) TP[id,inr]g is guarded. Then we obtain (A.11) directly as follows

(9N =", (") Tg" (unfolding)
=" (g P m", 9" (unfolding)
= [0, (") 1. (g TP ]’

U ACDURCUN (unfolding)
= [, (gN}(T2Tid, inr))g
[, (9" > ((77]id, inr))g)

(ii) (TPm)g is guarded. B.g. let (TPm)g = out'T(inl +id)u. Then T2[id,inr] > g
is also guarded, which is certified by the following calculation:

TPlid, inr] > ¢

— T2fid,inr] &> ((Tm) out 1T (inl + id)u)

= T2[id, inr] out ' T (inl + id) ((T'7) out(T ) out™ T (inl + id)u)

— T[id, inr] out " T(inl 4 id) ((T'r) T (7 + (T2m)%) T (inl + id)u)

— T[id, inr] out " T'(inl 4 id) (T((inl + id) + id) (T7) T (id +(T27)} )u)
[id, inr] (
[id, inr]

id, inr
T

T

= T?[id, inr] out *T(inl +id)T (|n|+id)<(T7r)T(id +(T(f7r)z)u)

.1.

@Q‘ @@1 Q@- Q@ Q@‘

= T.[id, inr] out” lT(In|In|+Id)(( )T (id +(Té’7r)2)u>
— outMT([id, inr] + T[id, inr]2) T (inl inl + id) ((T7)T(id +(T7)%)u)'
— out " T(inl +T2id, inrl2) ((Tm) T (id +(TEm)2 )’
— out " T(inl +id)T(id +T2[id, inr]%) (T7)T (id +(T2m))u) .
29
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The proof of (A.11) now runs as follows:

(gD = (>9)N)! (definition of 1)
=", (b)) > (( 2lid, inr]) > g) (Clause (i)
=", (¢")1]* > ((T2[id, inr))g). (A.10)

g is guarded. Let h = (TPw) > (Tlm)g. It is easy to see that h is guarded.
We use the following identity

>gt = [n",g']°h (A.12)

whose proof runs as follows. Let g = out*T'(inl+id)u for some u and
observe that 7inl = (inl+id). We apply out to the right-hand side of the
equation,

outln”, g (Ty) &> (Tam)g
= [out[n”, g'], ninr([n", g"1%)5]*
out(T2m) out™ T (inl +id) ((T') out(T7)g)"
= Jout[y”, g"Jwinl, mine([n”, g (Tym))o]* (T7) out(Tym)g)!
= Jout[n” inl, g'], ninr([n”, "1 (T3m))a]*
(Tm)T (7 + (T°7)%) out g)T
= ([(TinN)[out[n” inl, g"], ninr([n”, g"1* (T3 m))5], nine]*
(T7)T (7w + (TP7)%) out g)1 (naturality)
= ([(T'inl) out[n” inl, g'], pintinr([n”, g"1* (T3 7))5], minr]*
(Tm)T(m + (Tow)}) outg)'
= ([[(T'inl) out[y” inl, g'],pinr], pinlinr([n”, g'8(Tym))5]*
T(m + (Tim)%) out )T (defn. (T'))
= ([[(T"inl) out[n inl, g], ninr)m, ninlinr([n”, g1
(Tom)(Tym) ol T (inl + id)u)| (9 guarded)
([[(Tinl) out[n” inI,gT],ninr]ﬂinI,ninI inr([n”,gJ[]§)Z]*u)Jr
([[nintinlinl, pinr], pinline([n”, g'1$)2 )T
= ([n(inlinl 4id), ninl inr([n”,gT]ré)Z]*u)T.

On the other hand, applying out to the left-hand side yields the same result:

out>(g")
= T(inl +id)((T'7) out(g"))*
= ([(Tin)n(inl +id), pinr]*(T7) out(g"))* (naturality)

([[pinlinlinl,inlinr], nine]*(T7) out[n”, '] g)T
([n(inlinl +id),  inlinr]*[out[n”, g'], ninr([n”, g'1*)2]  out g)T  (defn. (T'7))
([n(inlinl +id), ninlinr]*[[ninl, out g'], ninr([n”, g']%)5]*

T(inl +id)u)’ (g guarded)
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([n(inlinl +id), ninline*[ninl, pine([n”, g]%)2] u)t
= ([n(inlinl+id), ninlinr([n", gT]§)Z]*u)T.

Then the goal can be obtained as follows. First, observe the following:

(0 = (i, gTIoh)1 (A.12)

= ([fg" inl, " ine], g7’
= ([[n" inl, g'], pinr) > TP7 g)T (defn. )
= ((T[id, inr)) [ inlinl, T inl gT], ninr]® > TP g)1

= (([7"inlinl, T2 inl g'], ninr]® > TP7 g)1)1 (Clause (ii))

= (([T7 inlln” inl, g"), ninr]® > Tow g)T)f
= ([n”inl, g"B(>Tlm )T (naturality)
— (p inl, g (T2m g)T)'. (defn. 1)
= [n", ([n"inl, g' T (Tym )Y 110" inl, gT)3(Tom ) (unfolding)

(
= [0, (g") P [n” inl, g3 (T2m g)T
=", [n". (g"PPg' 1} (Tm g)1

=[n", (g") "} (Thr g)'. (unfolding)

It is easy to see that (T°mg)l is guarded, and hence, by the previous
calculation, (¢ = ((TPmwg¢)"). Finally, by Clause (ii), ((T?ng)")T =
((T2[id, ind ) Tor g)t = ((T2fd. ine])g)T.

(iv) g is unrestricted. Then,

(9"

(>g)")f

((T2id, inr]) > g) (Clause (iii))
(>(T3[id, inr]) > (Tym)g)’!
( ] f
(

>(T2[id, inr]) (TP7)g
(T3 lid, inr])g)’

(A.10)

and we are done.
It remains to prove (A.10):

> TP[id, inr] out™ T (inl +id) ((T'r) out g)'
= outT(inl +id)((T') out T2[id, inr] out ' T'(inl +id) ((T'7) out g)")*

Let us transform the part after out'T(inl 4 id) further:

T7)T([id, inr] + T2[id, inr)2)T(inl +id)((T'7) out g) )T

Tm)T(id +T2[id, inr]2)((T'r) out g)T)T

[Tinlwn(id +T2[id, inr]%), ninr]*(Tw) out g)T)T (naturality)
(Tm)n(id +TL[id, inr)2), (T7)ninlint]*(T7) out g)T (codiagonal)
T)[[ninl, pinlint], pinr Tt[id, inr]2]* out g)T
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((T'm)[out(n”[id, inr]), ninr T[id, inr]®]* out g)T
((T) out(T?[id, inr])g)"

Therefore,

> TP[id, inr] out™*T(inl +id) ((T'7) out g)*
= out T (inl 4 id)((T'r) out(TL[id, inr])g)*
= > T7[id, inr]g.
e Uniformity. First, show uniformity under the assumption that ¢ is guarded.

Suppose fh = T(id +h)g. It is then sufficient to verify that fTh satisfies the
unfolding identity for g. Indeed,

o= ", f1fh
= [0, f¥Tt(id +h)g
= [n”, fTh%g.

Now consider the general case. Suppose, again we have fh = T?(id +h)g. We
prove the following auxiliary identity:

((Tm)out £)Th = T(id +T2(id +h); ) (T'7) out g)'. (A.13)
Observe that

((Tm)out f)h = (T'w) out T°(id +h)g

= (
= (Tm)T(id +h + T2(id +h)%) out g
T(id +h)T((id +T°(id +h)%) + id) ((T'w) out g),

from which by uniformity of the iteration operator of T, we obtain
((Tr)out £)ih = (T((id +T2(id +h)%) + id) ((T) out g)) .

After transforming the right hand side by naturality of the iteration operator
of T we arrive at (A.13).

Next we prove that (>f)h = T2(id +h) > g.

(>>f)h = out ! T(inl +id)((T'w) out f)Th (definition of >)
= out™ ! T'(inl +id)T(id +T2(id +-h)%) ((T'7) out ) (A.13)
= out™ ' T((id +h) + T2(id +h))T(inl +id) ((T'7) out g)
= T2(id 4+-h) out ™1 T(inl +id)((T'r) out g)" (Lemma A.1)
=T2(id+h) > g. (definition of )

As we have shown before, for guarded ¢ uniformity holds, and therefore fTh =
(=f)'h = (>g)" =g

 Compatibility of strength with iteration, i.e. 7V(id x f1) = (T2 dist)7” (id x f))1.
Let f be guarded with out f = T'(inl+id)u. Then, f' = (T?dist)7"(id x f) is
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also guarded with out f’ = T'(inl +id)7T'(id 4((T? dist)7")%)(T6)7(id xu) where
0 is as in Lemma 4.1 (besides guardedness of f, the proof of this equation uses
naturality of out and the definitions of 7 and dist). The following calculation
shows that 7¥(id x f1) satisfies the unfolding property for (T2 dist)r” (id x f)))T:

7 (id x f1)
= 7V(id <[, fT )
= 7(id [, f11%)(id x f)
= (r7(id x[n", f1])37" (id x f) (STR4)
= ( ] dist)$ 7 (id x f) (DsT)
§

f1]
[n”, 7"(id ><f )
= [n¥,7"(id xfT)] (delst) Y(id x f)
7", 7 (id x f1)]* > (T2 dist) ™ (id x f),

and hence 77 (id x f1) and ((T? dist)7¥(id x f))! are equal.
The general case (when f is not necessarily guarded) reduces to the consid-
ered one by means of equation

(TP dist)7" (id x > f) = >((T2 dist) 7" (id x f)), (A.14)
as follows:
7 (id x f1) =77 (id x (> f)T) (definition of _T)
= (T dist)7"(id x > f))F
= (>(TP dist 7 (id x f)))T (A.14)
= (Tt dist 7”(id x f))T. (definition of _T)

We show (A.14) by establishing commutativity of the following diagram
where Q = C x B+ C x A:

((T'r) out(T? d'w \"‘T”\"”tf

b b
T(C x B+ (T4Q)q T(id +(T? dist)%) T (id +(77)8) (T8) 7 Cx T(B+(T3(B + A))
JT(mI +id) lid X T (inl +id)
T(Q + TbQ T(dist + (T2 dist)) T (id +(r T&)T

(B+ A)+ (TX(B+ A)Y)
Oth

\\ /m
TPQ

The bottom triangle commutes as follows:
(T? dist) 7 (id x out™)
= (TP dist) out™ T'(id + (7)) (T6)7(id x out)(id x out™)
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= out tout(T? dist) out 1T (id +(7¥)2)(T6) T
= out™ T (dist +(T7 dist)®)T'(id + (7)) To7.

The middle square commutes by properties of strength and the morphisms dist
and §:

T(dist +(T? dist 7)2)(T6)7(id xT'(inl +id))
dist 4 (T dist 7)2)(T6)T(id x (inl +id))7 (STR4, STR3)
Y)e)

(
(
(dist 4+ (T dist 7)2)T((id x inl) + id) ()T
(
(

dist(id x inl) + id)T'(id +(T? dist 7*)2)(T8) 7
inl 4+ id)T'(id +(T? dist 7)) (T6) .

T
T
T
T

This leaves us with the top triangle. Let p = (id + (T dist 7)2)6.

(Tp)r(id x((T) out f)T)

(Tp)(T dist 7(id x ((T'7) out f)))T (v)
(T(p + id)(T dist)7(id x ((Tw) out f)))T (naturality)
(T(p + id)(T dist)T'(id x7)7(id x out)(id x f))* (STR4)
(
(
(

P
p

(T7)T (dist +id)(Tp)7(id x out)(id x f))T
(T)T (dist +(T? dist)?) out 7 (id x f))1
(T) out TP dist 77 (id x f))T.

In (b), we used compatibility of strength with iteration for T. This concludes
the proof of the existence part of Claim i.

It remains to show uniqueness. The proof proceeds as follows. We first show that
any morphism f : X — T°(Y 4 X) can be decomposed by means of two morphisms
g: X > TNZ+X)and h: Z = T2(Y + X), where Z =Y + T2(Y + X), as

f=[h,n"inr’g (A.15)
with g completely unguarded, i.e. outg = (Tinl)g’ for some ¢’. Next we show that
1= (gl (A.16)

and that
high = f. (A.17)

In summary, we obtain that fT = (h¥¢")T = (> f)I. The following proofs of (A.16)
and (A.17) do not depend on the concrete definition of _ on T? but only use
its abstract properties as an iteration operator of a complete Elgot monad and
compatibility with the underlying iteration operator for T. Hence, the identity
fT= (>f)" would be valid for any other such operator, but since (> f) is uniquely
defined all of them must be unique.

Let g = out™(Tinl)((T'7) out f), which is, by definition, completely unguarded,
and let h = out !n(inl +id).
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Then the proof of (A.15) runs as follows:
[h, 0" inr)ig
= [out™n(inl +id), n” inr]dg
= [out!p(inl +id), out1ninlinr)’g (Lemma 4.1)
= (out™*p[(inl +id), inlinr])%g

ut [nm, pinr((outtnm)$)2]* out g (Lemma 4.1)

where 7 = [[inlinl,inr],inlinr]. Equation (A.16) can be shown as follows:

(hgh)!
= ((Tginl h,n" inr]§g)T)Jr (naturality)
= (Té’[id, inr][(Té’inI)h,n”inr]§g)T (codiagonal)

Finally, we prove (A.17):

h§gT
= (out™n(inl +id))3g" (definition of _%)
= out™ [n(inl +id), ninr(h%)2]* out g
= out™ [n(inl +id), ninr(h%)2]*(Tinl) ((T'r) out f)T (g compl. ung.)
= out ' T(inl +id)((T'7) out f)1
=Df.
This finishes the proof. O

Lemma A.2 Kleisli composition of a complete Elgot monad T can be characterized
in terms of iteration as follows:

g*f = [T(inrinr) f,T(inl) g]Tinl (A.18)
Proof.
[T(inrinr) f, T(inl)g] " inl
[, [T (inrinr) £, T(inl)g]]*T(inrinr) f

= ([n, [T(inrinr) f, T(inl)g]"] inrinr)*
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= ([T(inrinr) f, T(inl)g]"inr)* f
([, [T(inrinr) £, T(inl) g] T*T(inl) 9)* f
g f

Proof of Lemma 4.7

Proof. Let us verify the identities (A.21) from left to right.

* Compatibility of ext with unit is a straightforward consequence of Lemma 4.1:
extn = out™ (Tainl)n = outninl = n”.

e In order to show compatibility of ext with Kleisli star we call the definition of
the latter from Lemma 4.1:

(ext )% ext = (out™ (T'inl)g)® out™ (T'inl)
= out™! [out out'l(TinI)g,ninr((extg)§)Z]*(Tinl)
= out™!((Tinl)g)*
= out}(Tinl)g*
= extg”.

* Recall the distributivity transformation § : A x (B+C%) — Ax B+ (A x C)?
from Lemma 4.1. Then by the corresponding definition of 7%,

7 (id x ext) = out™ T'(id +(7¥)2)(T9)7(id x out ext)
= out™T'(id +(7%)2)(T6)7(id x Tinl)
= outT'(id + (7)) (Tinl)T

out }(Tinl)r

= extT.

* Since out(extg) = (Tlinl)g, then by Theorem 4.5, out(ext g)T = (T'inl)g', from
which the last identity in (A.21) follows by composition with out™ on the left.
O

Proof of Lemma 4.9

Let ¢ = ¢'. Suppose u : a — Sb and p : T — S induce & as in the state-
ment of the lemma, assume for the time being that £ is indeed a complete El-
got monads morphism, and let us verify that &out'ninr(id,\_.7) = u. Let
w = [ninl, X(z, f). S(inr f)u(x)]*p. Then

&outtninr(id, A_. 1)
= (wout)" outyinr(id, A_.7)
= [, (wout)[*w out out L inr(id, A_.n)
= [, (wout) [*[ninl, XMz, ). S(inr fu(z)]*pninr(id, A_. )
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= [, (wout)T[*[ninl, Xz, £). S(inr f)u(z)]inr(id, \_.7)
= ["7, (wout) J (A <$ ). S(inr flu(z))(id, A_.n)

Suppose now that & : T — S is a morphism of complete Elgot monads. Let
p = Eext (which is a complete Elgot monad morphism by Lemma 4.7) and let
u = &outtninr(id, A\_.7n). Then

). S(inr fu()]*pout)’

). S(inr £)& out™ inln(z, 7]>]"pout)Jf

)- €22 e £ out inre. )" pout)’

).€out T(inr f + (T2(inr £))%)ninr(z,n)]*pout)’
)-out ninr(T(inr f)h(z.m)]* pout)’

). €out™ pinr(z, TP (inr f)n)]* pout)T

)-

z, f). €outtpinr(x, pinr f)]* pout)T

*

Z,

(

Az, f

A, f
[ninl, Xz, f

s A, f

s M, f

» Al

= ([ninl, £ out™t 5inr(id xninr)] pout)

= ((¢[ninl, out™t 7inr(id xninr)])* {extout)Jr

T

)
= (&[ninl,out” nlnr(|d Xninr ]§ ext out)
]

)
§([n|n| outt ninr(id x7inr) § ext out)T

To finish the calculation we have to verify that the latter iteration term is equal to
the identity. Note that the term under the iteration operator is guarded. Hence,
it suffices to show that id satisfies the corresponding characteristic equation for
iteration, i.e. that

[n,id]¥[ninl, out™ ninr(id xninr)]® extout = id.
Note that we can rephrase the description of Kleisli binding in T? (Lemma 4.1) to
fPout = out'l[out fim inr(f§)g]* (A.19)
for f: X — T’Y. We have

n,id)*[ninl, out™ ninr(id xninr)]® ext out

1, [n,id])® out t inr(id xn inr)]§ ext out

n,out” nlnr(ld x id)]? ext out

[
[
= [, out Yout[n, id], pinr ([, id]® ) *ninr(id xninr)]® ext out
[
=[n,

out'ninr]® out T inl out
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= out” 1

[out [, out™ ninr], 77inr([n,out'lninr]§)2]*TinIout (by (A.19))
= out out[n, out'ninr])* out
= out™([out 7, ninr])* out
= out™([ninl, pinr])* out
= out™lout

=id.

We are left to show that any {x : TPX — SX induced by u:a — Shand p: T — S
is a morphism of complete Elgot monads, that is, £x is natural in X and satisfies
identities (A.21).

Let us first argue naturality of £. Let ¢ = w!. We have

wT?f = [ninl, Xz, g).S(inr g)u(z)]pout T f
= [ninl, Xz, g).S(inr g)u(x)]pT(f + (T2 f)) out
= [ninl f, Xz, g).S(inr T fg)u(z)]pout
= S(f+ T2 w

and thus

X —v s §(x +10x) VT gy 4 1hy)

|2y S(+TES)| st
Y —% — S(Y +T%)

commutes. Therefore, the lower triangle in the following diagram commutes by
uniformity of the iteration operator:

X —— & SX

ng ;ST le

Y — &£ 35y

The upper triangle commutes by naturality of the iteration operator:

Sinl nf,ninr]*w)’
ninl f, nlnr] w)t

~—~ ~ ~
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Compatibility of £ with Kleisli star follows from Lemma A.2 and compatibility of &
with iteration, which we argue later:

Eg8f =€[T(inrinr) £, TPinlg] T inl
=[S(inrinr)é £, Sinlgg]Tinl
=(£9)"(&f)-

To show compatibility of £ with strength, consider the following diagram:

AxTPX d xpout A x S(X + (TPX))
l’f lS(sT
TP (A x X) S((Ax X)+ (AxTPX)?)

J{vp out lv

S((Ax X)+TY(A x X)) g S(AXX) +(Ax TP X))

where v = [ninl, Xz, f). S(inr flu(z)]*, i.e. € = (vpout)t. It is easy to show that this
commutes by expanding out 7, using the fact that p is a complete monad morphism
and observing that

S(id4+7)v = [ninl, S(id +7)X(z, h) . S(inr h) (u(z))]*
= [ninl, X(z, h) . S(inr 7h)(u(z))]*
= [ninl, Xz, h) . S(inr h)(u(z))(id x7°)]*
= vS(id +70).
Thus, by uniformity,
&1 = (v(S9)7(id x pout))T.
On the other hand, by compatibility of strength with iteration, we have

7(id x¢&)
= ((Sdist)7(id xv pout))T
= (Sdist)(7(id xv))*7(id X p out)
where v = [ninl, X(x, f). S(inr f)u(z)], i.e. v* = v. Therefore, to prove the identity

in question, we need to show that the following diagram commutes:

S(A x (X + (TPX)h)) 5% S((Ax X)+ (AxTPX)b)

a

|(rtid xw)* I

S(Ax (X +TPX)) 295, §((A x X) + (A x TPX)),

or, differently put, v 6 = (Sdist)7(id xv), which, as a morphism out of a coproduct,
decomposes into two equations:
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On the one hand,

(Sdist)7(id xv)(id x inl)
= (Sdist)7(id xninl)

= (Sdist)ninl

ninl

vinl

v 6(id x inl).

On the other hand, after simplifying, we get

((Sdist)7(id xv)(id x inr))(z, (z,¢))
= (Sinr)7(id xX(z, f).Sf(u(z)))(x, (z,¢))
= Sinr(7(x, (Sc)(u(2))))

as well as

v(d(z,inr(z,c)))
v(inr(z, \v.(z, c(v))))
= S(inr(Av.(z, c(v))))(u(z))

(for the first step, recall the explicit lambda-expression for ¢). Identity of these
expressions follows by the fact that we are working in a bicartesian closed base
category, which allows us to give an explicit lambda-expression for the strength,
namely 7 = Aa, b).S(Ac.(a, ¢))(b).

Finally, we are left to show that

et =nt (4.20)

for any f: X — T?(Y +X). For the sake of brevity let us denote A(z, f). (Sf)(u(z))
by evy. Then & = ([ninl, S(inr) ev,]*pout)T.

First, we argue that w.l.o.g. f may be taken to be guarded. Assuming that
E(>£)T = (€ f)T, since by definition (> f)T = £f1, we can deduce (A.20) from the
equality (€ > f) = (¢f)T. To show the latter, consider the morphism w given by
the composition

out f [inlinlinr],(Sinl)¢*

X Y Ty + X))+ T + X)8)

eVu]*p\ S((Y+X) +X)

Now, on the one hand

(S[id, inrJw)™ = ([n]inl, inr], £* ev,]*pout f)T
= ([, eva]"pout f)?
= ([, &]*[ninl, S(inr) ev,*pout f)T
=Nt
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and on the other hand, by naturality of T,

[ninlinl;ninr], Sinl " ev,|*pout f) )

(I
([(Sinh)[ninl, & evy], ninr]* [[ninlinl,ninr],ninlinr]*poutf)T>T

(1

(

([nml & evy|*(p(T)out f) )

(n & evy ) S(inl +id) (p(T'm) outf)T)Jr
(I

(I

(

=(E>

n, & evy ] pT (inl +id)((T') outf)T)T

7, £* evy) poutl>f)
[, €]*[ninl, S(inr) evy]*pout > f)1
Nt

Therefore, we obtain the equality of (¢f)! and (¢t f)T by the codiagonal property of
_T. We thus proceed under the assumption that f is guarded, i.e. out f = T'(inl +id)g
for some g: X — T(Y +T2(Y + X)?).

We introduce the following morphism w,

TYY + X) 25 T((Y + X) + T2Y + X)b)
pllninlinl,[pinlinl,(Tinlinr) evy|*g],(T inr) evy|* S((Y n T(g(y 4 X)) I Tg(y i X))

Then, on the one hand, using dinaturality,

(wh)?

((p[nintinl, [pinlinl, (Tinlinr) ev,]*g, (T inr) ev,]* out) ")
([ninl, [ninl, (Sinr) evy]*pg]*([ninl, (Sinr) ev,]*pout)’)
([ninl, [ninl, (Sinr) eva]” pg] "¢

[
)t

=[n, ([ninl, &]*[ninl, (Sinr) ev,]* pg) "¢
= [n, ([n, €] [ninlinl, (Sinr) ev,]* pg)T]*¢
=[n, ([n, €]*[ninl, (Sinr) ev,]*pout f)T]*¢
=[n, (£)1]*¢

and hence (w!)fn” inr = (€ £)T. Let us furthermore introduce the following morphism
t:
Tb(Y + X) out

T((Y +X)+T2Y + X)h)
ARSI T(Y + Y + X))
T

LGl 07 m0), (v 4 TH(Y + X)) + TY + TE(Y + X))2)
WL ThY 4 THY + X)).
Recall that guardedness of f means that out f factors through X — T(Y + T2(Y +

X)), Observe that ¢ satisfies a stronger assumption. Let us call f strongly guarded
if there is b : X — T(Y + X?) such that out f = T'(inl +(n” inr)2)h. The morphism
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t is strongly guarded by definition. Furthermore,

&t =[n, € [ninl, (Sinr) ev,]*p[[ninlinl, T(inl +(n" inr)®)g], ninr(n” inr)2]* out
=[n, €]*[ninl, (S'inr) ev,]*[[inlinl, S(inl (1" inr)%) pgl, ninr(n” inr)2]* pout
=[n, €]*[[ninlinl, [inl, (Sinr) ev,]*S(inl +(1” inr)®)pgl, S(inrn” inr) ev,,]*p out
= [n, &]*[[ninlinl, [ninlinl, S(inrn” inr) ev,]*pg], S(inr n” inr) ev,|*p out
=[[ninl, [ninl,£*S(n"” inr) evy]*pg], £*S(n" inr) evy]*pout
=[[ninl, [ninl, (Sinr)evy,]*pg], (Sinr) ev,]*pout
= S[id, inrjw

Let us assume for the moment that &t = (&t)T for strongly guarded ¢t. Then, by
the above calculations, (£f)7 = (w!)Tn”inr = (S[id, inrJw)Tn” inr = (&)Y inr =
&tT(n”inr). In order to show that the right-hand side is equal to £ fT we prove that
th = [n¥, f118, for then &tT(n”inr) = &[nY, f118(n”inr) = £f7. Since t is guarded, it
suffices to show that [”, fT]¥ satisfies the unfolding law for tf. It is easy to verify
that out fT = T(id +([n", £71%)%)g. Then we have

out[n”, f11¥ =lout[n”, f1],ninr([n”, f11%)5]* out
=[[ninl,out 1], ninr([n”, f11%)5]* out
=[Ipinl, T(id +([n", f11%)5)gl, ninr([n”, f11%)5]* out

while, on the other hand,

t =", t% out™[ninlinl, T(inl +(n” inr)®)g], ninr(n” inr)2]* out
= out out[n”, ¢], ninr([”, t1]%)]*
[[pinlinl, T(inl +(n” inr)2)g], ninr(n” inr)2]* out
= out[ninl, T(id +(t"%)g, ninr(tH)2]* out .

Hence, indeed, [n¥, f1]¥ = 1.

Finally, let us show (A.20) with strongly guarded f. Suppose, h is such that
out f = T(inl +(n inr)2)h. Recall that & = ([ninl, S(inr) ev,]*pout)’. By uniformity,
it suffices to show that

[ninl, S(inr) ev,]*pout fT = S(id +fN)¢f.
On the one hand,

inr) evy|*pout fT

) ev]

inr) ev,]* pout[n”, f1]*f

inr) ev,|*[out[n”, f1],ninr([n", f11%)5]*pout f
> ]

inr evu*[o tn”, fT] ninr([n” FIDEPS(inl +(n” inr)}) ph
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And on the other hand,

S(id+F)ef = S(d+F1){n, € nin, S(inr) evi]* pout f
= S(id +fN)[n, &]*[ninl, S(inr) ev,]* pT (inl (1" inr)2) b
= S(id +f1)[n, &]*[ninl, S(inr) evy]*S(inl +(n” inr)2) ph
= S(id +f1)[n, &]*[ninlinl, S(inr " inr) evy]* ph
= S(id +fN)[ninl, €S (n” inr evu] ph
= S(id+fN)[ninl, (Sinr) ev,]*p

= [ninl, S(inr f1) ev,]*ph.

This finishes the proof of Lemma 4.9. O

Proof of Theorem 4.8

The (overlarge) category of complete Elgot monads if formed by (strong) complete
Elgot monads and (strong) complete Elgot monad morphisms. The latter are the
usual (strong) monad morphisms [16] preserving iteration. Summarized, a com-
plete Elgot monad morphism is a natural transformation £ : T — S satisfying the
following identities:

&n =1 EfF = (6f)%¢ ¢r = 7(id x§) (&9)T = &4 (A.21)

with f: X 2 TY and g: X - T(Y + X).
The proof of the theorem relies crucially on Lemma 4.9. Additionally, we need
the following.

Lemma A.3 Let f: X — T(Y + X). Then [, fi]* = (T(id +1))'.

Proof. Consider the following trivially commuting diagram

X ! T(Y + X)
lf lT(id +f)
T(Y +X) — 9Dy 1Ty + X))
By uniformity, this implies ff = (T(id+f))'f. Therefore [n, fi* =

[0, (T(id +f)NTf1* = [, (T(id + )T (id +f) = (T(id +£))" and we are done. O

We proceed with the proof of Theorem 4.8.

e The fact that LZ is a complete Elgot monad follows from the assumption and
Theorem 4.5. We have to show that for any complete Elgot monad S equipped
with an algebraic operation o : S — S% there is a unique monad morphism
¢: 1LY — S compatible with the corresponding algebraic operation 3 : (L%)* —
(L2)?, i.e. €28 = ag® where

Bx(f:b— LEX)(z : A) = outtinr(z, f).
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Recall that algebraic operations dually correspond to generic effects [22], i.e. «
induces a Kleisli morphism « : @ — Sb. By Lemma 4.9, u induces a monad mor-
phism ¢ : L% — S. According to Lemma 4.9, v : a — Sb is now representable
as the composition

a outinlinr(id,A_.n) LZb & Sb,

which exactly means the & takes 8 to . On the other hand, any other mor-
phism 6 : L — S for which u decomposes as above with & replaced by 6,
corresponds to w under the bijection of Lemma 4.9, and hence such 6 is iden-
tically &.

By Lemma 4.9 (with S = T%, T = L), the Kleisli morphism

outtninr{id,A_.7n
a < ) TP

induces a monad morphism ¢ : L% — T%. We next show that T? is the coprod-
uct of T and LY with ¢ and ext : T — T being coproduct injections. Let R be
a complete Elgot monad and let p: T — R, 6 : L2 — R be two complete Elgot
monad morphisms. We have to prove that that there is a unique « : ']I‘Z - R
such that

p = Kext 0 = k€. (A.22)
By Lemma 4.9, there is a Kleisli morphism w : ¢ — Rb induced by 6. Again,

by Lemma 4.9, the pair u, p induces a monad morphism T% — R which we
take as k. Let us show the left part of (A.22):

[
[n ]*[nml Ma, £). S(inr f)u(z)]* poutout ™ T inl
= [n,&k*[ninl, Xz, f). S(inr f)u(z)]*p Tinl
— [, 5] nind, Az, 7). Sine Fua)]* (Rinl)
= [n,k]"(Rinl)p
=p.

In order to show the right-hand side of (A.22), observe that by Lemma 4.9 both
side of the equation in question are completely identified by the corresponding
Kleisli morphism a — Rb. For p, such morphism is by definition u. Let us
calculate the corresponding morphism for the right hand-side to prove that it
is also w:

rp&pout ninr(id, \_.n) = ryout ninr(id, \_.n) = u.

Finally, we show that x satisfying (A.22) is unique. Suppose, ' is another
such. By Lemma 4.9, " induces v’ : a — Rb and p' : T — R. We will be
done once we show that v = v’ and p = p’. On the one hand, by definition,
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p' = k' ext = p. One the other hand,

u = By out ninr(id, \_.n)
= rp&pout™t pinr(id, A_.7n)
=k} out L ninr(id, A_. n)

=u

and thus we are done.
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