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Reasoning about program equivalence in imperative languages is notoriously challenging, as the presence of
states (in the form of variable stores) fundamentally increases the observational power of program terms. The
key desideratum for any notion of equivalence is compositionality, guaranteeing that subprograms can be
safely replaced by equivalent subprograms regardless of the context. To facilitate compositionality proofs and
avoid boilerplate work, one would hope to employ the abstract bialgebraic methods provided by Turi and
Plotkin’s powerful theory of mathematical operational semantics (a.k.a. abstract GSOS) or its recent extension
by Goncharov et al. to higher-order languages. However, multiple attempts to apply abstract GSOS to stateful
languages have thus failed. We propose a novel approach to the operational semantics of stateful languages
based on the formal distinction between readers (terms that expect an initial input store before being executed),
and writers (running terms that have already been provided with a store). In contrast to earlier work, this style
of semantics is fully compatible with abstract GSOS, and we can thus leverage the existing theory to obtain
coinductive reasoning techniques. We demonstrate that our approach generates non-trivial compositionality
results for stateful languages with first-order and higher-order store and that it flexibly applies to program
equivalences at different levels of granularity, such as trace, cost, and natural equivalence.
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1 Introduction

Reasoning about program equivalence in stateful languages is a long-standing topic of interest in
formal semantics with a sizeable body of work dedicated to it, e.g. [4-7, 9, 10, 18, 24, 25, 29, 31, 32, 34,
37-39, 42, 45, 48]. The level of attention the problem has received is due on the one hand to the fact
that almost every popular programming language has some features involving mutable state, and
on the other hand to the technical challenges posed by the design of formal reasoning methods for
stateful languages, in particular in presence of higher-order store (e.g. [1, 40]). Efficient reasoning
about program equivalence is largely a question of compositionality, which allows exchanging
subprograms of a given program for equivalent ones without affecting the overall meaning of the
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whole program. The well-known framework of mathematical operational semantics by Turi and
Plotkin [41], also known as abstract GSOS, derives a generic setup for the operational semantics of
programming and process languages from a form of categorical distributive law of syntax over
behaviour (dubbed a GSOS law). It produces in particular a syntax-based operational model and a
more abstract denotational model, and guarantees compositionality of the syntax with respect to the
denotational semantics, thereby obviating the need for laborious ad-hoc compositionality proofs.
Consequently, one would hope for abstract GSOS to provide a general and principled approach to
establishing compositionality results for stateful languages.

However, there are known problems with applying abstract GSOS to a stateful setting: A naive
modelling of stateful languages in the framework yields a denotational semantics in a final coalgebra
for a functor involving the state monad. The character of such a semantics is that of a resumption
semantics, which assumes arbitrary interference by the environment between program steps and
as such is too fine-grained for most purposes (cf. Section 2.5). There have been two major attempts
to address this issue. Abou-Saleh and Pattinson [2, 3] consider abstract GSOS laws over Kleisli
categories for effect monads (such as the state monad). While the format of GSOS law is the same
as in the original framework, the denotational semantics and the associated compositionality result
need to be completely reworked for the purpose, and need complex technical assumptions. The
coarsest form of semantics covered in their framework is cost semantics, which counts steps until
termination. Contrastingly, the framework of stateful SOS introduced by Goncharov et al. [15] does
also cover trace semantics, which considers the sequence of states computed by a program, and
most notably termination semantics (also known as natural semantics), the standard end-to-end
net execution semantics that only records the eventual result of a program. However, stateful SOS
deviates from abstract GSOS even in the underlying abstraction of the rule format, replacing GSOS
laws with stateful SOS laws, thus again requiring a dedicated redevelopment of the framework to
obtain compositionality results. Moreover, the compositionality proofs in op. cit. are not inherently
categorical and are based on syntactic reasoning at the level of rule formats.

In the present work, we propose a refined perspective on stateful languages that fully reconciles
stateful operational semantics with abstract GSOS. The key novelty of our approach lies in an
explicit division of program terms into readers (programs that expect an initial store to start their
execution) and writers (programs that have already been given a store). For example, a standard
imperative while-language with variable store can be extended to a reader-writer language where
every sequential composition p; q is regarded as a reader term and comes accompanied with a
writer term [p]s ; q for every store s, with [p]s representing the program p executed on s.

The reader-writer separation, along with the explicit representation of states in the writer syntax,
enables the instantiation of abstract GSOS theory: We demonstrate that reader-writer languages
can be modelled in abstract GSOS over two-sorted sets, obtaining various flavours of stateful
semantics (resumption, trace, cost, and termination semantics) as instances. In fact, our approach
fits smoothly into a recent generalization of abstract GSOS due to Urbat et al. [43] that allows
coverage of weak equivalences such as weak bisimilarity using a laxification of the core concept of
bialgebra by Bonchi et al. [12]. It subsumes, inter alia, the previous compositionality results for
stateful SOS [15] in the sense that every language specification in stateful SOS can be transformed
into a two-sorted GSOS law in a semantics-preserving way.

We use a standard while-language as our running example. In a further, more advanced case
study, we adapt the idea of reader-writer semantics to the recently introduced framework of higher-
order mathematical operational semantics [16, 43], which extends abstract GSOS to higher-order
languages. We then apply this abstract framework to a first-order language with higher-order
store, similar to languages considered by Reus and Streicher [36] and by Pierce [33], obtaining
compositionality of higher-order termination semantics.
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ps = pls psils
pigs—p;qs p:qs > q.s skip,s | s
eev(e,s)=n eev(e,s) =0 eev(e,s) #0
x=es | s[x=n] while e p,s | s while e p,s — p;whilee p,s

Fig. 1. Small-step operational semantics of Imp.

2 Bialgebraic Modelling of Stateful Languages

In this preliminary section we review the bialgebraic methods that the abstract GSOS framework [41]
provides for reasoning about compositionality properties of programming languages. Moreover,
we illustrate that stateful languages do not fit well into the framework when modelled naively,
which motivates the refined approach presented subsequently in Section 3. As our running example
we consider a simple imperative language, called Imp [47], with integer variables, assignments,
sequential composition, and while loops.

2.1 The language Imp

We fix a countably infinite set A of (program) variables, and a set Ex of arithmetic expressions that
are formed using standard operations such as +, —, , constants n € Z, and variables. A variable store
(or state) is a map s: A — Z assigning integer values to variables; we write s[x = n] for the store
that maps x to n and otherwise equals s. We denote by S the set of states, and by eev: Exx S — Z
the expression evaluation map; for example, eev(x * (y +3) — y,s) = s(x) * (s(y) + 3) — s(y).

The set P of program terms of Imp is given by the grammar

P>p,qu= skip|x=e|whileep|p;q

where x € A and e € Ex. The (small-step) operational semantics of Imp are given by the inductive
rules in Figure 1. The rules specify transitions of the form

ps—p,s and  p,sls (p,p' €P,s,s"€8)

stating that when the program p is executed on store s, it transforms s into s’ and then behaves
like p” (first case) or terminates (second case). These transitions are deterministic, hence induce a
map

(»’,s") ifps—ps,

1
s’ ifp,s|s. )

y:P—> (PxS+8)°  givenby  y(p)(s) = {
There are several natural notions of program behaviour and program equivalence that can be
associated to the transition system (1). Specifically, we consider the following four notions, presented
in decreasing order w.r.t. the power of an observer (environment) that executes programs:

(1) Resumption semantics corresponds to a low-level observer that has unrestricted access to the
current program state and can both read and modify it at any stage of the computation. Under
this semantics, two programs are equivalent if they are indistinguishable regardless of how the
observer interferes. This idea is formally captured by resumption bisimilarity:

Definition 2.1. A resumption bisimulation is a relation R C P X P such that for R(p, q) and s € S,
(@) if p,s > p’,s’ then3q’.q,s = ¢, AR(P',q);

(b) if p,s | s’ theng,s | s';

(c) ifg,s = ¢’,s" then3p".p,s = p’,s" AR(p",q');
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(d) ifgs | s thenp,s|s’

Resumption bisimilarity ~s is the greatest resumption bisimulation (given by the union of all
resumption bisimulations). It forms an equivalence relation, with the corresponding quotient map
res: P — P/~res.

Resumption bisimilarity yields a very fine-grained notion of program equivalence. For instance,

p=(x=1;x=2) and g=(x=1;x=x+1) (2)

are not bisimilar: if the observer sets the program state to any state s with s(x) # 1 after the first
step, then after the second step the states become different, hence distinguishable.

(2) Trace semantics corresponds to an observer that can read but not modify intermediate states.
Formally, let S* and S“ denote the sets of non-empty finite sequences and infinite sequences of
elements of S, respectively, and put S* = S* U 8. The trace map trc: P — (S8*)< associates to

p € Pand s € S the sequence of states produced by running p on the initial state s:
"SH’S,) € S+ lf 3pl (1 S l S n)'P’S _>P1>51 — e _>Pn,3n sLS/>
(s1,82,83,---) €S9 if Tp; (i 2 1). PSS = P1,S1 = P2, Sz = P3, 83 =

tre(p)(s) = {(sl’ a

(3) Cost semantics corresponds to an observer which can observe the fact that a computation step
has happened (hence count the total number of steps) but can only access the program state after
termination. This is captured by the following map cst: P — (N x S + 1)S , where 1 = {}:

(n,s") iftrc(p)(s) = (s1,---,8n,8") € ST,
cst(p) (s) = . b
if trc(p)(s) € S«.
(4) Termination semantics, a.k.a. natural semantics, corresponds to an observer that can only view

the terminating state (if any) of a program, while having no access to the actual computation. This is

the standard form of semantics for imperative languages [47], and is captured by ter: P — (S+1)S:
roift =(s1,...,5n,8") € S,
ter(p)(s) = s 1 rc(p)(s) (Si) sn,8’) €
w if trc(p)(s) € S¥.

Two programs p and q are trace equivalent if trc(p) = trc(q), cost equivalent if cst(p) = cst(q) and
termination equivalent if ter(p) = ter(q). Note that

resumption bisimilarity = trace equivalence = cost equivalence = termination equivalence.
For example, p and q of (2) are trace equivalent, hence also cost and termination equivalent.
Remark 2.2. The definitions of res, trc, cst and ter and the ensuing notions of semantic equivalence
generalize to arbitrary transition systems of type y: X — (X x S + S)® where, as above, we put
ps—phs’ i y(p)(s)=(ps")  and  psls’ i y(p)(s) =+,

The four forms of semantics are compositional, that is, they are respected by all Imp-constructors:
Theorem 2.3 (Compositionality of Imp). Forall p,p’,q,q' € P, e € Ex and [-] € {res, trc, cst, ter},
[Pl =TI ATl =gl = lp:al =[p":q'] and [p]l=[p'] = [whileep] = [whileep’].

The importance of this theorem is that it enables modular, inductive reasoning about complex
programs: compositionality guarantees that the observable behaviour of a program with respect to
either of the different semantics is fully determined by the behaviour of its subterms. Standardly,
compositionality results such as Theorem 2.3 are proved from scratch, using inductive or coinductive

methods tailored to the features of the language at hand. This approach has several drawbacks:
compositionality proofs tend to be tedious and error-prone, while at the same time containing
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many largely generic and repetitive parts. Additionally, every extension or modification of the
language requires a meticulous adaptation of the proof. Our goal is to derive compositionality of
stateful languages in a more principled manner by employing categorical techniques.

2.2 Categorical Background

The bialgebraic approach to compositional operational semantics, outlined in detail in Sections 2.3
and 2.4, rests on three fundamental categorical abstractions:

(1) Model the set of programs of a language as an (initial) algebra for a suitable syntax functor.
(2) Model the operational model of a language as a coalgebra for a suitable behaviour functor.

(3) Model program equivalences via coalgebraic (bi)simulations, parametric in a relation lifting.

Remark 2.4. Relation lifting [26] can be thought of as a systematic approach to relational reasoning
over algebraic structures. The precise notion is given ahead in the text.

In the following we review the necessary terminology from category theory. Readers should be
familiar with basic notions such as functors, natural transformations, (co)limits, and monads [30].

Notation. Given objects X7, X, in a category C, we write X; XX, for their product, and (fi, f2): Y —
X1 X X, for the pairing of morphisms f;: Y — Xj, i = 1, 2. Dually, X; + X, denotes the coproduct,
[g1,92]: X1+ X, — Y the copairing of g;: X; — Y,i=1,2,and we put V = [idy, idx]: X +X — X.

Relations. A relation on an object X of C is a subobject (represented by a monomorphism)
R » X x X. We write Ig,rg: R — X for the left and right projections, and usually drop the
subscript. A morphism from R > X X X to a relation S »» Y X Y is a morphism f: X — Y of C
such that there exists a (necessarily unique) dashed morphism making the first diagram in (3) below
commute. Relations R, S > X x X are ordered by R < S iff idx is a morphism from R of S. We let
Rel(C) denote the category of relations and their morphisms.

R > S Rel(D) —— Rel(C)
3)
X >I< x 2L, Y>I< Y 1£ E (li

In our applications we consider relations in the product category Set” for a set T. Its objects are
T-sorted sets X = (X;)seT, and a morphism f: X — Y is a T-sorted map (f;: X; — Yy)ser-

Example 2.5. A relation R > X x X in Set! is given by a family (R; C X; X X;);e7. We write
Ax » X X X for the identity relation, i.e. (Ax); = {(x,x) | x € X;}, and R e S for the composite
of two relations R, S » X X X, i.e. (R e S); = R; ® S; where the right-hand e denotes the usual
left-to-right composition of relations in Set. The product of R »» X X X and S »» Y X Y is the
relation R X S » (X X Y) X (X X Y) where (R X S);((x,y), (x",y")) iff R;(x,x") and S;(y,y"). The
power RB > XB x XB for a set B is defined analogously. The coproduct R+S »» (X +Y) x (X +Y)
is the disjoint union of R and S.

Example 2.6. For the case of T = 1, where 1 is the singleton set, thus C = Set! =~ Set, one recovers
the standard notion of a relation on sets. For the case of T = 2, where 2 is the two-element set,
relations on Set? are pairs of set-theoretic relations etc.

A relation lifting of a functor F: D — C is a functor F making the second diagram in (3) commute,
where the vertical arrows are the respective forgetful functors given by (R »» X X X) +— X. Every
endofunctor F on Set” has a canonical relation lifting, which sends a relation R > X X X to the
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relation FR = FX x FX obtained via the (surjective, injective)-factorization shown below:

(Flg, Frr)
f B ¥
FR ——>> FR »—— FX X FX

Example 2.7. (1) Recall that a T-sorted algebraic signature, for a fixed set T of sorts, consists of
a set 3 of operation symbols and a map ar: ¥ — T* X T associating to every f € X its arity. We
write f: ¢; X -+ X t, — tifar(f) = (t1,...,ty,t), and f: ¢t if n = 0 (then f is called a constant). In
the case of a single-sorted signature (T = 1) the arity of f is determined by the number n of its
arguments. Every signature ¥ induces an endofunctor on the category Set”, denoted by the same
letter 3 and defined by (3X); = [lf.4,...t, ¢ [11=1 X, for X € Set” and t € T. Endofunctors of
this form are called polynomial. The canonical relation lifting of ¥ maps a relation R »» X X X to
the relation YR > XX X X where (3R), contains all pairs (f(xy,...,X,), f(y1, ..., y,)) such that
frty XXty > tisinTand Ry, (x;,y;) fori=1,...,n

(2) The canonical relation lifting of the power set functor #: Set — Set maps a relation R € X X X
to the Egli-Milner relation PR C PX x PX where PR(A, B) iff

(i) YVae A.3b € B.R(a,b) A (ii) Vb € B.Ja € A.R(a,b).

Requiring only (i) yields the non-canonical lifting $. Note that the relation PR is up-closed, that is,
PR(A, B) and B C B’ implies PR(A, B').

The up-closure of PR turns out to be critical for the general compositionality result presented in
Section 2.4. In abstract terms, this property is captured by imposing a suitable order structure:

Definition 2.8 (Urbat et al. [43]). (1) A functor B: D — C is ordered if each hom-set C(Z, BX)
(Z € C,X € D) is equipped with a preorder (a reflexive transitive relation) < such that

Yq,q: Z — BX, p: Z' — Z. g2q = q-p=q -p.
(2) A relation lifting B of an ordered functor B: D — C is up-closed if for every relation R »» X x X

in D, every span BX i 72 BX in C and every morphism Z — BR in C such that the left-hand
triangle in the first diagram below commutes, and the right-hand triangle commutes laxly as
indicated, there exists a morphism Z — BR in C such that the second diagram commutes.

ST I

BX <« BR — BX BX «— BR — BX
For instance, the lifting ® is up-closed if ® is ordered by q < ¢’ iff Vz € Z. q(z) C ¢’ (2).

Algebras. Given an endofunctor ¥ on a category C, a X-algebra is a pair (A, a) of an object A and
amorphism a: XA — A. A morphism from (A, a) to a X-algebra (B, b) is a morphism h: A — Bof C
with h o a = b o Xh. Algebras for ¥ and their morphisms form a category, and an initial X-algebra is
simply an initial object in that category. We denote the initial algebra by (u2, 1) if it exists.

More generally, a free Z-algebra on an object X of C is a Z-algebra (*X, 1x) together with a
morphism 57x : X — 3*X of C such that for every algebra (A, a) and every morphism h: X — A
of C, there exists a unique X-algebra morphism h*: (3*X,1x) — (A, a) such that h = h* o px. If C
has an initial object 0, then 3*0 = 3. If free algebras exist on every object, then their formation
induces a monad 3*: C — C, the free monad generated by X [8]. Every Z-algebra (A, a) induces
an Eilenberg-Moore algebra a: 3*A — A, viz. d = id’; for the identity morphism ids: A — A.
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Given a relation lifting 3 of %, a 3-congruence on an algebra (A, a) is a relation R = A X A such
that the algebra structure a: A — A is a morphism a: ¥R — R of Rel(C).

Example 2.9. The prototypical instance of the above categorical concepts are algebras for a
signature. For every T-sorted signature 3, an algebra for the associated polynomial functor ¥ is
precisely an algebra for the signature X in the usual sense, that is, an T-sorted set A = (A;)ser
equipped with an operation f4: ], A;, — A, for every f: t; X - -+ X t, — t in . Morphisms of
>-algebras are T-sorted maps respecting the algebraic structure. Given a T-sorted set X of variables,
the free algebra 3*X is the Z-algebra of 3-terms with variables from X; more precisely, (Z*X),
is inductively defined by X; € (3*X); and f(uy,...,u,) € (Z*X), forall f: t; X --- X t, — t and
u; € (Z*X);,. The free algebra on the empty set is the initial algebra y3; it is formed by all closed
>-terms. For every X-algebra (A, a), the corresponding Eilenberg-Moore algebra a: 3*A — A s
given by the map that evaluates terms in A.

For the canonical relation lifting 3, a X-congruence on a S-algebra A is the usual concept from
universal algebra, namely a relation R >» AXA compatible with all operations: for f: t;X---Xt, — ¢
and elements x;, y; € Ay, suchthat Ry, (x;,y;) (i = 1,.. ., n), one has R (fA(x1, ..., xn), fA(yl, cesUn)).
Note that we do not require congruences to be equivalence relations.

Example 2.10 (Program terms). The set P of Imp-terms forms the initial algebra for the polynomial
functor X: Set — Set corresponding the single-sorted signature of Imp:

X= 1 +AXEx+ExxX+XxX. (4)
N—— N—— SN—_—— N———
skip = while -5

Compositionality of Imp (Theorem 2.3) states that for [-] € {res, trc, cst, ter} the equivalence
relation p ~ p’ &= [p] = [p’] forms a congruence on the algebra P = ;¥ of program terms.

Coalgebras. Dually to the notion of algebra, a coalgebra for an endofunctor B on C is a pair (C, c)
of an object C and a morphism ¢: C — BC. A morphism from (C, c) to a B-coalgebra (D, d) is a
morphism h: C — D of C such that Bh o ¢ = d o h. Coalgebras for B and their morphisms form a
category, and a final B-coalgebra, denoted (vB, 1), is a final object in that category.

Example 2.11. Coalgebras form an abstraction of transition systems. For instance, the operational
model y: P — (P x S +8) of Imp is a DS-coalgebra where DX = X x S + S on Set.

The theory of coalgebras allows modelling notions of strong or weak (bi)simulation for transition
systems at a convenient level of generality, using relation liftings of behaviour functors.

Definition 2.12 (Urbat et al. [43]). Given a relation lifting BofB,a weakening [44] of a B-coalgebra
(C,¢c) is a B-coalgebra (C, ¢) such that for every relation R > C X C, there exists a morphism
R — BR in C making the first diagram below commute iff there exists a morphism R — BR in C
making the second diagram commute. A relation R satisfying these two equivalent properties is
then called a B-simulation on (C, ¢, ). The greatest B-simulation (if it exists) is called B—similarity.

R----=-5 > BR R----—-= > BR
I l I I ©)
CxC —X¢, BCx BC CxC ¢, BCx BC

Remark 2.13. Thanks to being parametric in the lifting B and the weakening ¢, the above notion
of B-simulation is quite flexible. In fact, despite the terminology, it will in some cases amount to
bisimulations in the usual sense. There are two typical situations to which B-simulations instantiate:
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(1) For the trivial weakening ¢ = c, the notion of B-simulation first appeared in the work of Hermida
and ]acobs [19] (under the name B-bisimulation). For instance, for the power set functor P with its
lifting P of Example 2.7, a $-simulation is the usual notion of strong simulation of graphs, while
the ‘symmetric’ lifting ? yields strong bisimulations.

(2) If ¢ is some form of reflexive transitive closure of ¢, then B-simulations amount to a notion of
weak simulation. For instance, let c: C — $C and let ¢: C — PC be given by y € ¢(x) iff there
existn > 0 and x = xo, ..., x, =y € C such that x;.1 € c(x;) for 0 < i < n. Then a P-simulation on
(C, ¢, ¢) corresponds to a weak simulation: given any two related states x, y, every strong transition
from x is matched by a weak transition from y. The fact that ¢ is a weakening expresses that this
property is equivalent to matching weak transitions with weak transitions.

Remark 2.14. For endofunctors B on Set”, we note that:
(1) The B-similarity relation is given by the (sortwise) union of all B-simulations on (C, ¢, €).
(2) If B is the canonical relation lifting, the final coalgebra vB exists, the functor B preserves weak

pullbacks, and ¢ = ¢, then two states of (C, ¢) are B-similar iff they are behaviourally equivalent, i.e.
merged by the unique coalgebra morphism from (C, ¢) to vB [22, Thm. 4.2.4].

Example 2.15. The behaviour functor DS = (X xS +8)< for Imp has a canonical lifting DS that
sends R C X x X to DSR C (X x S +8)S x (X x S +8)S where DS(f, g) iff, for all s € S, either
f(s) = (x,5") and g(s) = (x’,s") where R(x,x’) and s’ € S, or f(s) = g(s) € S. Then DS-similarity
on the operational model (1) coincides with resumption bisimilarity (Definition 2.1). Since D
preserves weak pullbacks, it also coincides with behavioural equivalence (Remark 2.14).

2.3 Abstract Operational Semantics

The abstract GSOS framework [41] yields an elegant categorical approach to operational semantics.
It is parametric in two endofunctors 3, B: C — C on a category C with products, where ¥ has an
initial algebra p3 and generates a free monad X*. The functors ¥ and B represent the syntax and
behaviour of a programming language, with ¥ thought of as the object of program terms. The
operational semantics of a language are modelled by a GSOS law of 3. over B: a natural transformation

ox: X(X x BX) - BZ*X (X €C). (6)

Informally, ¢ encodes the inductive operational rules of the language at hand: for every program
constructor f, it specifies the one-step behaviour of programs f(ps, ..., p,), i.e. the =-terms they
transition into next, depending on the one-step behaviours of the operands py, ..., pn.

Example 2.16. The operational rules of Imp (Figure 1) can be translated into a GSOS law g of
the signature functor 3 given in Example 2.10 over the behaviour functor DSX = (X x S +8)5.
The component px : Z(X X (X x S +8)%) = (3*X x S + 8)*° encodes, for instance, the rules for
sequential composition into the following assignment for p,q € X and f,g € (X x S +S)S:

((p"59),5") if f(s) = (p',s") € X xS,

ox((p. f):(q.9) = As.{(q,s,) if f(s) =5’ € 8.
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The universal property of the initial algebra (pZ, 1) entails that there exists a unique B-coalgebra
structure y: p¥ — B(pX) such that the diagram below commutes:

S(uz) ——— px --L-> B(u®)
5(id, y>l TB? (7)

S(48 X B(UE)) ———=—— BS*(4%)
The coalgebra (2, y) is called the operational model of the GSOS law p. Informally, this is the
transition system that runs programs according the operational rules represented by . For instance,
the operational model of the GSOS law for Imp (Example 2.16) is precisely the transition system (1)
on the set P = y¥ of program terms induced by the rules of Imp.

2.4 Compositionality in Abstract GSOS

The key feature of abstract GSOS is that it allows for general compositionality results applying
uniformly to languages modelled in the framework. The compositionality theorem presented below
(Theorem 2.20) is substantially more powerful than the original one by Turi and Plotkin [41]: it
not only applies to behavioural equivalence in the final coalgebra, but to similarity w.r.t. a choice
of relation lifting of the behaviour functor and a choice of weakening of the operational model.
Let us first fix the required data. We restrict to the base category C = Set” and polynomial syntax
functors, which simplifies some technical conditions and is sufficient to our purposes:

Definition 2.17. An abstract operational setting (AOS) O = (3, >, B, B, 0,7.7) is given by the
following data:

a polynomial functor 3 : Set” — Set’ with its canonical relation lifting ¥;

an ordered functor (B, <): Set’ — Set” with a (not necessarily canonical) relation lifting B;

a GSOS law p of X over B;

the operational model (y2, y) of o with a weakening y.

The point of the definition of AOS is to collect (in a neat, abstract form) the problem setting of
relational reasoning about some “weak” notion of program equivalence on a (first-order) program-
ming language. The polynomial functor ¥ models the algebraic signature of the language and B
models the behaviour, for instance B = P (L x Id) for a nondeterministic LTS. The relation lifting B
eventually determines the type of program equivalence considered. The GSOS law o corresponds
to the collection of operational rules and the weakening y to the chosen notion of a weak transition
system, e.g. a saturation =.

Given an AOS we can study the congruence of B-similarity on (42, y, 7). It turns out that the
congruence property boils down to three natural conditions.

The first one is that the lifting B is up-closed and laxly preserves composition and identities:

BReBSCB(ReS)forallR,S> XxX and  Agx C BAx forall X,

where C means sortwise inclusion. This ensures that B-similarity is a preorder [43, Lemma VI.3].
The second condition is liftability of the law p:

Definition 2.18. The GSOS law o of an AOS is liftable if for every relation R > X x X in Set’,
the component px is a Rel(Set”)-morphism from (R x BR) to BX'R.

Note that the free monad ¥ is given by the canonical lifting X* of the free monad =* [43,
Prop. V.4]. Intuitively, liftability expresses in abstract terms that the operational rules encoded
by o are parametrically polymorphic, i.e. do not inspect the structure of their arguments. Hence,
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every relation between the arguments should be preserved by p. Liftability is closely related to
dinaturality of o; in fact, when using canonical liftings, dinaturality implies liftability (Remark 2.21).
The final condition ensures that weak transitions interact well with the operational rules:

Definition 2.19. The triple (u2, 1, 7) is a lax o-bialgebra if the diagram below commutes laxly:

() L s —— B(u3)
zud,y)l Y TBI ®)

Ous.

S(4E X B(UE)) ——————— BE*(4Z)

The lax bialgebra condition expresses that the operational rules corresponding to ¢ remain sound
in the operational model when strong transitions (given by y) are replaced by weak transitions
(given by y). Lax bialgebras were introduced (in a slightly less general form than Definition 2.19)
by Bonchi et al. [12] and originally used to analyse sound up-to techniques for weak (bi)similarity.

The following general compositionality result for abstract GSOS is a special case of [43, Cor. VIIL7].
A higher-order version will appear in Section 5.

Theorem 2.20 (Compositionality). Suppose that O = (%, %, B, B, 0, v, 7) is an AOS such that
(1) B is up-closed and laxly preserves composition and identities;

(2) o is liftable;

(3) (12, 1, 7) is a lax o-bialgebra.

Then the B-similarity relation on (i3, y,§) is a %-congruence on the initial algebra (i3, 1).

Remark 2.21. In practice, some of the conditions of the theorem may come for free:

(1) holds if B is canonical, and B is ordered by equality and preserves weak pullbacks [44, Prop. C.9].
(2) holds if B is the canonical lifting [44, Constr. D.5].

(3) holds if B is ordered by equality and y = y; in this case, the lax bialgebra condition (8) is just (7).
For functors B preserving weak pullbacks and having a final coalgebra, Theorem 2.20 thus specializes

to the original congruence result by Turi and Plotkin [41]: for every GSOS law, behavioural
equivalence in the final coalgebra is a congruence on the operational model.

The general compositionality theorem simplifies proofs of congruence results for programming
languages by reducing their congruence properties to elementary and usually easily verifiable
conditions on the lifting B of the behaviour functor and the rules of the language given by o.

2.5 The Fundamental Challenge
Can we deduce the compositionality of Imp (Theorem 2.3) from the compositionality theorem for

abstract GSOS? At this stage, only the case of resumption semantics — the most fine-grained and
arguably least useful of the four notions of program semantics in Section 2.1 - is immediate:

Example 2.22. We apply Theorem 2.20 to the AOS O = (3, 3, DS,BS, 0,7,y) where ¥ is the
signature of Imp, DS and DS are as in Example 2.15 (with DS ordered by equality), and o is as in
Example 2.16. Recall that D -similarity is resumption bisimilarity. By Remark 2.21, all conditions of
Theorem 2.20 are satisfied, whence resumption bisimilarity is a congruence on the algebra P = p¥ of
Imp-terms. In fact, since B has a final coalgebra, this result already follows from Turi and Plotkin’s
original theory of congruence and does not require the full generality of Theorem 2.20.

To capture the more interesting parts of Theorem 2.3 in our abstract setting, we would need to
come up with liftings DS and weakenings j such that the ensuing notions of D-similarity coincide

Proc. ACM Program. Lang., Vol. 9, No. ICFP, Article 244. Publication date: August 2025.



Bialgebraic Reasoning on Stateful Languages 244:11

with trace, cost, and termination equivalence, respectively. This appears to be impossible under the
present choice of behaviour functor DSX = (X x 8 +8)S; intuitively, the exponent (—)S forces a
resumption-like semantics. Our solution lies in switching to a two-sorted refinement of Imp.

3 Readers and Writers

Trace semantics in Imp interprets a term p as the function mapping an input store s to the (possibly
infinite) trace of (p, s). This suggests that program-store pairs (p, s) are essentially treated as the

states of a transition system, i.e. (p, s) SN (p’,s’). On the other hand, the operational semantics
treats terms as transformers acting on an input store: for instance, in p; g, the subterm ¢ is thought
of as an ’open’ computation, which needs to be given an input s to start. Afterwards, however,
trace semantics treats the pair (g, s) as a running computation.

The reader-writer approach to stateful semantics turns this implicit divide between “transformers”
and “started transformers/computations” into explicit syntactic sorts, namely readers and writers
respectively. Readers represent programs that need to be provided with an input state in order to
run. Contrastingly, writers represent programs that are already running, producing a trace of states,
and for instance arise by passing an input state to a reader. We illustrate this idea via a language
called Imp?, which extends the language Imp.

3.1 The Language Imp?

We inherit the sets A (program variables), S (states) and Ex (arithmetic expressions) from Imp.
The program terms of Imp? are split into a set R of readers p,q,... and a set W of writers c, ...
and are defined by the grammar

R>p,qu=skip|x:=e|whileep|p;q and Wacu=[pls]|sclrets|c;qg (9)

where s € S, x € A and e € Ex. Equivalently, (R, W) is the initial algebra for the polynomial
endofunctor 3: Set? — Set? corresponding to the two-sorted signature of Imp?, with sorts r and w:

2X= 1 +AXEX+ExXX, + X, XX, 2 X=X,XS+SxXy,+ S +X,xX.

Note that readers are precisely Imp-terms (P = R). Additionally, there are four types of writers: For
every reader p and state s, the writer [p]s represents the encapsulated computation of p at input s.
This bears some resemblance with the fine-grain call-by-value paradigm [28] with its operator [—]
casting values as computations. The writer s.c produces the state s and then behaves like c. The
writer rets terminates in the state s. Finally, the writer c; g represents a sequential composition that
currently evaluates its first argument. One can think of writers as programs with ‘explicit’ store, in
analogy with explicit substitutions: the store is gradually moved towards the computation point,

e.g. one may derive [p;qls — [pls;q or rets;q 5 [q]s, s, where a labelled transition denotes
‘store output’, signaling to the outer world that a computation step in Imp has been completed.

Formally, the operational semantics of readers are specified by the rules in the top part of Figure 2.
They inductively determine transitions of the form

p,s—c where peR ceW,seS§, (10)
to be read as ‘on input state s, reader p continues as writer ¢’. The reader semantics induces a map

yo: R — WS given by Yo(p)(s) =c¢ if ps—oec (11)
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eev(e,s) =n

p:q.s— [pls;q skip, s — ret; X =€, = rets[x=p]
eev(e,s) =0 eev(e,s) #0
while e p,s — ret; while e p,s — s.[p; while e p];
p.s—c c > d c—d cls
[pls — ¢ rets | s sc> ¢ ciq > diq cig > dig ¢:q S [qly

Fig. 2. Reader semantics of Imp? (top) and writer semantics of Imp? (bottom).

The operational semantics of the writers are given in the bottom part of Figure 2. These rules
determine transitions of type

S
c—d, c— d, cls, where c,deW,seS,

to be read as ‘c progresses to d’, ‘c progresses to d and generates the state s’, and ‘c terminates in
the state s’, respectively. The writer semantics thus yields a function

Yo W—-oWxS+W+S8 givenby yy(c)=(ds)/d/s if ¢S d/c—d/cls. (12)

Notation 3.1. We denote objects of Set? as a pairs X = (X, X,,), morphisms as pairs ="M
and we write F, and F,, for the two components of a functor F: C — Set?.

The two maps (11) and (12) combine into a coalgebra
Yo= (50 ): (RW) = By(R, W) (13)
for the endofunctor By on Set? defined by
(Bo): X =X5  and  (Bp)uX =Xy XS+Xy +S. (14)

The coalgebra (13) is the operational model of the GSOS law g, of X over By that encodes the
operational rules of Figure 2. The component gox = (0¢)x at X € Set? is given by the maps

Ohx: (X XBX) = (Z5X)S  and  oly: Bu(X X BoX) = SEX XS+ 35X +S
where, for instance,
d;q ifu=d;
Q{)’X(x =e) = As. rets[x—cev(es)] and Q(\;’/X((C, u);(q.f)) =1((d;q),s) ifu=(d,s);
([qlsss)  ifu=s.

See [17, App. A] for the full definition of po. We will next introduce trace, cost, and termination
semantics for By-coalgebras (including the operational model of Imp?) and demonstrate that unlike
the case of DS-coalgebras in the previous section, these notions can be directly captured by
coalgebraic similarity for suitable choices of relation liftings and weakenings. In this way, we are
able to derive the respective congruence properties for Imp? using abstract GSOS theory.

1We use superscripts for the sorts of morphisms to reserve subscripts for components of natural transformations.
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Remark 3.2. To model the various forms of semantics coalgebraically, we extend the behaviour
functor B, to the ‘nondeterministic’ functor B: Set> — Set? given by

BX=X5 and ByX=P(X,XS+X,+S). (15)
Note that # only appears in the writer sort. This allows us to work with weak transitions of writers.
We tacitly identify a By-coalgebra (X, yo) with the deterministic B-coalgebra (X, y) given by
X'=xo and - xV(e) = {)3'(c)}.

The GSOS law g of X over By extends to a GSOS law g of ¥ over B by using g, elementwise, e.g.,

ox((c.U):(q. ) ={d; q|d e U} U{((d; q).5) | (d.s) e U} U{([gls.5) | s€U}.  (16)
Since g carries the same information as gy, the operational models of gy and o coincide modulo the
above identification of By- and B-coalgebras.
3.2 Trace Semantics for Imp?
To define trace semantics for By-coalgebras, we need to introduce suitable weak transitions:
Notation 3.3. Let y: X — BX be a B-coalgebra. For p € X}, ¢,d € X, and s € S we write
e p,s—cif y'(p)(s)=c,andc —>d/c Sd/clsifd/ (d,s) /s € y¥(c), respectively.
° clz d if there existn > 0 and ¢y,...,c, € Xy withc=¢cy 2 ¢y > - > ¢, =d.
e 1=s> d if there exists ¢’ € X,, with ¢ ;:» ¢ —d,s;
o ¢ ||! s if there exists ¢’ € X,, with ¢ ;:» ¢ |s.

The trace map of a By-coalgebra, i.e. a deterministic B-coalgebra (X, y), is the two-sorted map
trc: X — ((8%)S, 8%) defined as follows:

o trc"(p)(s) =trcY(c) if p,s — ¢;
1
o trc*(c) = (s1,...,Sn, s) if there exist ¢ = cg, . .., ¢, € Xy With ¢; = cj41, 8141 (i <n)andc, ' s;
1
e trcV(c) = (s, $o, 83, . . .) if there exist ¢ = ¢y, ¢1, Ca, . .. € Xy With ¢; = c¢jyq, i forall i € N,

We say that p, q € X; are trace equivalent if trc"(p) = trc'(q); similarly for ¢, d € X,,. To capture
trace equivalence for By-coalgebras, we work with the extended functor B (15) and choose a relation
lifting of B and a notion of weakening for B-coalgebras as follows:

Relation lifting. We take the relation lifting By : Rel(Set?) — Rel(Set?) of B defined by
(BtrcR)r = Ri and (BtrcR)w = ﬁ(Rw X As +Ry + AS)' (17)

Here P is the asymmetric Egli-Milner lifting (Example 2.7), A s is the identity relation of S, and (=),
X, + are the S-fold power, the product and the coproduct of single-sorted relations (Section 2.2).

Weakening. The weakening yi.: X — BX of a coalgebra y: X — BX is defined by

Fe=x  and @) ={ds)|c>ds)u{d|c>d}u{s|cl's).  (18)

See [17, App. B] for details as to why i, is a weakening.

For every B-coalgebra (X, y), we thus obtain from Definition 2.12 the generic notions of Bire-
simulation and By,-similarity on (X, , firc). They spell out as follows:
Definition 3.4. A trace simulation on a B-coalgebra (X, y) is a relation R »» X X X such that the
following holds for all p,q € X,, ¢,d € Xy, and s € S:
(1) If R, (p, q) and p, s — c then there exists d such that ¢, s — d and R, (c, d).
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(2) If Ry, (c,d) and ¢ — ¢’ then there exists d’ such that d EN d’ and Ry (c’,d’).

1,
(3) If Ry (c,d) and ¢ — ¢, s then there exists d’ such that d =5 ¢’ and Ry (c,d").
(4) If Ry (c,d) and ¢ | s thend ! s.
Trace similarity is the greatest trace simulation.
For By-coalgebras, this notion of simulation captures precisely trace equivalence:

Proposition 3.5. For every By-coalgebra, trace similarity coincides with trace equivalence.

3.3 Cost Semantics for Imp?

Given a By-coalgebra y: X — ByX, we define a two-sorted map cst: X — ((NxS+1)°, NxS+1):

if trc¥(c) = (s1,...,5n,8) € ST,

cst'(p)(s) = cest¥(e) if ps—e csth(o) = {im) if tre¥ (c) € S°.

We say that p, g € X, are cost equivalent if cst"(p) = cst"(q); similarly for ¢, d € X,,. To capture cost
equivalence for By-coalgebras, we work with a relation lifting and weakening chosen as follows:

Relation lifting. We take the relation lifting Best of B defined below, where Ts=8xS8:
(BcstR)r = RS and (BcstR)w =P (Ry X Ts+Ry +As). (19)
Thus, in comparison to Bire, the first occurrence of Ag in the writer sort is replaced with Tg.

Weakening. We take the same weakening as for trace semantics: Ycst = fire- See [17, App. B] for
details as to why ycst is a weakening with respect to Best.
Given a B-coalgebra (X, y), the notion of Bcs-simulation on (X, y, cst) now gives:

Definition 3.6. A cost simulation on a B-coalgebra (X, y) is a relation R > X X X such that the
following holds for all p,q € X;, c,d € Xy ands € S:

(1) fR,(p, q) and p, s — c then there exists d such that ¢,s — d and Ry (c, d).
(2) If Ry, (c,d) and ¢ — ¢’ then there exists d’ such that d EN d’ and Ry, (c’,d’).
(3) If Ry (c,d) and ¢ =, ¢’ then there exist d’, s’ such that d 1=S> d’ and Ry (c’,d").
(4) If Ry (c,d) and ¢ | s thend ! s.
Cost similarity is the greatest cost simulation.
The only difference to trace simulations lies in condition (3): due the more permissive lifting, it

s . .. s’ .
suffices to match ¢ — ¢’ with a weak transition d = d’ where not necessarily s = s’. However,
cost similar terms still produce the same number of states, so we get:

Proposition 3.7. For every By-coalgebra, cost similarity coincides with cost equivalence.

3.4 Termination Semantics for Imp?

Given a By-coalgebra y: X — ByX, we define the two-sorted map ter: X — ((S +1)°, S+ 1) by

s iftrcY(c) = (s1, ..., 5m,9),

ter'(p)(s) =ter¥(c) if p,s—>ec, terV(c) = {* if tre"(c) € S

We say that p,q € X, are termination equivalent if ter"(p) = ter'(q); similarly for ¢,d € X,,. We
capture termination equivalence via relation liftings and weakenings as follows:
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Relation lifting. We take the same relation lifting as for cost semantics:
Bter = Bcst‘ (20)

1
Weakening. We extend the weak transitions =, U! of Notation 3.3 to a more liberal version:

Notation 3.8. Given a coalgebra y: X — BX and ¢,d € X,,, s € S, we write

2 2,8 . 3 .
e c=>dandc = dif thereexistn > 0andc =cg,...,c, =d € X, such that, for each i < n,
Si+1
Ci = Ciy1 or dAsiy1.¢0 — Cir1.

2
o ¢ ||? s if there exists ¢’ € X, such thatc = ¢’ | s.

2
The weak transitions =, ||? thus completely ignore the intermediate states produced in a sequence
of strong transitions. We define the weakening yier: X — BX of y by

Fu=x  and g ={{ds)|c=>d}U{d|cmd}U{s|cl?s}. (1)

See [17, App. B] for details as to why fer is a weakening with respect to Byer.
For every B-coalgebra (X, y), the notion of Bie,-simulation on (X, y, ¥ter) then corresponds to:

Definition 3.9. A termination simulation on a B-coalgebra (X, y) is a relation R »» X X X such
that the following holds for all p,q € X;, c,d € Xy, and s € S:
(1) R (p, q) and p, s — c then there exists d such that ¢,s — d and Ry (c, d).

2

(2) If Ry (c,d) and ¢ > ¢’ or ¢ — ¢’, then there exists d’ such that d = d’ and Ry (c,d").

(3) If Ry (c,d) and ¢ | s thend |)? s.

Termination similarity is the greatest termination simulation and is denoted by =i,.
Since termination similarity only observes terminating states, we get:

Proposition 3.10. For every By-coalgebra, the relation Zier N =ty equals termination equivalence.

3.5 Compositionality of Imp? and Imp

We have shown that trace, cost, and termination equivalence for By-coalgebras correspond to
coalgebraic similarity for suitable choices of relations liftings and weakenings. We now instantiate
the general compositionality result for abstract GSOS (Theorem 2.20) to the AOS

Oy = (5.2, B, By, 0,7 %) (% € {trc, cst, ter}),
where the functor B is ordered by f X giff f" = ¢g" and Vz € Z,,. f¥(z) C g% () for f,g: Z — BX,
and moreover g is the extended GSOS law (16) for Imp? and y is its operational model. This yields:

Theorem 3.11 (Compositionality of Imp?). Trace equivalence, cost equivalence and termination
equivalence form a congruence on the operational model of Imp?.

ProOF skETCH. We only need to verify the conditions (1)-(3) of Theorem 2.20. We illustrate the
case of trace semantics, the other two being almost identical. Put B = By, and ¥ = Vtre-
(1) Up-closure and preservation of composition and identities by B follow by an easy computation.
(2) We need to show that the GSOS law g is liftable, that is, for each R > X X X in Set? the map

ox: 2(X x BX) — BX*X is a relation morphism from % (R x BR) to BY”R. This boils down to
observing that the rules of Imp? (Figure 2) are parametrically polymorphic. Let us give the argument
for the operator ;" of arity w X r — r. Consider two elements (c,U); (g, f) and (¢’,U’); (¢, f’) of
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Sw(X % BX) that are related in (Z(R X BR))y; in particular, (U,U’) € 5‘3(RW X As+ Ry, +Ag) and
(¢.9") € R:. Since
ox((c,U);(q. ) ={d; g1 d e U U{((d; q).5) | (d.s) €Ut U{([gls.s) | s € U},
ox (¢ U); (g, f) ={d"s ¢ | d €U U{((d"; ¢'),5) | (d'.s) e U} U{([q]s,8) s €U'}
by (16), it immediately follows that

(@X((e.1):(q. ). eX (.U (¢, f)) € P(E Ry x As + (X R +As) = (BZ R, (22)
as required. The other operators are treated analogously.

(3) Finally, we show that (i, y,7) is a lax p-bialgebra. By (8) and the definition of j, this means
that the writer rules of Figure 2 remain sound in the operational model y: (R, W) — B(R, W) when

1
strong transitions —, | are replaced with corresponding weak transitions =, |J!. For illustration,
let us consider two of the writer rules for sequential composition and their weak versions:

c—d c S d céd cl—;s:»d
c;q—d;q c;q;d;q c;qiﬂd;q c;qéd;q

Soundness of the third and fourth rule means that if the premise holds, then the conclusion holds.
The third rule is sound because it follows by repeated application of the first one. The fourth rule is
sound because it emerges from the third rule followed by one application of the second rule. O

It remains to relate the compositionality of Imp? to that of the original language Imp. To this
end, we make the key observation that the embedding of Imp into Imp? is semantics-preserving: the
trace of an Imp-term is the same regardless of whether it is executed as a program of Imp or as a
reader of Imp?. In the following we denote the trace maps of Imp and Imp? by trcjmp: P — (8*)S
and tre)mp2 : (R, W) = ((8%)%,8%); recall that P = R. Similarly for the cost and termination maps.

Theorem 3.12. The trace, cost, and termination semantics for Imp and Imp? coincide:

treimp = trclrmpz, cstimp = cstlrmpz, terjmp = terlrmpz.

Proor skeTcH. It suffices to prove the first equality; the other two are then immediate because
cost and termination semantics in both Imp and Imp? are derived from trace semantics. The key to
the proof lies in relating transitions in the operational model (1) of Imp to (weak) transitions —,
é>, ! (Notation 3.3) in the operational model (13) of Imp?. We write =, || for é, 1. By structural
induction one can show that the following holds for all p, p’ € y® and s, s" € S:

(1) If p,s — p’,s" in Imp, then there exist ¢y, c1, c2, c3 € W and transitions in lmp2 as depicted below
on the left. (The upper arrow is an Imp-transition, the remaining arrows are Imp?-transitions.)
(2) If p,s | s’ in Imp, then there exists ¢ € W such that p,s — cand ¢ |} s" in Imp?.

The statement of the theorem now easily follows. Suppose that trcimp(p)(s) = (s1,...,8,5"),
witnessed by Imp-transitions p,s — p1,$1 = p2,52 — -+ — Pn,Sn | s’ Applying (1) to the first n
transitions and (2) to the last one yields the situation below on the right, where the ’s are elements
of W, the transitions in the upper row are in Imp, and the remaining transitions are in Imp?.

p,s —> p', s’ pss P81 P2, s2 > pasn LS
| | | |
cs ° ° °
¥y Y . | | |

Cp = ¢ —> C2 e =0 —> 0 —— 0 —> o o —— e |
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Thus trclrrnp2 (P)(s) = (51,...,50,8") = trcimp(p) (s). The case where trcimp(p)(s) is an infinite trace
is treated analogously. We conclude that trcjmp = trclrmloz as claimed. ]

In particular, two Imp-programs are trace/cost/termination equivalent iff they are trace/cost/ter-
mination equivalent as Imp?-readers, and so we recover the essential parts of Theorem 2.3:

Theorem 3.13 (Compositionality of Imp). Trace equivalence, cost equivalence, and termination
equivalence form congruences on the operational model of Imp.

It turns out that our above results on Imp? and its tight relation to Imp are not an accident: they
extend to a whole family of stateful languages emerging from the general setting of stateful SOS,
and in fact are arguably best understood at that level of abstraction.

4 From Stateful SOS to Abstract GSOS

In this section we revisit the developments for Imp and Imp? at the level of stateful SOS, a general
rule format for modelling stateful languages introduced by Goncharov et al. [15]. In particular, we
will recover their main compositionality result by employing the methodology of abstract GSOS.

4.1 Stateful SOS Specifications
We start by recalling the definition of the stateful SOS format. Let us first settle some notation:

Notation 4.1. (1) We fix a single-sorted algebraic signature ©; as before, we also denote the
induced polynomial functor by ®: Set — Set. Moreover, we fix a set S of states. We think of © as
the signature of a single-sorted stateful language such as Imp and of § as its set of variable stores.

(2) We continue to work with the functors
D: Set — Set, DX=Xx8+S,
B: Set’ — Set?, BX =X, BuX = P(Xu XS + Xy, +8).
(3) Moreover, we fix a countably infinite set of variables
V={x, |neN}U{y, | neN}
Definition 4.2. (1) A stateful SOS rule for an n-ary operator f € © is an expression of either form

X, s > ysi i€W) xj,5]s; (jeW)

(23)
f(x1,...,x),s > t,8
xS > Yinsi 1€W) xp,5]s; (jEW)
f(xg,...,x0),s L s
where W C {1,...,n},W:{1,...,n}\W,s,s’,s,~ €Sfori=1,...,nand t € 3*V is a term in the
variables x1, ..., x, and y; (i € W). The tuple (W, s, s1,...,s,) is the trigger of the rule.

(2) A stateful SOS specification is a set L of stateful SOS rules such that for each n-ary f € © and
eachW C{1,...,n},s,51,...,8, €S, there is a unique rule for f with trigger (W,s,sy,...,s,) in L.

(24)

Remark 4.3. Stateful SOS specifications are in a bijective correspondence with stateful SOS laws,
which are natural transformations of the form

Sx: O(X XxDX) xS — D(0*X) (X € Set).

Similar to a GSOS law, a stateful SOS law simply encodes the rules of its corresponding stateful
SOS specification into a natural family of functions; see Goncharov et al. [15] for more details.
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Notation 4.4. Unused premises can be dropped as expected: given an n-ary operator f and disjoint
subsets Wy, Wi C {1,....n}, the rule on the left below represents the set of all rules on the right
where W C {1,...,n} satisfies Wy C W and W; C W ands; € Sfori € {1,...,n}\ (W, U W).

xS = yisi (I€Wy) xj,s]s; (j€W) XS =y (1€W) xj,5]s;(j ew)

f(x1,...,xn),s > t,8 f(xy,...,xn),s = t,8

Note that ¢ is then a term in the variables xy, . . ., x, and y; for i € W, and that ¢ and s’ only depend
on s and s; for i € Wy U Wj. Analogously for rules of the form (24). The special case Wy = Wy = 0
corresponds to premise-free rules, where the behaviour of f is fully determined by the current state:

(25)

fxy,....xn),s = t,8 fxy,...oxn),s s
We say that an operator f is passive if all rules for f are premise-free. An active operator is one that
is not passive, i.e. its behaviour actually depends on the behaviour of some of its operands.

A stateful SOS specification completely and deterministically defines the behaviour of each closed
O-term f(ps, . .., pn) depending on the current state and the possible behaviours of its subterms p;
on that state. Its operational model is the coalgebra that runs ®-terms according to the rules:

Definition 4.5. (1) Every stateful SOS specification £ induces a GSOS law o £ of © over DS with
00X X (XxS+8)%) - (Z*X xS+8)°
defined as follows: given an n-ary f € ©, p1,...,pp € X, uy,...,up € (X XS +S)S, and s € S, put
W={ie{1,....,n} | u(s) e X xS}, (t,s1) = ui(s), ieW, sj =u;(s), jew.
Consider the unique rule in £ for f with trigger (W, s, sy, ..., sp). If the rule is given by (23), put
0% (F((pr.un). - (P tn)))(5) = (tLp1/X0s- s o X b [ Y i /Y3, ). S)
where W = {iy, ..., it} and —/— denotes substitution. If the rule is given by (24), put
ox (F((pr 1), (P, un)))(5) =

(2) The operational model of L is the operational model of the GSOS law 0%, denoted by

yE:po = (O xS +8)S. (26)
Example 4.6. The rules of Imp (Figure 1) form a stateful SOS specification £ for the signature ®
of Imp, modulo renaming of variables and dropping unused premises (Notation 4.4). For instance,
the rule for sequential composition shown on the left represents the rules on the right for all s; € S.

psls x,8 s x2,8 > Y282 x1,8 s Xg,5|s2
p;q.s—q,s X1;%X2,8 — X9, 8 X13%X2,8 — Xo, 8

The induced GSOS law o< is that of Example 2.16, and the operational model of £ is the coalgebra (1)
that runs Imp-terms according the rules of the language.

4.2 Reader-Writer Semantics for Stateful SOS

We will now generalize the transformation of Imp into Imp? to the level of stateful SOS specifications.
This requires a syntactic restriction of the rules:

Definition 4.7. A stateful SOS specification is cool if for every n-ary active operator f there exists
j € {1,...,n} (the receiving position of f) such that all rules for f are of one of the following forms:

’
xj,s — yj,S

(27)
fO1, o X1, Xy Xjuts -+, Xn), 8 = (X0, .0 Xm0, Yjy Xt -, Xp), 8
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xi,s]s xi,s]s
j j (28)
f(x1,...,xn),s > t,s" f(xg, .. xn),s L s”
where in (28) we have t € Z*({x1,...,x,} \ {x;}), and t and s”" depend only on s’ but not on s.

The cool format asserts that an active operator f runs its j-th subterm until termination and
then discards it, proceeding to a state derivable from the terminating state of the subterm. The
terminology alludes to the cool congruence formats for labelled transition systems by Bloom [11]
and van Glabbeek [46]. In particular, rules of type (27) are a stateful version of patience rules [46].

Example 4.8. The language Imp (Figure 1) is cool. Its only active operator is sequential composition
—; —, which is receiving in the first position.

Notation 4.9. For the remainder of this section, we fix a cool stateful SOS specification L over the

signature ©. We use the following notation for its passive and active operators:

o We let O, denote the set of n-ary passive operators. For f € ©p,,, ands € Sweputo(f,s) =t,s
or o(f,s) = s’ if £ contains the first or second rule (25), respectively.

e We let O, ; denote the set of n-ary active operators with receiving position j. For f € Ouctp,;
ands, s’ € S, we put o(f,s,s”) = t,5"" or o(f,s,s”) = s” if L contains the first or second rule (28).

The signature © extends to the two-sorted signature ¥ (with sorts r and w) containing the operators

e f:rX .- Xr — r(with n inputs) for every n-ary f € ©;

o firX---XrxXwXrx---Xr— w(with n inputs and w in the j-th position) for every f € O,c¢p ;.

e a constant ret;: w and unary operators [—]s: r — wand s.—: w — w for every s € S.

The signature ¥ corresponds to the polynomial functor ¥ : Set? — Set? given by
— _ j—1 n—j
»X=0X, and S, X=X, xS+ S +SxX, + ]_[n’j Ufeem,n,j X7 x X, x X"

———— S~ ~———
[l e 5. i

Elements of (pX), and (pX),, are called readers and writers, respectively. Note that
(uZ)r = p®.

For the case where © is the single-sorted signature of Imp, the induced X is the two-sorted

signature of Imp?. The refinement of the operational rules of Imp to the reader-writer rules of Imp?
(Figure 2) then generalizes to the present setting as follows:

Definition 4.10. We fix a new set of variables

V2={x, |neN}W{v, |ne N} W {w, | n e N}
with x, representing readers and v,, w, representing writers. (We use two types of writer variables
for convenience, so that writer transitions in premises of rules can be written as v; — w; or
v 5 w;.) The reader-writer extension L* of L is given by the operational rules of Figure 3. Its
operational model is the B-coalgebra

2

s = (E), P((E)w X S + (D) +)) (29)

that runs terms according to the above rules.
Analogous to the special case Imp?, the operational model of £? is actually deterministic (that is,

it can be identified with a By-coalgebra), and it forms the operational model of a GSOS law Q'EZ of ¥
over B that encodes the rules of £2. For the full definition of Q‘EZ, see [17, App. A]. As an alternative

to the present rule-based definition, it is also possible to construct the law QLZ diagrammatically
from o< using functorial strength.
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f€Opasn off,s) =t,s f € Opasn 0(f,5) =5
(f1) (f2)
f(xt,...,xn),s — s'.[t]s f(x1,...,%n),s — rety
fe ®act,n,j
- (f3)
flx1, .. %), xn),s = f(x, . [X]ss o oo xm)
f € Oactnj vj — Wj _ f€0Oucn; oflf,s,s’)=ts" ovjls _
- - (f1) - (f3)
f1, . 05 xn) = (X, Wy, X)) F(1 s 0y X)) — [t
f € Ouctnj ) N wj _ f€0Oqucn; off,s,s)=s" 0v;ls
— P (f2) - (f4)
fer, ., 0j o xn) = flx, .o, w)y, o, Xp) flxt, .., 05 .,x0) L s”
X1,S — U1
— (- —— (ret) — Y ()
[xl]s — U rets l S .01 — U

Fig. 3. Reader semantics of £2 (top) and writer semantics of £2 (bottom).

4.3 Compositionality of £? and £
We now derive compositionality of the reader-writer extension £? of £ with respect to trace, cost,

and termination semantics as an application of the general compositionality result for abstract
GSOS (Theorem 2.20). To this end, we instantiate the theorem to the AOS

O, = (3,3, B, By, QLZ, yLz, ffz) (* € {trc, cst, ter}),

with the relation liftings B, of B given by (17), (19), (20) and the weakenings ffz of the operational
model y£* given by (18), (19), (20). Recall that By -similarity on (4%, y£°, 7£°) is trace equivalence
(Proposition 3.5), Bcst-simﬂarity is cost equivalence (Proposition 3.7), and the relation Xier N Zter
(where X, denotes Bter-similarity) is termination equivalence (Proposition 3.10). Consequently:

Theorem 4.11 (Compositionality of £?). Trace equivalence, cost equivalence and termination equiv-
alence form congruences on the operational model of L.

To prove the theorem, we only need to show that the conditions of Theorem 2.20 hold. The
arguments are similar to the proof sketch of Theorem 3.11, with the coolness restriction on the
given stateful SOS specification £ being the key to the lax bialgebra condition.

Lastly, we show that congruence properties of the original language £ can be reduced to those
of £%. We denote the trace, cost, and termination maps on the operational models of £ and .£? by

tres: p® — (8*)%,
cstp: p® — (NxS+1)5,
terg: p® — (S+1)5,

trcpz: p¥ — ((S™)3,
cstpa: pS — (NXS+1)5,
terpo: puS — ((S+1)5, S+1).

Generalizing Theorem 3.12, the extension of £ to £? leaves the semantics unchanged:

Theorem 4.12. The trace, cost, and termination semantics for £ and L2 coincide:
trep = trcp,, cstp = cst'y, ter g = ter'y,.

From this theorem and the compositionality of £2, the following is immediate:
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Theorem 4.13 (Compositionality of L). Trace equivalence, cost equivalence and termination equiva-
lence are congruences on the operational model of L.

The congruence of trace and termination equivalence for cool stateful SOS specifications has
been shown previously by Goncharov et al. [15]. However, in contrast to the latter work, our
present approach uses abstract GSOS rather than ad hoc reasoning on the cool rule format, and is
based on the principled extension of £ to £2. In fact, our approach provides a deeper explanation
of why the cool format works: it gives rise to a lax bialgebra structure in the extended language £2.

5 Higher-Order Store

So far we have shown how to cover stateful languages with first-order store in abstract GSOS. We
shall now demonstrate that the reader-writer approach to the operational semantics of stateful
languages is also well-suited for more complex C-style and ML-style languages with higher-order
store, where programs cannot only store basic values like integers, but also (pointers to) other
programs. For that purpose, we introduce Ref?, a C-style, untyped imperative language with
function pointers that follows the reader-writer paradigm. The presence of higher-order store
yields semantics that correspond to higher-order abstract GSOS [16]. The inherent (bifunctorial)
coalgebraic notions of program equivalence are thus fundamentally of the higher-order variety;
we focus on one such notion, termination simulation, and employ the higher-order abstract GSOS
theory to build a sound proof method for the standard contextual equivalence of Ref?.

5.1 An Imperative Language with Higher-Order Store

The language Ref? is a basic, untyped imperative language with references and higher-order store,
following mainly Reus and Streicher [36], as well as Pierce [33]. Like Reus and Streicher, we work
without variable binding, e.g. A-abstractions, allowing us to focus on the core phenomena arising
from higher-order store. We outline in Section 5.5 how such additional features are incorporated.
We write Loc for the abstract set of locations and use the metavariable [ to denote a generic
location. Locations represent regions in memory that can be allocated. The expressions of Ref? are
generated by the grammar below (of course, more arithmetic operations may be added at wish):

Exseru=1l|n|le|ledr|eer (l€LlocneZ). (30)

The set S(X) of stores in Ref? is parameterized by a set X, which abstracts the set of readers being
stored, and is defined to be the set of partial maps

S(X) = Loc — V(X) where V(X)=Loc+Z+X.

Given s € S(X) we write s[I +— o] for the store that maps [ to v and otherwise equals s. The partial
evaluation of expressions is given by the map eevy: S(X) X Ex — V(X), natural in X, defined by

eevx(s,1) =1, eevx(s,n) =n,
eevx(s,le) =s(l) if eevx(s,e) =1,
eevx(s,e; ®ey) =n;+ny, if eevx(s,e) =ny
eevx(s,e; ©e) =n;—ny, if eevx(s,e) =n;.
According to the above, expressions may evaluate to either a location, an integer, or an element

of X. Stores are accessed by invoking the dereferencing operator ! on an expression that evaluates
to a valid location, meaning one in the domain of the store.
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Analogous to the language Imp?, the terms of Ref? are divided into two sorts, readers and writers,
and are inductively generated by the following grammar:

R>p,qu=skip|whileep|e=p|ifethenpelseq|p;q| &p | expre| procp (e € Ex)
Wosaci=e=c|c;q]| &e|s.cl|[pls]|retys | rets (s € S(R),v € V(R))

We highlight the important added features in comparison to Imp?. The reader &p first evaluates
p, then allocates a new region in memory containing the value of p and returns the location of
this region; proc p returns the reader p as a value; and expr e evaluates e, returning the result. The
behaviour of writers also changes as they no longer only return an output store, but potentially also
a value in V(R), that is, an integer, a location, or a reader term. Differences aside, Ref? is another
instance of the two-sorted reader-writer approach to stateful languages that was earlier exemplified
by Imp?. In particular, it also features writers [p]s, ret and s.c, and is implicitly an extension of a
single-sorted language Ref whose program terms correspond to the readers of Ref?.

The full operational semantics of Ref? are specified by the inductive rules in Figure 4. The rules
apply to stores s € S(R) and specify transitions of type p,s — ¢ where p € Rand ¢ € W (‘given an
input store s € S(R), the reader p continues as ¢’), and transitions ¢ — d / ¢ Sd/e Ls/cluos
where ¢,d € W and v € V(R). The first three types of writer transitions are as in Imp?, the last
one means ‘c terminates with value v and output store s’. The third rule for the allocation operator
& allows the choice of an arbitrary fresh location I, making writer transitions nondeterministic.
Reader transitions are (partial) deterministic: there might be no transition p, s — ¢ for given p and
s if expression evaluation fails or gives the wrong type of value, e.g. in the rule for while.

Example 5.1 (Landin’s knot). Landin’s knot [27] is a programming gadget to encode general
recursion into languages with higher-order store but without explicit recursion primitives. For
Ref?, which is an untyped language, Landin’s knot can be implemented via the simple pattern

I = proc p;expr!l,

where [ is a location and p is a reader that makes use of the expression expr !l. For instance, the
reader [ := proc(expr !I) ; expr !l diverges and the reader

1= proc(if I’ then q; 1" == expr(!l’ © 1) ;expr !l else skip) ; I’ = expr 10;expr !l
acts as an iterator. Parentheses have been added for readability.

5.2 Program Equivalence in Ref?

Our treatment of program equivalence on Ref? proceeds along the lines of termination equivalence
in Imp? (Section 3.4), adapted to higher-order stores. Let us first recall the standard program
equivalence for languages with higher-order store, which is contextual equivalence.

Notation 5.2. Forp € R, ¢,d € W, s € S(R) and v € V(R) we write

e ¢ = dand ¢ = d if there exist n > 0 and ¢ = o, - ..,Cn =d € W such that, for each i < n, either
Cj — Ciy1 O C; LN ciy1 for some s;1; € S(R);

e ¢ || u,s if there exists ¢’ € W such thatc = ¢’ | u,s;

e ¢ || s if there exists ¢’ € W such that c = ¢’ | s;

e ¢ |} if either ¢ || v, s for some v € V(R) and s € S(R), or ¢ || s for some s € S(R);

e p,s || if there exists ¢ € W such that p,s — c and ¢ |J.

Definition 5.3. Let ¥ be the two-sorted signature of Ref?.
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pigs = [plsiq proc p,s — retys &p,s — &[pls
eev,(e,s) =0
skip, s — ret; e=p,s—e=[pls while e p,s — ret;
eevr(e,s)=n n#0 eevr(e,s) =0
while e p,s — s.[p; while e p]s if e then p else g¢,s — s.[q]s
eevr(e,s)=n n#0 eevp(e,s) =v v € Loc+Z eevr(e,s) =p
if e then p else ¢, s — s.[p]s expre,s — rety expr e, s — s.[p]s
p,s > ¢
[pls — ¢ retys | 0,s rets | s se s ¢
c>d c—od clos ¢ dom(s)
&e s d &c — &d &c | Ls[l— 0]
c>d c—d clos cls
c;q = diq ¢ig = diq c;q = [qls ¢;q = lals
c>d c—d eevr(e,s) =1 cluo,s
e—c> e=d e=c—e=d e=c|s[l— 0]

Fig. 4. Reader semantics of Ref? (top) and writer semantics of Ref? (bottom).

(1) A context is a 2-term C in a single variable ‘-’ (its hole) that occurs at most once in C. For
s,t € {r,w} we write C;[:s] for a context C of output sort t with a hole of sort s. Moreover, C|t]
denotes the term obtained by substituting a term ¢ € R U W of suitable sort for the hole.
(2) Contextual equivalence =°** is the two-sorted equivalence relation on (R, W) defined by
o p =g if (i) VC,[].¥s.C[pl,s| & Clql,s| and (i) YC, [].C[p] | < Clq] I;
o c = ¢ if (i) VC/[-w].¥s.C[c],s| & C[d],s| and (ii) VCy[-w].C[c] | < C[d] .

A standard observation is that contextual equivalence can be characterized alternatively as the
greatest congruence relation on the set of programs that is adequate with respect to termination:

Definition 5.4. (1) A (Ref?)-congruence is a congruence on the initial algebra (R, W) for X, that is,
a two-sorted relation R = (R, € Rx R,R, € W x W) compatible with all constructors of Ref?.

(2) A two-sorted relation R = (R, € RX R, Ry, € W X W) is (termination-)adequate if

(a) forall p,q € Rands € S(R), if R/(p,q) then p,s | = q,s |;

(b) forall c,d € W, if Ry (c,d) thenc¢ | = d |.

Proposition 5.5. Contextual equivalence is the greatest adequate congruence.

It is worth mentioning that mere termination equivalence is no longer a suitable program
equivalence in Ref?, as it only relates programs that return strictly equal stores. This is too restrictive
in the higher-order setting: the returned stores may contain readers that should themselves be
related, but not necessarily be syntactically equal. However, to reason about contextual equivalence
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in an efficient manner, we use the same method as for Imp?, namely that of termination simulations,
which is a higher-order variant of the notion introduced in Definition 3.9.

Notation 5.6. For every relation R C X X X, we define the relation V(R) C V(X) X V(X) by
V(R) = Aroc UAZ UR,
and the relation S(R) € S(X) x S(X) by
S(R) = {(s1,52) | dom(s;) = dom(sz) A VI € dom(s1). V(R)(s1(1),s2(1))}-

Definition 5.7. A two-sorted relation R = (R, € RXR, Ry, € WX W) is a (higher-order) termination
simulation if the following conditions hold for all p,g € R, ¢,d € W, s € S(R) and v € V(R):

(1) fR,(p, q) and p, s — c then there exists d such that ¢,s — d and Ry (c, d).

(2) If Ry(c,d) and ¢ 2 ¢’ or ¢ — ¢, then there exists d’ such that d = d’ and Ry (c,d").
(3) If Ry (c,d) and c | s, then there exists s’ such thatd || s" and S(R,) (s, s").
(4) If Ry (c,d) and ¢ | v, s, then there exist v’, s” such that d || 0, s” and V(R,)(v,0") and S(R;)(s,s”).

Termination similarity, denoted by < = (=, 2y,), is the greatest termination simulation.

We denote the symmetrization of termination similarity by = = (5, =,,) = (2, N =, 2w N Zw)s
where >/, is the converse of <,/,. From the definition of similarity, we immediately obtain:

Proposition 5.8 (Adequacy). The relation = is adequate.

Remark 5.9. The stricter notion of termination equivalence is recovered by requiring d |} s and
d |} v, s in clauses (3) and (4) of Definition 5.7. Termination equivalence is included in =.

We give a few examples of termination-similar terms.

Example 5.10 (Skip-ing). For any reader p € R, one has skip ; p =, p because the two programs are
termination equivalent. The relation (T;, T,,) below and its converse are termination simulations:

T= AU {Gkipspp)l = AU g (Iskiplsip.co) (retsip.co) ([plco))
Example 5.11. For any location [, one has [ :=2;l =expr(l®2) =, [=2;1=expr(ll®!).

Example 5.12. Given a termination simulation (T}, T,,) and a location [, one can build a new
termination simulation (Qy, Qy) by setting

Qr =Ty U{(l = proc p,l =procq) | (p.q) € T},
Qw=Ty U UseS(R),(p,q)eT,{(l = [proc pls, I = [proc qls), (I = ret,, [ = retgs)}.

Hence, given any pair (p, q) € T, of related readers, [ = proc p <, [ = proc q.

Example 5.13 (Landin’s knot). Recall Landin’s knot from Example 5.1. We can see that
I = proc(expr !l);expr !l =, [:=proc(while 1 skip);expr !l

because both programs diverge on every input state.

The following theorem is our main technical result on Ref?, and is proved in Sections 5.3 and 5.4.
Theorem 5.14 (Compositionality). Termination similarity, hence also =, forms a congruence.

As an important corollary of Proposition 5.5, Proposition 5.8 and Theorem 5.14, we have thus
established two-way termination similarity as a sound proof method for contextual equivalence:

Corollary 5.15 (Soundness). If p =, q then p = q, and if ¢ =,, d then ¢ =S d.
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The presence of a higher-order store complicates the proof of Theorem 5.14, to the extent that
a standard, language-specific approach would likely require the development of a tailor-made
Kripke/step-indexed logical relation or a bisimulation-based method as in [25], tasks that are both
technically challenging and laborious. We will instead systematically derive the theorem using the
abstract theory of congruence provided by (higher-order) abstract GSOS.

5.3 Categorical Modelling of Ref”

As for Imp?, the syntax and operational semantics Ref? are modelled over the category Set?. The
syntax is given by the polynomial endofunctor % on Set? corresponding to the signature of Ref?:

Y(X)= 1 + ExxX, + ExxX, + X, xX, + ExXxX, xX, + Ex + X, + X ,

skip = while —- if-statement expr & proc

Sw(X) = X XxS(X,) + ExxX Xy + Xu XX, + Xy + S(X)) + V(X)) XxS(X,) + S(X;) X X, .
[ —— N—— N——— N—— N——
[-1- = - & ret ret_ _ -

The initial algebra for y¥ is formed by the two-sorted set (R, W) of readers and writers.

Recall that the dynamics of Imp? corresponds to a coalgebra (13). Here, from a coalgebraic
standpoint, the presence of a higher-order store turns the dynamics of Ref? into a higher-order
coalgebra [16], that is, a morphism of type C — B(C,C) where B: C°? x C — C is a bifunc-
tor of mixed variance. Specifically, the dynamic behaviour of Ref? is modelled by the bifunctor
B: (Set?)°P x Set? — Set? given as follows:

B(X,Y) = (Yo + D) and By (X,Y)=P((V(Y,) +1) x S(Y,) + Yo X (S(Y;) +1)).  (31)

We regard B as ordered by equality in the reader sort and by pointwise inclusion in the writer sort.
The transitions of Figure 4 then induce a higher-order B-coalgebra

y: (RW) = (W+DS® P((V(R) +1) x S(R) + W x (S(R) +1))) = B((R,W), (R,W)) (32)
where the reader component is given by y"(p)(s) = cif p,s — ¢ and y"(p)(s) = * if no such
transition exists, and the writer component is defined as follows for d € W, s € S(R) and v € V(R),

(d, %) [ (d,s) ] (%5) ] (v,s) eyV(c) c—>d/c—s> d/cls/cluos.

The operational rules of Ref? can be modelled using a higher-order version of the notion of

GSOS law. A (0-pointed) higher-order GSOS law [16] of : C — C over B: C°P X C — C is a family
oxy: S(XxB(X,Y)) > B(X,5*(X+Y))  (X,Y €C) (33)

of morphisms in C dinatural in X € C and natural in Y € C. For Ref? we consider the higher-order
GSOS law (33) of the syntax functor X of the language over the behaviour functor (31) that, as in
the first-order case, encodes the rules of the language. For instance, for each X € Set? the map

oxy: Zw(XXB(X,Y)) — PVEX+Y))+D)XSEF(X+Y)+I5 (X +Y) X (S(ZF(X+Y))+1))
encodes the behaviour of the allocation operator &: w — w as follows for ¢ € X,,, U € B,,(X, Y):
oxy(&(e.U)) = {(&d,s) | (d,s) e U U{&d | d € U} U{(L;s[l > 0]) | (v,5) € U AL ¢ dom(s)}.

See [17, App. A] for the full definition of the law for Ref?. The (di)naturality of the higher-order
GSOS law o results from the operational semantics being parametrically polymorphic w.r.t. the
choices of X and Y. In particular, it is polymorphic on the set of readers X, in S(X).

The definition of the operational model for first-order GSOS laws extends to the present higher-
order setting. Specifically, the operational model of o (33) is the higher-order coalgebra y: p> —
B(pZ, y¥) whose structure is the unique morphism making the diagram below commute:
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Z(pz) ’ Iy
(id, y)l Iy (34)
S X BuS. %)) — 222 B(us, S (5 + p15)) — eIV B, is)

In the case of Ref? this yields precisely the higher-order coalgebra (32) that runs program terms.

5.4 Program Equivalence in Ref? via Higher-Order Abstract GSOS

Similar to first-order abstract GSOS, a general theory of congruence of coalgebraic similarity is
available in higher-order abstract GSOS. We adapt the notion of AOS (Definition 2.17) in the base
category Set” (for a set T) as follows:

Definition 5.16. A higher abstract operational setting (HAOS) O = (Z,%, B, B,0,, J) is given by

e a polynomial functor 3: Set” — Set” with its canonical relation lifting 3;

e an ordered bifunctor (B, <): (Set’)°P x Set” — Set’ with a relation lifting B;
e a higher-order GSOS law g of X over B;

o the operational model (2, y) of o with a weakening y.

Here, a weakening y: p¥ — B(uZX, p¥) of the higher-order coalgebra y is meant to be one with
respect to the endofunctor B(u3, —): Set? — Set” and its lifting B(AHE, —): Rel(Set’) — Rel(Set”)
as in Definition 2.12. The compositionality theorem for first-order abstract GSOS (Theorem 2.20)
then generalizes accordingly, and is another special case of [43, Cor. VIIL7]. Its proof in op. cit. is
based on a categorical abstraction of Howe’s method [20, 21], a standard technique for establishing
congruence of (bi)similarity for higher-order languages.

Theorem 5.17 (Compositionality). Suppose that O = (3,3, B, B, 0,y 7) is a HAOS such that

(1) B is up-closed and satisfies Ap(x.y) € B(Ax,Ay) forall X, Y € Set! and
B(R,S) - B(Ax,T) CB(R,SeT) forallR>> X xX andS,T > Y X Y;
(2) o is liftable;
(3) (U=, 1,y) is a higher-order lax o-bialgebra.
Then the B(Aﬂz, —)-similarity relation on (i3, y, ) is a X-congruence on the initial algebra (uZ, ).
Here (2) means that for each R > X X X and S > Y x Y the map px.y is a relation morphism

from (R x B(R, S)) to B(R, ?(R +5)), and (3) means that the diagram (34) commutes laxly when
y is replaced with 7, that is, B(id, 7 - 2*V) - g,;5,5 - 2(id,7) < 7 - 1.

The compositionality of termination similarity in Ref? (Theorem 5.14) is an instance of the compo-
sitionality result for higher-order abstract GSOS: we apply Theorem 5.17 to O = (3,3, B, B, 0,1, §)
where o is the higher-order GSOS law for Ref?, the relation lifting B of B (31) is defined by

(B(R9))r = {(fi-91) | ¥s1,52- S(R) (s51,52) == fi(s1) = fols2) = % V Su(fi(s1), fals2))},
(B(RS))w = P((V(Sy) + Ap) X S(S;) + S X (S(S,) + Av)),

and y: (R, W) — B((R,W), (R, W)) is the weakening of y given by Notation 5.2:
V'=y" and pY(c)={d|c=>d}u{(ds)|c=d,s}U{s|ds}tU{(v,s)]|clvs}

Observe that B(A 43, —)-similarity on the operational model ((R, W), y,y) is termination similarity
(Definition 5.7). It is then a matter of routine calculations, following the definitions of the ingredients
of O, to verify that the conditions (1)-(3) of Theorem 5.17 hold. Once again, (2) boils down to
parametric polymorphism of the rules of Ref?, and (3) to the rules being sound for weak transitions.
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5.5 Towards Variable Binding and Higher-Order Features

The reader-writer approach to the operational semantics of stateful languages also applies to
higher-order languages that feature higher-order functions, variable binding and substitution. More
so, at first glance, this combination of reader-writer semantics with higher-order features seems to
be compatible with higher-order abstract GSOS (as its constituents demonstrably are). We shall now
briefly sketch the key ideas of a reader-writer, call-by-name, untyped A-calculus with higher-order
store (which we call A-Ref?) in higher-order abstract GSOS, by extending Ref? accordingly.

The reader syntax of A-Ref? extends that of Ref? by adding variables x, A-abstractions Ax.p and
applications p g. On the side of writers, we add “ongoing” applications, i.e. expressions of the form
¢ q. The operational semantics of the new constructs are as follows:

c—d c>d
pas=lplsa  cqa=da  cqldq  [Axpliq > [plg/xlls

The operational semantics of A-Ref? live in (Set™)?, the category of two-sorted (covariant)
presheaves over the category F of finite cardinals and functions (representing untyped variable
contexts). Modelling syntax for languages with variable binding in such presheaf categories is
standard, following Fiore et al. [14]. In this new setting, an object X € (Set™)? is a pair of presheaves
(X;, Xy,) in Set™. Specifically for A-Ref?, the object of terms would be (R, W) where R(n) and W (n)
are the sets of readers and writers in the variable context x4, ..., x,.

Implementing A-Ref? as a higher-order GSOS law requires modelling A-abstractions as functions
on readers. The behaviour corresponding to A-abstractions should thus be given by an exponential
YrXr (We omit some technical details of the behaviour, such as a reader-reader substitution structure
of terms [16]). The semantics of A-abstractions is given by a reader-labelled transition system, e.g.

PS5 q ¢ 5y
Mxp 2 pla/x] [ple 5 [qles  cq=> p/

In the above, Ax.p behaves as a function mapping a reader g to p[x/q]. Under this perspective,
which is standard in higher-order abstract GSOS [16, §5], f-reduction in A-Ref? is implemented in
terms of the two rules for resp. [—]; and application. The exact details of the above semantics, as
well as the development of a theory of compositionality for A-Ref? and similar languages via the
methods provided by higher-order abstract GSOS, are left as a prospect for future work.

6 Conclusion and Future Work

We have presented a systematic approach to the operational semantics of stateful languages, based
on the formal distinction between readers and writers. This approach is capable of tapping into
the powerful theory of (higher-order) abstract GSOS, refuting the accepted surmise that stateful
languages are not compatible with the framework. Taking advantage of this fact, we derive efficient
reasoning techniques for program equivalence for both first-order and higher-order store. The
extension to fully fledged higher-order languages as outlined in Section 5.5 is a natural next step.
Our approach notably does not treat the semantics of state in terms of the state monad, as is often
the case in works about program equivalence on the A-calculus with algebraic effects [13, 23, 35].
Even though the distinction between readers and writers alludes to the two components of the
state monad, it is currently unclear if there is some formal connection to the latter. However, it is
worth pointing out that the divergence of Abou-Saleh and Pattinson [2, 3] from the Turi-Plotkin
framework can be partly attributed to the non-commutativity of the state monad. Now, with a
satisfactory abstract GSOS based approach to state, revisiting abstract GSOS in Kleisli categories of
commutative monads, e.g. the power set monad for trace semantics, has become a possibility.
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