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Abstract. In epistemic logic, dynamic operators describe the evolution
of the knowledge of participating agents through communication, one of
the most basic forms of communication being public announcement. Semantically, dynamic operators correspond to transformations of the underlying model. While metatheoretic results on dynamic epistemic logic
so far are largely limited to the setting of Kripke models, there is evident
interest in extending its scope to non-relational modalities capturing,
e.g., uncertainty or collaboration. We develop a generic framework for
non-relational dynamic logic by adding dynamic operators to coalgebraic
logic. We discuss a range of examples and establish basic results including
bisimulation invariance, complexity, and a small model property.
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Introduction

Dynamic epistemic logics [5] are tools for reasoning about knowledge and belief
of agents in a setting where interaction is of crucial interest. These logics extend
epistemic logic (EL) [10] with dynamic operators, used to denote knowledgechanging actions. The most common of these is public announcement, first introduced in [17], which supports formulas of the form hφiψ stating that after
publicly (and faithfully) announcing that a certain fact φ holds (such as ‘agent
b does not know that agent a knows p’), ψ will hold (e.g. ‘agent b knows p’).
EL and its extension with public announcements (PAL) are typically interpreted on epistemic models, i.e. Kripke models where each accessibility relation
is an equivalence; the points of the model represent epistemic alternatives. Evaluating a formula hφiψ at a point c of an epistemic model I (notation c I hφiψ)
amounts to verifying that the announcement is faithful (i.e., c I φ) and that
ψ holds at c after removing from I all epistemic alternatives where φ does not
hold (notation c Iφ ψ). The term ‘dynamic’ refers precisely to the fact that
models are changed during evaluation in this way.
Dynamic operators are of independent interest outside an epistemic setting.
E.g., they occur as soon as one tries to express resiliency-related properties in
verification (cf. van Benthem’s sabotage logic [3] for an example); and they can
turn a logic-based database query language into one supporting hypothetical
queries (as in “return the aggregated sales we would have if we assumed that
December sales corresponded to March”).
Moreover, dynamic effects need not be restricted to a relational setting as
found in Kripke models. E.g., the notion of announcing that a formula ψ holds

has a natural analogue in probabilistic modal logic [12, 7] where announcements
have the effect of conditioning the current distribution, as discussed along with
other examples of dynamic actions in non-relational settings by Baltag [1].
Of course, dynamic operators are subject to the usual tension between expressive power and computational complexity. The extension of robustly decidable
modal languages with dynamic operators can quickly lead to undecidability (see
e.g. [13, 9]; also, the ↓-binder of hybrid logic can be seen as an example of a
dynamic operator, and in general leads to undecidability). On the other hand,
PAL is well-behaved: it is as expressive as EL but exponentially more succinct
with the same complexity (PSPACE-complete in the multi-agent case [14, 8]).
In this paper we study announcement operators in a broad sense for modal
logics beyond Kripke semantics. To deal with these at the appropriate level of
generality, we work in the setting of coalgebraic modal logic [15], which uniformly
covers a broad range of modal operators including, e.g., probabilistic, graded,
and game-theoretic modalities (Sect. 2). A coalgebraic announcement can then
be seen as the global application of a certain form of local transformation (contrasting with the global transformations considered in [1]).
A pervasive principle that transpires is that adding announcement operators
preserves invariance under bisimulation and hence does not add fundamentally
new expressive power; it may however be necessary to add new static modalities
in order to eliminate announcements. We deal with generic announcement operators at increasing levels of generality, starting with a very well-behaved class
of strong announcements that allow for a straightforward translation into the
modal base language without requiring additional modalities. These constitute a
particular type of deterministic update on models (i.e. certain transformation of
the behaviour functor); which are also extended to account for announcements
that are enriched with effects, such as non-determinism or uncertainty. As a
unifying notion, we arrive at backwards transformations (Sect. 4) which act on
predicates on the behaviour functor rather than the behaviour functor itself. We
refer to the overall framework as coalgebraic announcement logic (CAL).
Besides bisimulation invariance, our technical results on these logics include: i) an
equivalent translation of CAL into the modal base language, usually inducing
an exponential blowup; ii) satisfiability preserving polynomial reductions to the
base language for strong announcements, thus enabling the transfer of upper
complexity bounds; and iii) a constructive filtration argument that yields a small
model property independently of the presence of a master modality. The latter
contribution appears to be a novel observation even for the static case, and
substantially clarifies the original coalgebraic filtration construction [18].

2

Preliminaries

The framework of coalgebraic modal logics uniformly deals with a broad range
of modal operators and a variety of different structures. This is achieved by
recognizing the latter as instances of the concept of coalgebra. Given a functor
T : Set → Set, a T -coalgebra is a pair hX, γi consisting of a non-empty set of

states X and a transition map γ : X → T X. We often identify hX, γi with γ.
For x ∈ X, we shall refer to γ(x) as the T -description of x.
Example 1. Many structures that are well-known from theoretical computer
science or from modal logic admit a natural presentation as coalgebras.
(i) Kripke frames are coalgebras for the covariant powerset functor P. The map
γR : X → PX encodes a Kripke frame hW, Ri with γR (x) := {w | xRw}.
(ii) A Kripke model hW, R, V : P → PW i for a set P of propositions, corresponds to the K-coalgebra hW, γi where KW := PW ×PP. The structure is
recovered with γ(x) := (γR (x), V [ (x)) where V [ (x) = {p ∈ P | x ∈ V (p)}.
(iii) The neighbourhood functor is N := P̆ ◦ P̆, where P̆ is the contravariant
powerset functor.3 N -coalgebras are the neighbourhood frames of modal
logic [21], used in dynamic logics for reasoning about evidence and belief [6].
(iv) Let M be the subfunctor of N given by MX := {S ∈ N X |
S is upwards closed}. M-coalgebras are monotone neighbourhood frames.
(v) The discrete distribution functor Dω maps X to the set of discrete probability distributions over X. Dω -coalgebras are Markov chains. The subprobability functor Sω is similar but requires only that the measure of the
whole space is at most 1 (instead of equal to 1).
(vi) Similarly, the finite multiset functor Bω maps X to the set of functions
µ : X → N with finite support. Coalgebras for Bω are multigraphs, i.e.
N-weighted transition systems.
Coalgebras for a functor T form a category CoAlgT where morphisms f : γ → σ
between γ : X → T X and σ : Y → T Y are maps f : X → Y with σ ◦ f = T f ◦ γ.
For x ∈ X and y ∈ Y , we write (x, γ) ∼ (y, σ), read “x and y are behaviourally
equivalent”, if there exists a coalgebra ξ : Z → T Z with morphisms f : γ → ξ
and g : σ → ξ such that f (x) = g(y). Functors are assumed wlog. to preserve
injective maps [2] and to be non-trivial, in the sense that T X = ∅ implies X = ∅.
The syntax of coalgebraic modal logics is parametrized by a modal similarity
type Λ. The language CML(Λ) is then given by the grammar
φ ::= ⊥ | φ → φ | ♥k (φ1 , . . . φk )

(1)

where ♥k ∈ Λ is a modal operator of arity k ≥ 0. We shall use the usual Boolean
abbreviations ∧, ∨, etc. when convenient. Each modality ♥k ∈ Λ is interpreted as
a k-ary predicate lifting J♥k K, i.e., a natural transformation J♥k K : P̆ k →
˙ P̆ ◦T op .
The extension of φ in a coalgebra γ is given by J⊥Kγ = ∅, Jφ → ψKγ = (X \
JφKγ ) ∪ JψKγ and J♥k (φ1 , . . . φk )Kγ = {x | γ(x) ∈ J♥k KX (Jφ1 Kγ , . . . , Jφk Kγ )}. For
the sake of readability, we sometimes pretend that all modal operators are unary.
Example 2. Some predicate liftings for the functors of Example 1 are
(i) For P we get the usual diamond with J3KX (A) := {t ∈ PX | A ∩ t 6= ∅}.
The box is defined as J2KX (A) := {t ∈ PX | t ⊆ A}.
3

Formally, P̆ : Setop → Set with P̆X = 2X and, for f : X → Y , P̆f (A) = f −1 [A].

(ii) The diamond and box for K are obtained analogously. Propositions correspond to nullary liftings JpKX := {(s, C) ∈ KX | p ∈ C} for every p ∈ P.
(iii) For N and M, we have J2KX (A) := {s ∈ N X | A ∈ s}.
(iv) For Dω (and Sω ), the modalities Lp of probabilistic modal logic correspond
to the liftings JLp KX (A) := {µ ∈ Dω X | µ(A) ≥ p} for p ∈ Q ∩ [0, 1].
(v) The counting modalities 3k of graded modal logic are given as predicate
liftings for Bω with J3k KX (A) := {µ ∈ Bω X | µ(A) ≥ k} for k ∈ N.
It is well-known that CML(Λ) is invariant under behavioural equivalence; i.e., if
(x, γ) ∼ (y, σ) then x ∈ JφKγ iff y ∈ JφKσ , for all φ ∈ CML(Λ).
An operator ♥ ∈ Λ is monotone if A ⊆ B ⊆ X implies J♥KX A ⊆ J♥KX B.
For example, all operators of Example 2 are monotone except the one for N . We
say that Λ is separating [16] if t ∈ T X is uniquely determined by {(J♥K, A) ∈
Λ × P̆X | t ∈ J♥KX (A)}.

3

Strong Coalgebraic Announcements

Announcements (and, more generally, dynamic operators) are accounted for at
the syntactic level by extending CML(Λ) with a set Π of dynamic modalities
which we call the dynamic similarity type (as opposed to static modalities of the
static similarity type Λ). The syntax of CAL(Π, Λ) is obtained by extending the
grammar in (1) with the clause ∆φ1 φ2 for ∆ ∈ Π.
At this point, one may informally read ∆ψ φ as “after announcing ψ, φ holds”;
more generally, ∆ψ will represent an update operation on the model that is
parameterized by a formula ψ. The update affects every state of the model but
does so in a local way. That is, for each state x of γ, ∆ψ updates γ(x) in a way
that depends only on γ(x) and JψKγ .
Definition 3. An update is a natural transformation τ : T →
˙ (P̆ _ T ), where
P̆X
P̆ _ T is the Set-functor defined by (P̆ _ T )X := (T X)
and, for f : X → Y ,
by (P̆ _ T )f := λh : (T X)P̆X .(T f ◦ h ◦ P̆f ).
Intuitively, every component τX takes as input the extension of a formula and the
T -description of an element and returns an updated T -description. Naturality
says that T f (τX (t, P̆f A)) = τY (T f (t), A), for f : X → Y , t ∈ T X and A ⊆
Y . We interpret ∆ ∈ Π as an update J∆K, and extend the semantics with
the clause J∆ψ φKγ = JφKJ∆KX (JψKγ )◦γ — i.e., ∆ψ applies local changes to the
entire coalgebra γ. We often identify ∆ and J∆K. The basic example is public
announcement logic over unrestricted frames (as considered in [14]; which we call
standard PAL although it is not interpreted over epistemic models), for which
we take J∆K(S)(A) = A ∩ S and then rewrite an announcement hψiφ to ψ ∧ ∆ψ φ
— this induces essentially the standard semantics, since restricting all successors
to satisfy ψ is modally indistinguishable from restricting the whole model to ψ.
Example 4. On relational models, the update J!!K : P →
˙ (P̆ _ P) defined as
J!!KX (S)(A) := if A 6= ∅ then S ∩ A else S gives the total announcements

of [22]. That is, the announcement need not be truthful. If we think of A as the
extension of a formula φ then this transformation removes the successors not
satisfying φ. If an impossible formula is announced, it is ignored.
Example 5. For the functor Dω we can define an update τ : Dω →
˙ (P̆ _ Dω )
that has the effect of conditioning all probabilities to a given formula as
τX (µ)(A) := λx.if µ(A) > 0 then µ(x | A) else µ(x). As in [11], this update
simply ignores the announcement of impossible events (i.e. those with probability 0). We also write this update as µA := τ (µ)(A).
Example 6. For a simple example let T = Dω × PP model a probabilistic
network with propositions. Suppose that p ∈ P marks a possible path that we
are interested on, and that u ∈ P marks a problematic area in the network. The
formula ∆¬u L0.5 p says that “when area u is unreachable the agent will choose
our path with probability at least 0.5” when ∆ is interpreted as µ− .
For a more complex example, we can model the n-agent probabilistic epistemic models of [11] with T := P n × Dωn × PP. Their announcement corresponds to a transformation J∆K := hJ!!Kn , µn− i acting as !! on the epistemic components and as µ− on the probabilistic components. The formula
2a (∆pokera 2b La0.3 ¬pokerc ) expresses that player a knows that after announcing
he has a poker hand, player b will know that player a assigns a probability of at
least 0.3 to player c not having a poker hand.
It is clear that there is a resemblance between Examples 4 and 5: both updates
give rise to dynamic operators that restrict the successors of a node to the points
that satisfy certain formula. This connection can be made more precise, which
will allow us to discuss this type of announcements in a uniform way.
Definition 7. An update τ is called a strong announcement on Λ if
(a) the partial application τX (−, A) : T X → T X factors through the inclusion
iA : T A ,→ T X, for every A ⊆ X (intuitively, τX (−, A) : T X → T A); and
(b) τX (s, A) ∈ J♥KX (C) iff s ∈ J♥KX (C), for all s ∈ T X, C ⊆ A ⊆ X, ♥ ∈ Λ.
Condition (a) intuitively says that when ψ is announced, the resulting model
should be based on the states satisfying ψ, while (b) ensures that all states
satisfying ψ are retained. (Note that (b) is purely local and hence does not imply
that whenever φ → ψ is valid, then ∆ψ ♥φ ↔ ♥φ is valid; this fails already in
standard PAL.) In most cases, condition (b) is sufficient for naturality (so, for
instance, we are exempt from proving it in the examples below).
Proposition 8. A set-indexed family of maps τX : T X → (2X → T X) satisfying condition (b) of Definition 7 for a separating set Λ of predicate liftings is a
natural transformation T →
˙ (P̆ _ T ); i.e. it is an update.
Example 9. (i) In slight modification of Example 4, putting J!K(S)(A) :=
A ∩ S defines a strong announcement on {3} (but not on {2}); it induces
standard PAL. For the differences between J!K and J!!K see [14, 22].

(ii) Putting τ (µ)(A) := λx. if x ∈ A then µ(x) else 0 for µ ∈ Bω X defines
a strong announcement on Λ = {30 , 31 , . . . }. The case for the subdistribution functor Sω is similar.
(iii) For the neighbourhood functor N , putting τ (t)(A) := t ∩ PA defines a
strong announcement on Λ = {2}. The same definition (sic!) works for the
monotone neighbourhood functor M and Λ = {3}.
(iv) Probabilistic conditioning (cf. Example 5) is not a strong announcement.
These examples show that strong announcements occur in varying settings. For
monotone logics, they are actually uniquely determined.
Theorem 10. Let Λ consist of monotone operators. If τ is a strong announcement on Λ, then we have an adjunction T iA a τX (−, A) where the ordering on
T X is given by s ≤ t ⇐⇒ ∀♥ ∈ Λ, A ⊆ X. s ∈ J♥K(A) ⇒ t ∈ J♥K(A). In
particular, τ is uniquely determined.
This applies to all the updates of Example 9 except the one for N (since the
predicate lifting involved is not monotone). In PAL, the announcement operator
can be removed by means of well-known reduction laws [5, 14], and hence does
not add expressive power. This generalizes to strong announcements:
Theorem 11. Let ∆ be a strong announcement on Λ, and let ♥ ∈ Λ; then
∆ψ ♥φ ≡ ♥(ψ ∧ ∆ψ φ).
Remark 12. Theorem 11 can be used on duals of strong announcements, yielding, e.g., that in standard PAL, !ψ 2φ ≡ !ψ ¬3¬φ ≡ ¬!ψ 3¬φ ≡ 2(ψ →!ψ φ).
Corollary 13. Let Π be a set of strong announcements on Λ. For every φ ∈
CAL(Π, Λ) there is φ∗ ∈ CML(Λ) such that φ ≡ φ∗ . Hence, CAL(Π, Λ) is
invariant under behavioural equivalence.
In general, the translation induced by Theorem 11 (and commutation of announcements with Boolean operators) induces an exponential blowup. In Section 5 we will look at this in more detail, and show that one can obtain a
satisfiability-preserving polynomial translation in many cases.

4

Imperfect Announcements and Other Effects

The updates introduced in the previous section are all of a deterministic nature,
in the sense that points of a coalgebra are updated in a unique way. While this is
a sensible condition for many applications, one can also think of updates where
the outcome is, e.g. non-deterministic or governed by a probability distribution
(which are usually called effects in the context of programming languages).
Let us consider non-determinism for a moment. It seems reasonable to extend
the (deterministic) updates of Definition 3 to natural transformations of the form
T →
˙ (P̆ _ PT ) which return a set of possible T -descriptions to choose from. The
question is now how to interpret a formula such as ∆ψ φ in this setting. Notice

that there are at least two sensible readings: we could declare ∆ψ φ true at x in γ
if φ is true at x in all possible transformations of γ(x) (demonic interpretation);
or, alternatively, if φ is true at x in at least one of them (angelic interpretation).
This example shows that such a notion of non-deterministic update by itself does
not suffice; we will see that the missing behaviour can be specified by means of
predicate liftings.
In order to suitably generalize the deterministic updates of the previous section we involve a different notion of transformation that acts directly on the
involved predicates.
Definition 14. A regenerator is a natural transformation ρ : P̆ × P̆T →
˙ P̆T .
The arguments of a regenerator should be thought of as the extension of the
announced formula ψ and a predicate on T X of the form J♥KJφKγψ , where γψ
denotes an updated version of γ; the regenerator transforms this back into a
predicate on T X as seen from the original γ. We can now define the coalgebraic
logic of announcements with effects CAL◦ (Π, Λ), which syntactically coincides
with CAL(Π, Λ). In CAL◦ (Π, Λ), each ∆ ∈ Π is interpreted by a regenerator
J∆K◦ . The semantics of formulas requires not only a T -coalgebra hX, γi but also
a map ρ : 2T X → 2T X (the global regenerator ) that keeps track of the updates
applied so far. The extension J·K◦ρ,γ of formulas of CAL◦ (Π, Λ) is defined as usual
for Boolean connectives and by
J∆ψ φK◦ρ,γ = JφK◦J∆K◦ (JψK◦ρ,γ ,−)◦ρ,γ
X

J♥φK◦ρ,γ = (P̆γ ◦ ρ ◦ J♥KX )JφK◦ρ,γ .

When no ambiguity arises, we may write J·K instead of J·K◦ . We will also use JφKγ
instead of JφKιX ,γ where ι : P̆T X →
˙ P̆T is the identity.
The connection between regenerators and “updates with effects” as in the
non-deterministic update discussed above can now be made precise. The crucial
observation is that any natural transformation τ : T →
˙ (P̆ _ F T ) equipped
with a predicate lifting (for F ) λ : P̆ →
˙ P̆F induces the regenerator (for T )
ρτ,λ : P̆ × P̆T →
˙ P̆T defined by ρτ,λ
X (A, S) := P̆(τX (−)(A))[λT X (S)]. In fact,
CAL(Λ, Π) is just CAL◦ (Λ, Π) with F = Id and λ = id .
Example 15. The non-deterministic announcements discussed above correspond to taking F = P; the angelic interpretation is induced by λaX (t) := {s |
t ∩ s 6= ∅} and the demonic one by λdX (t) := {s | t ⊆ s} (i.e. J3K and J2K from
Example 2.i). Examples of other updates for various choices of T and τ are:
(i) Lossy announcements: take T = P and τX (S, A) := {S ∩ A, S}; this models
an announcement that can fail (leaving the set of successors unchanged).
If J∆K◦ is based on λd , then ∆ψ φ means that φ has to hold regardless of
whether the announcement of ψ succeeds or not. The angelic case is dual.
(ii) Controlled sabotage: again for T = P, but define τX (S, A) := {S \ A, S}. If
we think of A as a delicate area of a network, this transformation models
links that may fail every time we want to go through them.

(iii) Unstable (pseudo-)Markov chains: let T = Sω and, for each ε ∈ Q ∩ [0, 1],
ε
define a non-deterministic update τX
(µ, A) = {µ̃p | 0 ≤ p ≤ ε, µ̃p ∈ Sω X}
where µ̃p (x) := if x ∈ A then µ(x) + p else µ(x). This update nondeterministically augments the probability of each a ∈ A by at most ε.
Example 16. Taking F = Dω we get a probability distribution over the outcomes of an update. For p ∈ Q ∩ [0, 1] we can define λpX (A) := {µ | µ(A) ≥ p},
obtaining dynamic operators ∆p such that ∆pψ φ is true if the probability of the
effect of announcing ψ (in some unspecified way) making φ true is greater than
p. Note that the underlying coalgebra need not be probabilistic: in this example
the coalgebra type T is arbitrary and F only plays a role in the liftings.
Remark 17. One is tempted to think of non-deterministic or probabilistic updates as changing the coalgebra γ, non-deterministically or randomly, to a fixed
γ 0 . Although this is not accurate in that the choice is made again every time the
evaluation encounters a static modality, it becomes formally correct by restricting to tree-shaped coalgebras, i.e. those where the underlying Kripke frame is a
tree, which, in the light of Theorem 18 below, is without loss of generality since
every coalgebra is behaviourally equivalent to a tree-shaped one [19]. One still
needs to keep in mind, however, that the choice is made per state, e.g. a lossy
announcement may succeed in some states and fail in others.
We now show that even in the presence of effects, dynamic modalities can be
rewritten in terms of static modalities (albeit not necessarily of the base logic),
and hence coalgebraic announcement logic in the more general sense remains invariant under behavioural equivalence. The crucial observation is that composing
a predicate lifting and a regenerator yields a predicate lifting of a higher arity.
That is, given λ : P̆ n →
˙ P̆T and ρ : P̆ × P̆T →
˙ P̆T , we have that the composite
λ0X (A, B1 . . . Bn ) := ρX (A, λX (B1 . . . Bn )) is a predicate lifting λ0 : P̆ n+1 →
˙ P̆T .
Given a static modality ♥ and a dynamic modality ∆, we introduce a static
modality (∆·♥) interpreted by the composite of J∆K and J♥K in this sense; one
easily shows that
∆ψ ♥(φ1 , . . . , φn ) ≡ (∆·♥) (ψ, ∆ψ φ1 , . . . , ∆ψ φn ).
Iterating this, we obtain static modalities m for all strings m = ∆1 · · · ∆n ♥;
we denote the similarity type extending Λ by these modalities as CLΠ (Λ). We
say that Λ is closed for Π if for every m ∈ CLΠ (Λ), m (a1 , . . . , an ) (for propositional variables ai ) can be expressed as a polynomial-sized (in n) formula that
is a propositional combination of formulae ♥φ where φ is a propositional combination of the ai . Note that when Π consists of strong announcements on Λ,
then Λ is closed for Π.
Theorem 18. For all φ ∈ CAL◦ (Π, Λ) there is φ∗ ∈ CML(CLΠ (Λ)) s.t. φ ≡ φ∗ .
Hence, CAL◦ (Π, Λ) is invariant under behavioural equivalence.

5

Decidability and Complexity

We have shown in the previous sections that coalgebraic announcement logic
can be reduced to basic coalgebraic modal logic, albeit incurring an exponential
blow-up. For PAL, it is known that this blow-up is unavoidable [14, 8] and yet
its computational complexity is the same as that of the base logic. We now show
that under mild assumptions, the complexity result generalizes to the coalgebraic
setting. We consider two standard decision problems: i) the satisfiability problem
(SAT) “given a formula φ, decide if there is hX, γi such that JφKγ 6= ∅”; and
ii) the constrained satisfiability problem (CSAT) “given two formulas ψ and φ,
decide if there is hX, γi such that JφKγ 6= ∅ and JψKγ = X”, in which case we say
that φ is satisfiable with respect to ψ. In the terminology of description logic,
CSAT corresponds to reasoning with a general TBox (given by ψ). SAT is a
special case of CSAT but tends to have lower complexity.
Our results have different levels of generality. First we prove a small model
property which holds unconditionally. For the case that the static similarity
type Λ is closed for Π, we moreover provide a polynomial reduction of CSAT
to the base logic, which allows inheriting the complexity of CSAT for the latter,
typically EXPTIME. For a polynomial reduction of SAT to the base logic, we
need to assume that Λ contains a master modality, which then again allows
inheriting the complexity, typically PSPACE. We illustrate these methods for
the logic of probabilistic conditioning.
5.1

Constructive Filtrations and the Small Model Property

For Σ a set of formulas, a Σ-filtered model is understood as one whose states
are subsets of Σ and such that each state satisfies all the Σ-formulas it contains.
Hence, a Σ-filtered model has at most 2|Σ| states. We shall prove that every
satisfiable formula φ of CAL◦ (Λ, Π) is satisfied in some Σ-filtered model with
|Σ| = O(|φ|). In fact, we show how to derive a Σ-filtered models from any model
for φ, rather simplifying the construction given for CML(Λ) in [18].
In what follows, let Σ be a fixed set of CAL◦ (Λ, Π)-formulas, closed under
subformulas and negation (identifying ¬¬φ with φ as usual). Let HΣ ⊆ 2Σ be the
set of all maximal satisfiable subsets of Σ. For a given coalgebra γ : X → T X,
let fΣ : X → HΣ be the mapping fΣ (x) = {φ ∈ Σ | x ∈ JφKγ }. A coalgebra
γΣ : HΣ → T HΣ is said to be a Σ-filtration of γ whenever for all x ∈ X, there
exists y ∈ X such that fΣ (x) = fΣ (y) and γΣ (fΣ (x)) = T fΣ (γ(y)).
Intuitively, we take the quotient of X by satisfaction of formulas in Σ and
allow any of the members of the equivalence class to be the representative (each
choice of representatives induces a potentially different filtration).4
To state the filtration theorem we need to relate global regenerators based
on a coalgebra γ with global regenerators based on a Σ-filtration γΣ . So we say
that two maps ρX : 2T X → 2T X and ρHΣ : 2T HΣ → 2T HΣ are fΣ -synchronized
4

The simpler definition γΣ (fΣ (x)) = T fΣ (γ(x)) is not well-defined when fΣ is not
injective. Also, fΣ may not be a coalgebra morphism, even with Σ = CAL◦ (Λ, Π).

if ρX ◦ P̆T f = P̆T f ◦ ρHΣ (the naturality diagram for fΣ if ρ was a natural
transform). By induction over φ, one shows
Theorem 19. Let γΣ be a Σ-filtration of hX, γi. For all φ ∈ Σ, x ∈ X
and every pair of fΣ -synchronized ρX and ρHΣ , we have x ∈ JφKρX ,γ iff
fΣ (x) ∈ JφKρHΣ ,γΣ .
Observing that id 2T X and id 2T HΣ are fΣ -synchronized, we obtain
Corollary 20. CAL◦ (Λ, Π) has the small (exponential) model property.
It is easy to exploit the small model property to give an upper bound NEXPTIME for CSAT under mild additional conditions; in view of the results in the
next section, we refrain from spelling out details.
5.2

Polynomial Satisfiability-Preserving Translations

From Theorem 18 we already know that when Λ is closed for Π, then every
formula in CAL◦ (Λ, Π) is equivalent to one of CML(Λ), perhaps exponentially
larger. This implies that the complexity of the decision problems for CAL◦ (Λ, Π)
is at most one exponential higher than for CML(Λ). But one can do better. The
main observation is that, although the translated formula φ∗ may be of size
exponential in |φ|, it contains only polynomially many different subformulas.
Using essentially the same argument as in [14, Lemma 9], one can prove:
Theorem 21. Let Λ be closed for Π. Then CSAT for CAL◦ (Λ, Π) has the same
complexity as for CML(Λ).
The proof is by introducing propositional variables as abbreviations for subformulas, using the constraint. To deal with satisfiability in the absence of a
constraint, we need a master modality to make abbreviations work up to the
modal depth of the target formula. Coalgebraically, a master modality for Λ is
a static modality  such that > and φ → (♥ψ ↔ ♥(φ ∧ ψ)), for all ♥ ∈ Λ
and φ, ψ ∈ CML(Λ), are valid. In the presence of a master modality one can give
better bounds for SAT than those from Theorem 21.
Theorem 22. Let Λ be closed for Π, and contain a master modality. Then the
complexity of SAT for CAL◦ (Λ, Π) is the same as for CML(Λ).
Interestingly, master modalities abound: if T preserves inverse images then the
predicate lifting JKX (A) := T A induces a master modality. Preserving inverse
images is weaker than the frequent assumption of preservation of weak pullbacks.
E.g., in graded modal logic 21 := ¬31 ¬ is a master modality, and in probabilistic
modal logic L1 is a master modality. Having observed that Λ is closed for strong
announcements on Λ, we note explicitly
Theorem 23. If Π consists of strong announcements on Λ, then CSAT for
CAL(Λ, Π) has the same complexity as for CML(Λ); the same holds for SAT if
Λ contains a master modality.

In particular, we regain the known complexity of standard PAL, and we obtain,
as new results, PSPACE and EXPTIME as the complexity of SAT and CSAT,
respectively, for graded modal logic with the strong announcement operator
(Example 9), as well as, e.g., NP as the complexity of neighbourhood logic and
monotone modal logic with strong announcement.
5.3

Case Study: Conditionings in Probabilistic Logic

We now turn the attention to a logic where a master modality is available but the
announcements that we are interested in are not strong: the logic of probabilistic
conditioning (cf. Examples 5 and 9), the latter denoted ∆, with L1 being the
master modality.
First, we observe that the static similarity type Λ = {Lp | p ∈ Q∩[0, 1]} likely
fails to be closed for {∆}. To see this, we first move to an extended modal language with linear inequalities over probabilities of formulas φ, the latter denoted
`(φ) for ‘likelihood’ (i.e. essentially the probabilistic part of the logic introduced
in [7]). In this notation, we have
∆ψ Lp φ ≡ (`(ψ) = 0 → `(∆ψ φ) ≥ 0) ∧ `(ψ ∧ ∆ψ φ) ≥ p · `(ψ)

(2)

where the first conjunct takes care of the exceptional case of impossible announcements. It seems unlikely that one could express the right-hand-side of (2)
with a finite formula using only the operators Lp . However, we can extend Λ to
a closed similarity type. A very conservative solution is to let Lp (φ | ψ) be a
binary modal operator abbreviating `(φ ∧ ψ) ≥ p · `(ψ); then
∆ψ Lp (φ | χ) ≡ (L1 (¬ψ | >) → Lp (∆ψ φ | χ)) ∧ Lp (∆ψ φ | χ ∧ ψ),
i.e. the Lp (−, −) are closed for {∆}. More generally, one mayP
verify that the
n
full language of linear inequalities (with n-ary modal operators i=1 ai `( i ) ≥
b for all n ≥ 0 and a1 , . . . , an , b ∈ Q) is closed. SAT for the modal logic of
linear inequalities over probabilities is known to be in PSPACE [7], hence the
complexity of SAT for the above logics of probabilistic conditioning is PSPACE.

6

Conclusions

We have introduced the framework of coalgebraic announcement logics and seen
that it transfers to a setting of richer structures and general effects many nice
properties enjoyed by (relational) public announcement logics. Our work fits in
the spirit of [1], which also studies dynamic epistemic operators on a coalgebraic
setting; although with a rather different perspective and a completely different
technical machinery. That framework gains much generality from defining updates as natural transformations in CoAlgT instead of Set. Giving up locality
in this way (for now updates can look at the whole coalgebra structure) has
its consequences: one loses small (or even finite) model properties, general decidability results, etc. The framework of [4] avoids explicit updates of models

but otherwise has a comparable level of generality, with similar advantages and
drawbacks. We expect that all coalgebraic announcement logics can be shown
to be expressible in those frameworks.
It is only a slight simplification to claim that all coalgebraic results are compositional. One can reduce the study of composite functors to that of multi-sorted
functors and almost all coalgebraic results extend straightforwardly from the
single-sorted to the multi-sorted one at the expense of no more than additional
indexes in the notation [20]. Applying this mechanism to the case of coalgebraic announcement logics requires some concentration (e.g. one needs to realize
that regenerators apply to multi-sorted predicates) but does not pose any essential problems. Effectively, this means that all our results — invariance under
behavioural equivalence, complexity analysis and the small model property —
carry over to (complex) composite settings, such as a probabilistic logic about
beliefs in a multi-agent system with group announcement operators that communicate facts only to selected agents by probabilistic conditioning.
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