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Abstract

We describe computational models, notably Turing and counter
machines, as state transition systems with side effects. Side effects
are expressed via an algebraic signature and interpreted over co-
models for that signature: comodels describe the memory model
while the transition system captures the control structure. Equa-
tional reasoning over comodels is known to be subtle. We iden-
tify a criterion on equational theories and classes of comodels that
guarantees completeness, over the given class of comodels, of the
standard equational calculus, and show that this criterion is sat-
isfied in our leading examples. Based on a complete equational
axiomatization of the memory (co)model, we then give a com-
plete inductive-coinductive calculus for simulation between states,
where a state simulates another if it has at least the same terminat-
ing computations, with the same cumulative effect on global state.
Extensional equivalence of computations can then be expressed as
mutual simulation. The crucial use of coinduction is to deal with
non-termination of the simulated computation where the coinduc-
tive rule permits infinite unfolding.

Categories and Subject Descriptors F.1.1 [Computation by Ab-
stract Devices]: Models of Computation—Bounded-action de-
vices; F.3.1 [Logics and Meanings of Programs]: Specifying and
Verifying and Reasoning about Programs—Logics of programs

Keywords Models of computation, comodels, algebraic theories,
non-wellfounded proofs, program equivalence

1. Introduction

Most state-based models of computation split the state into two
components: a finite-state part associated with a control unit, and
an infinite-state part thought of as modelling the memory. Turing
machines, random access machines, and counter machines all fol-
low this pattern, with the infinite memory modelled as one or more
infinite tapes; as infinitely many registers each storing a natural
number; and as a finite number of counters each storing a natural
number, respectively. This paper provides a generic framework for
reasoning about program equivalence in such computational mod-
els, and capitalizes on the distinction between control and memory.
To our best knowledge, equational calculi for program equivalence
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have not previously been studied even for basic and widely used
models such as Turing machines.

The first step in this program is to unify the various notions
of memory model. We use the, by now fairly established [1, 13, 15,
16, 18, 17], device of modelling side effects as algebraic operations
that are interpreted in so-called comodels. These are models C' of
algebraic theories in Set’”, the dual of the category of sets, and
thus interpret n-ary algebraic operations as maps of the type

C->n-C

where n-C denotes the n-fold co-product of C'. The intuition is that
operations may change the state, i.e. produce a new state in C', and
at the same time branch to one of n alternatives. E.g. the theory
of Turing machines over a binary alphabet {0, 1} will include a
binary operation rd for reading from the current tape position and
a unary operation | for moving the head to the left, and the term
rd(I(z),1(I(z))) will describe a computation that, depending on
whether the current tape symbol is O or 1, will move the head one
or two cells to the left, in both cases ending up in a yet unspecified
control state currently named x. In contrast to standard universal
algebra, the evaluation order of terms is from left to right, following
the definition of term interpretation over comodels.

The equations of the theory then specify the behaviour of the
memory model, prescribing, e.g., that reading from a cell that has
just been written will produce the value written to the cell. A well-
known problem with equational reasoning over comodels is that
standard equational deduction in general fails to be complete over
comodels. For example, the commutativity axiom z +y = y + x is
inconsistent over comodels, in the sense that it forces validity of all
equations. In earlier work [14], we have given an extended equa-
tional deduction system incorporating non-standard rules that en-
sures completeness over comodels for unrestricted equational theo-
ries. Here, we complement this result with a criterion on equational
theories and their intended classes of comodels that ensures com-
pleteness of the standard system, without additional rules. Roughly
speaking, the criterion demands that the theory has enough write
operations and is readily verified in our running examples, viz, Tur-
ing machines and counter machines.

Given an algebraic signature X describing the operations of
the memory model, computational models, i.e. state machines that
manipulate memory, then arise as coalgebras

X > To(X +1)

where 1 = {halt} signifies termination, and 7% (X + 1) is the set of
Y-terms over variables X + 1. We think of the states in X as labels,
to each of which the coalgebra associates a command, possibly
branching, that may cause a side effect and then branch to a new
label or terminate successfully. The interpretation of ¥ is given by
a comodel C, which determines a transformation of T (X +1) into
the state monad for C', and hence an operational semantics for the
language.



To reason about program equivalence formally, we define a sys-
tem that axiomatizes simulation of control states, where a control
state = simulates a control state y if whenever y terminates from
some memory state then x does as well, with the same final mem-
ory state. Two states are equivalent iff they simulate each other.
Our system is based on a complete equational axiomatization of
the memory model developed in the first step, and incorporates in-
ductive and coinductive rules, where inductive rules can only be ap-
plied in a well-founded manner while coinductive rules can be ap-
plied indefinitely, accounting for non-termination of the simulated
program. We prove soundness and completeness of the deduction
system, and obtain a generic complete coinductive verification sys-
tem for program equivalence in state-based computational models.

Related Work Work on the coalgebraic Chomsky hierarchy [7]
uses a similar type functor for coalgebras, geared towards automata
instead of machines. Specifically, a T-automaton for a monad 7' is
defined to be a coalgebra for B x T4 where B is the output alphabet
and A the input alphabet. So far, work on T-automata is focussed
on expressivity rather than on formal reasoning, as we pursue here.
As far as we are aware, existing research on the equational logic of
program equivalence has focussed mostly on abstracted formalisms
rather than Turing complete computational models, such as Kleene
algebra with tests [11] and the metalanguage of control and effects,
a combination of Kleene algebra with Moggi’s computational met-
alanguage [8]. On the side of functional computational models such
as the A\-calculus, equational reasoning is more established, and of-
ten employs bisimulation-style methods (e.g. [2]).

Regarding research on comodels, we have already mentioned
[18] where the theory of arrays is developed in terms of comod-
els, and the use of comodels in the semantics of programming
languages [16, 17, 1]. None of these papers is concerned with ax-
iomatic semantics, i.e. the equational logic of comodels. This has
been addressed in [14] where we give a generic sound and com-
plete calculus for equality over comodels for unrestricted algebraic
theories. This calculus includes non-standard rules that are specific
to comodels, while we use standard equational reasoning in this pa-
per, and completeness hinges on additional properties of the alge-
braic theory. The model/comodel duality is investigated in [10, 9]
on the basis of clones and establishes, in our terminology, a dual
equivalence between categories of comodels and certain topologi-
cal spaces, but does not investigate the logical aspects.

Non-wellfounded calculi have been used in [5, 4] to formal-
ize arguments by infinite descent for inductive definitions where
proofs are finite, possibly cyclic graphs subject to an external well-
formedness condition. Our soundness proof can be cast as an in-
stance of the generic soundness criterion (without becoming much
shorter) while there appears to be no generic completeness re-
sult. In fact, such a result would necessarily need to admit gen-
eral non-wellfounded proofs instead of finite cyclic proofs, as sim-
ple computability arguments show that our system becomes incom-
plete when restricted to finite cyclic proofs. Infinite equational de-
ductions appear in the framework of infinitary equational reason-
ing [6], which focuses on equality of infinite computations with
different objectives, and e.g. does not identify all non-terminating
computations as we do. Some details of our soundness proof ex-
hibit phenomena that bear a resemblence to step-indexed logical
relations [3] (Remark 7.8).

2. Preliminaries and Notation

Universal Algebra. We use standard notions from universal alge-
bra such as signatures, equations, and terms, and write 7% (X') for
the set of terms built from function symbols in 3 and variables
in X. If £ is a set of Y-equations, we write £ + s = tif s = ¢ is
derivable from £ in equational logic. To make terms more readable,

we use dot-notation and write f.t instead of f(¢) if f is a unary
function symbol, similarly for unary terms. The n-fold copower of
Aisn-A = A+---+ A (the n-fold coproduct), and in general
V-A =%, Adenotes the V-fold copower of an object A. We
write inj, : A — V - A for the v-th coproduct injection, v € V. In
the category of sets, copowers are isomorphic to cartesian products,
iee A-BzAxB.

Comodels. A comodel for a signature X is a pair (C, (-))) where
C is a set (of states) and (f) : C - n - C for n-ary f € X.
Intuitively, every n-ary function symbol is interpreted as an n-
way case distrinction C — n - C' that may additionally change
the state. A morphism of comodels ¢ : (C,(-)c¢) — (D, (-)p)
is a function ¢ : C' — D on the underlying sets that satisfies
[, 0] o (f)c = (f)p o ¢ forall f e X,

Given a comodel (C, (-))), the interpretation (t) : C > X - C
of aterm ¢ € T (X)) over C is defined inductively by

(=) = inj,
(f (s ta)) = [QEaDs - (D] o (f)

where [...] denotes co-tupling. A comodel (C, (-))) satisfies an
equation s = ¢, in symbols C' = s = ¢, if (s) = (¢), and a comodel
state ¢ € C satisfies s = t, written C,c & s = t, if (s)(c) = (t) (¢).
We write C' = £ if C' = s = t for all equations s = ¢ € £, and then
call C a X, E-comodel.

It is easy to see that comodels without equations, i.e. 3, @-
comodels, are in 1-1 correspondence with coalgebras for the func-
tor Fe X = [[;cpar(f) - X; cf. Lemma 4.4. In the literature, co-
models are usually introduced as models of a Lawvere theory in the
category Set?, the dual of the category of sets and maps. Here, we
use comodels for a signature and equations, as this gives us con-
crete syntax on which we base the calculi that we will introduce
later. Our notion of X, £-comodel is straightforwardly equivalent
with comodels for the Lawvere theory generated by X and £. As a
consequence, equational reasoning is sound over comodels:

Lemma 2.1. Let C be a X, E-comodel. Then C = s = t whenever
Ers=t.

On the other hand, as pointed out by Plotkin and Power [16],
equational reasoning is not in general complete over comodels:

Remark 2.2. If 3 contains a nullary function symbol f and C'is a
Y-comodel, then C' = g as (f) : C - 0-C =g, hence C = s =1
for all terms s, ¢ € T (X) but of course not in general £ + s = ¢ for
all terms s, ¢ € Tx(X). Disallowing nullary function symbols does
not remedy this situation: every comodel C' for a theory £ with a
commutative binary operator will similarly satisfy C' = @, so that
& semantically entails all equations over comodels. To see this, let
C,cE f(z,y) = f(y,z) for distinct variables z, y, and w.l.o.g. let
(F(@9))(e) = ini, (); then (f(y,z))(c) = inj,(c') and hence
inj, (") = inj, ('), contradicting = # y.

One of the contributions of this paper is a criterion that guarantees
completeness of equational logic interpreted over comodels.

3. Examples: Turing Machines and Counter
Machines

Many models of computation comprise a notion of global state,
such as tape content or counter values. We model global state as
comodels for a signature that describes how it can be manipulated,
constrained by equations. Our running examples are comodels for
Turing and counter machines.

Definition 3.1. Fix an alphabet A = {a1,...,an}. The signature
of Turing comodels with tape alphabet A is X1 = {I/1,r/1,rd/n}u
{wrq/1 | a € A} with arities as indicated. The operations | and r



move the head to the left/right, respectively, rd is an n-fold case
distinction depending on the symbol currently under the head, and
wr, writes the symbol a onto the tape. The presentation of the
equational theory of Turing machines makes use of the following
derived operations. For z € Z, we write m* = r* if z > 0 and
m* = |77 if z < 0 for the derived operation that moves the head
z cells to the right (if z is positive) or —z cells to the left (if z
is negative). The operation wr>, = m?®.wr,.m™~ writes a symbol
a € A to the cell that is z cells to the right of the head. Finally,
rd*(to,...,tn) =m*.rd(m *.to,...,m *.t, ) branches according
to the symbol z cells to the right of the head without changing
the head position. The equational theory &t of Turing comodels
is given by the following equations, where the mnemonics c and a
stand for commute and absorb, respectively.
(m/m/a) mY.m*.z=m"".x
(m/wr/c) m*wrlz=wri".m*.z
(m/rd/c) m*ad?(z1,...,2,) = rd’ P (M°.21,...,m".2,)
(wr/wr/c) wr}.wry.x =wry.wr,.x

(wr/wr/a) wrj.wrp.z = wrg.x

(wr/rd/a) wrg, .rd*(21,...,%n) = Wr, .z

(wr/rd/c) wri.rdY(z1,...,2n) =rd¥(wrl .21, ..., wrs.zy)
(rdfa) rd*(z,...,z) ==

(rdfwrfa) rd*(wri, .@1,...,wrg, @n) =rd*(z1,...,2n)

where y # z are distinct in (wr/wr/c) and (wr/rd/c). We refer to
Y1, Er-comodels as Turing comodels.

Using the signature >t of Turing comodels, the transition function
of a deterministic (standard) Turing machine with state set X can
be expressed as coalgebra o : X — T5(X + 1) where 1 = {halt}
indicates termination and o () are tape operations to be performed
in state z € X.

The following is an example of a concretely given Turing co-
model, in fact the final comodel.

Lemma 3.2. Let F = Z — A be the set of functions from the
integers to the (fixed) alphabet A. We interpret f € F as a config-
uration of a two-way infinite Turing tape, with head at position 0
and tape content, z cells to the right of the head, given by f(z).
(We use z cells to the right synonymously with —z cells to the left.)
We equip F with a X1-comodel structure by means of the following
operations:

(D(s)(n) =s(n-1) (wra)(s)(0) = a
(D (s)(n) =s(n+1) (wra)(s)(m) = s(m)

(rd)(s) = inj,

where s(0) = a; in the last clause and m # 0. Then (F,(-))
satisfies the equations Et so that (F,(-)) is a Turing comodel.
Moreover, (F, () is the final Turing comodel.

Proof. It is routine to check that (F,(-)) satisfies all equations
in &r. We show that it is the final Turing comodel. Suppose that
(C, (-)c) is a Turing comodel. Consider the function

hd: C — X given by hd = [ko, ..., kn-1] o (rd)c

where k; : C — X is the constant function k;(x) = a,. Intuitively,
hd computes the symbol under the head of a Turing machine.
Define a function

u:C = Fbyu(c)(z) =hdo (m*)c(c).

It is easy to see that w is a morphism of comodels, and indeed the
only one. O

Our second main example are counter machines in the style of
Minsky [12], extended with operations that clear counters.

Definition 3.3. We assume a fixed number c of counters. The
signature of counter machines is X¢ = U{clr,/1,inc,/1,jd,,/2 |
1 < m < c} with arities as indicated. The operation clr,, clears the
n-th counter by replacing its content with 0; inc,, increments the n-
th counter; and jd,, branches to its first argument if the n-th counter
is zero, and otherwise decrements the n-th counter and branches to
its second argument. The algebraic theory £c of counter machines
comprises the following equations, with mnemonics a, ¢ as above.

(inc/inc/c)  iNCn.iNCrm.2 = INCypn.iNCp.T
(inc/clr/a) incp.clrp.x =clry.x
(inc/clr/c) incn.clrm.z = clrm.incy,.x

(inc/jd/a) incn.jd,(z,y) =y

(m#n)

(inc/jd/c) incn.jd,,(x,y) =jd,, (inch.x,inch.y) (n+m)
(cIrfclr/c) clrp.clrm.x = clrp.clrp.x

(cIrfclr/a)  clrp.clrp.z =clrp.x

(cIrfjd/a) clrp.jd, (z,y) =clrp.x

(cIr/jd/c) clrn.jd,, (z,y) = jd,, (clrp.z, clry.y) (n+m)

(dfclrfa) id, (cltn.,y) = d(z,y)
(jd/clr/inc) jd, (clrp.z,inch.z) =z

and 1 <7 <c. A ¢, Ec-comodel is called a counter comodel.

As for Turing machines, we have a final counter comodel. It devi-
ates slightly from the standard comodel in that it allows for infinite
numbers to be stored in (uninitialized) counters; see Remark 7.16
on how verification over the standard comodel is encoded into ver-
ification over the final one.

Lemma 34. Let C = {(ni)ici<c | ni € N U {co}} be the
set of c-tuples of extended natural numbers. We equip C' with a
Y.c-comodel structure by means of the following operations where
co+1l=00=00-1.

(clri)(s1,---,8¢) = (81,---,8i-1,0, Si+1, ... Sc)
(inci) (s1y---58c) = (815, 8i—1,8i + 1, 8ix1, .-, 8c)
lid; (s1,.--580)) =injo(s1,---,8c) ifs;i =0
lid; (s1,. .-y 80)) =inj (81, ., 8i-1,8 — 1,
Sitly--sSc) ifs; >0

Then (C, (-) is a counter comodel, that is, satisfies all equations
in Ec, and is in fact the final counter comodel.

Proof. It is easy to see that C satisfies all equations in Ec. To see
that C' is final, let (D, (-)p) be a counter comodel. Consider the
constant functions n,z : D — {0,*} given by n(-) = * and
z(-) = 0sothat [z,n] : D+ D — {0, *} maps elements of the
left component of D + D to 0 and elements of the right to *. For
1<i<clet

fo=Tlznlo(id)p  far=[zfa]oGddp
so that f(d) = 0 if and only if (jd;)(d) delivers a value in the
left component of D + D that we interpret as the i-th counter of D
having reached zero. Iterating jd,, we have f;, = 0 if the ¢-th counter
decrements to 0 in n or fewer steps. This allows us to define
wi: D > NU{oo},ui(d) =min{n e N | f(d) = 0}
where min @ = co. Combining the u; gives a comodel morphism

u={(ut,...,uc): D—>C



and one shows that this is indeed the only possible one. O

As for Turing machines, we can express any counter machine in the
standard sense as a coalgebra X — T (X + 1) for a finite set X
of states: a counter machine program O : i9; 1 : 215 ...7n : 1, with
line numbers O, . .., n and instruction ¢; € {inc,clr, jd, halt} is the
evident transition system {0,...,n} - Tx.({0,...,n} u {halt})
so that general counter machines are coalgebras X — T (X +1).

The main goal of our paper is to define the operational seman-
tics of machine models that arise in this form with the aid of co-
models, and then give a sound and complete logical description of
extensional equality of computations.

4. Final Comodels and Their Topology

Both algebraic theories presented in the previous section did per-
mit a final comodel. It is known that this holds in general [17],
and we show that in addition, this final comodel is topologically
compact, and its operations are continuous functions. Compact-
ness will be crucial for completeness of the calculus for comodel-
based machines, as it provides a semantic handle on termination.
For the whole section, we fix a finite signature X and a set £ of
3-equations.

We first note that validity of equations can be enforced by re-
stricting to those comodel states that satify all derivable equations.

Lemma 4.1. Let C be a X-comodel and let Ce = {ce C | C,cE
s = tforall s,t with &+ s =1t}. Then Cg is a sub-comodel of C
and a %, E-comodel.

Proof. We show that C¢ is a sub-comodel. Let ¢ € Cg and
f € T with (f)c(c) = inj;(c). We need to show that ¢’ €
Ce. So let £ + s = t. By congruence, £ + f(s,...,s) =
f(t,...,t) so that ¢ E f(s,...,s) = f(t,...,t). Then
IsD(c) = LoDy (s)] o ing, () = [(sD, > sb] o ()(c) =
(50 D) = (f(Er-, () = [, (] o (F)(e) =
LD, -, (@] oinj, () = (¢ [)(c)sothatc E s—t.Itisclearby
construction that C'¢ is a 33, £-comodel. O

Moreover, the image of a comodel morphism is always a sub-
comodel.

Lemma 4.2. Let f : C' — D be a morphism of ¥-comodels, with
Ca¥,E-comodel. Then I(f) = {f(c) | ce C}isa X, E-comodel.

We now show that 32, £-comodels always exist, and can be carved
out of a suitable final coalgebra. This final coalgebra always exists
in our setup:

Lemma 4.3. [19] Let the category C have and the functor F :
C — C preserve inverse limits of w-cochains. Then the final F-
coalgebrais (Z, () where Z is the limit of the sequence (F™1)neN
in Set with connecting maps fo =!: F1 - 1 and f™' = F f,,, and
C is the unique map satisfying Frn,( = Tp+1 where mp, : Z - F"1
are the limit projections.

As indicated above, we obtain from X a functor Fx on Set by
FsX = Tljesar(f) - X; we denote the projections FuX —
ar(f) - X by 7. In the same way, we define the functor F; on
the category Top of topological spaces and continuous maps. We
record formally that F;-coalgebras are essentially 3-comodels:

Lemma4.4. The categories of Fx-coalgebras and ¥-comodels are
isomorphic via the functor that sends an Fx-coalgebra (C,v) to
the comodel on C with structure given by (f) = ms o ~.

Both Fy; and Fy; are isomorphic to products of a constant functor
(for T ;s ar(f), equipped with the discrete topology in the case

of Fy) and a power functor (-)* (where k& = |X|), and hence

preserve all limits. The final coalgebras of Fx: and F; are therefore
described by Lemma 4.3. Note that Fy;1 is just Fx: 1 equipped with
the discrete topology. Moreover, the forgetful functor Top — Set
preserves all limits, so if (Z,() is the final Fx-coalgebra then
the underlying space Z of the final Fi-coalgebra has the form

= (Z,7) where T is the coarsest topology making all projections
m, ¢ Z — F™1 continuous. Moreover, by the description of the
final coalgebra structure in Lemma 4.3, ¢ is also the structure map
of the final Fx-coalgebra. Explicitly:

Lemma 4.5. 1. The topology of Z is generated by the subbase
{m;'(0)|oc F™*1,n e N}

2. The map ¢ : Z — FxZ is continuous.

3. For every term s, the interpretation (s) in Z is continuous.

4. Z is a Stone space.

Proof. The first item is immediate from the description of 7 as the
coarsest topology on Z making the 7,, continuous. The second has
been argued above, and implies continuity of (f]) for f € X by
Lemma 4.4 and the fact that the projections 7y are continuous. The
third item then follows by induction on s. The fourth follows from
the fact that (by Tychonoff’s theorem and preservation of compact-
ness and zero-dimensionality under taking closed subspaces) the
category of Stone spaces is closed under limits in Top. O

Lemmad.6. Zs ={zcZ|Z,zes=tforall s,t withE + s =1t}
carries the structure of a 3, E-comodel, and is indeed the final
3., E-comodel.

Proof. The fact that Z¢ is a sub-comodel of Z has been established
in Lemma 4.1. We need to show that it is final. Let C be a 3, E-
comodel, and let v : C — Z be the unique morphism of -
comodels induced by finality of Z. Then J(u) S Z is a sub-
comodel of Z and a X, E-comodel by Lemma 4.2. This gives a
morphism C' - Zg¢ by construction of Z¢. Now assume that we
have two such morphisms u,v : C' - Zg¢. By extending them to
morphisms with codomain Z, we have two morphisms into the final
Y-comodel Z so that u = v. O

Corollary 4.7. The final 3, E-comodel Zg carries the structure of
a Stone space.

Proof. By Lemma 4.6 and Lemma 4.5, Z¢ is a subspace of the
Stone space Z determined by a set of equations between continuous
functions; since Z is Hausdorff, such a subspace is closed, and
therefore again a Stone space. O

5. Equational Completeness over Comodels

The completeness of the announced characterization of equality of
computable functions has two main parts: a static component that
amounts to soundness and completeness of the equational theory
of a comodel, and a dynamic component to deal with recursion. In
this section, we develop the static component and present a general
criterion for the completeness of equational logic over comodels.
In particular, this criterion applies to the equational axiomatization
of Turing and counter comodels, introduced in Definitions 3.1 and
Definition 3.3, respectively. The proof proceeds in several steps,
and we begin with a stratification of terms according to the amount
of branching (function symbols of arity > 1).

Definition 5.1. Let X be a signature. The set 7%, (V') of degree-n
terms over ¥ and a set V' of variables is given by 7' (V) = @ and

Ts(V)stu=xz| fi]g(u,...,ux) (n>0)

where x € V, f € ¥ is unary and t € T5;(V), and u1,...,un €
TE~ ' (V), and g € ¥. Terms in T2 (V) are called linear Y-terms.



If Cis a class of comodels for 3 and a set £ of 3-equations, we
say that linear terms have normal forms over £ and C if there exists
aset Nf(V) € T2(V') (of normal forms) such that

1. For all s € T2(V) there exists t € Nf(V) such that £ + s = ¢
2. For all s,t € Nf(V) we have C £ s = t iff s = ¢ (where =
denotes syntactic equality).

That is, the nesting depth of function symbols of arith >1 (that we
think of as branching points in a program) in a degree-n term is
at most n (and linear terms don’t contain any function symbols
of arity >1). Linear terms have normal forms if 1) every linear
term is provably equal to a normal form, and 2) normal forms are
semantically equivalent only if they are syntactically identical.

It is evident that the above requirements entail equational complete-
ness for linear terms, and that every term has a degree.

Lemma 5.2. Let € be a set of equations over a signature 33, and let
C be a class of X2, E-comodels such that linear terms have normal
forms over £ and C. Then CE s =t < &+ s =1 forall
s, teTR(V).

Lemma 5.3. Let ¥ be an algebraic signature. Then T (V') =
WTE (V) [neN}.

Crucially, the equational axiomatization of both Turing and counter
comodels permits normal forms. We begin with Turing comodels:

Lemma 5.4. Linear Yt-terms have normal forms over Et and
the (one-element) model class {F'} consisting of the final Turing
comodel.

Proof. Given a set V of variables, the set Nf(V") consists of all
terms of the form

where ¢ > 0, n1 < --- < ng, and j € Z. It is immediate that the
second requirement for normal form terms holds. We now show
that every linear term s is provably equal to a (linear) term in
normal form, by induction on the term structure. If s is a variable,
then s is in normal form already. If s = |.s" we have a normal form

term ¢’ = wrp!..... wrii -m? -z such that £ + s’ = ¢'. Then
Ls" =wrpt ™ writhm? (using (m/wr/c))
=wrp writtm? t g (using (m/m/a))

which is in normal form. The case for s = r.s" is similar. Now
suppose that s = wry.s" and let t' = wrp}..... wrgi - m’ -z be
a normal form term such that E; ~ s’ = t'. First suppose that
Ny <+ <Ng <N <ng<--<n; Then

n I n niy ng J
Wry.S =wry Wrai..... wrgl-m’ -z
ng ] i
=wrgl..... Wro o Wrg Wraf .. ... wrptm? -z

which is in normal form, using (wr/wr/c) in the last step. Now
suppose that ny <--- <n =nq <ng <--- < n;. Then

no n ni n;
wry.s = wrg.wrpl. oL wrp!-m’ -z
— 't n N ng ng . J
=wrgl. ... WIG WIS T, wrgi.m’ .z
n ) i
=Wrp ... Wrg Wraf .. wrgi.m’ . g

which is in normal form, using (wr/wr/c) in the second and
(wr/wr/a) in the third step. O

The same requirement is satisfied for counter comodels:

Lemma 5.5. The equational axiomatization Ec has linear normal
forms over the (one-element) model class {C} consisting of the
final counter comodel.

Proof. Given a set V of variables, we take the set Nf(V") to consist
of all terms of the form

T -
clril....clrzn.lnch... inct.x

-inc;/.
where 1 <41 < -+ <ip <N, k1,...,kn>0and 1 < j; <--- <
71 < n. It is immediate to see that two terms in normal form are
semantically equivalent if and only if they are syntactically equal.
To see that every term is provably equal to a normal form term, note
that

* occurrences of clr can be permuted (or eliminated) using
(clr/clr/c), (inc/clr/a) and (inc/clr/c)

* duplicate occurrences of clr reduce to single occurrences using
(clr/clr/a)

* occurrences of inc permute using (inc/inc/c)

which is readily formalized as an inductive proof on the term
structure. O

For the general completeness proof, we need to impose an addi-
tional condition that will allow us to inductively reduce the branch-
ing degree of a term.

Definition 5.6. Let X be a signature and £ a set of X-equations.
A splitting is a finite set S of linear X-terms. We say that S is
admissible over & if the rule

{st=su|seS}
t=u
is admissible in E+, for all t,u € Tx(X). A linear term s is
reductive for a degree-1 term t € T (X) if there is a linear term

t' € TR(X) such that £  s.t = t'; the splitting S is reductive for t
if all s € S are reductive for ¢.

That is, to show that u = v, it suffices to show that s.u = s.v, for all
s € S, and being reductive ensures that prefixing has the additional
effect of reducing the branching degree.

One standard method to establish admissibility of a rule is
by showing that it is derivable. One has to be slightly careful
here because in presence of the substitution rule, derivability is
not stable under substitution into the assumptions (e.g. given the
theory of groups, we would not dream of assuming that a formula
derived under commutativity as an additional axiom would still
be derivable when specialized to two elements, assuming only
commutation of those elements). For clarity, we therefore define
a specific (complete) notion of equational derivation:

Definition 5.7. Given a set A of equations, an equation s = ¢t is
strictly derivable from A under £ if s = t is derivable by reflexivity,
symmetry, transitivity, and congruence from equations in A and
substitution instances of equations in £.

Lemma 5.8. Ler C be a class of comodels, and let £ be a set of
Y-equations such that C' = &, and let

s1 =1t Sn =1tn

So = to
where so,to, ..., Sn,tn € T5(V'), be a strictly derivable rule. Then

this rule is admissible in £ v, that is, for all substitutions o, if
Ersio=tiofori=1,...n, then &+ soo = too.

Proof. For admissibility, note that we can substitute o into the strict
derivation of sg = to from A = {s; =¢; | ¢ = 1,...,n} to obtain a
(strict) derivation of so = to from Aoc. This is possible because
all rules (reflexivity, symmetry, transitivity, congruence) and the
set of instances of £ are stable under substitution. It follows that
€+ sp0 = tgo. O

We now establish the requisite conditions in our running examples:



Lemma 5.9. The splittings S; = {clr;.x,inc;.x}, for 1 <i < ¢, are
admissible over the theory Ec of counter machines. Moreover, for
every degree-1 term t there exists 1 < i < c such that S; is reductive
fort.

Proof. To see that some S; is reductive, note that every term ¢ of
degree 1 is provably equivalent to a linear term or a term of the
from jd, (¢1,t2) with ¢1,¢2 linear, using equations (inc/jd/-) and
(cIr/jd/-). Hence, for s € S; we have that s.t is either linear or
of the form s.jd, (¢1,¢2), which is again linear modulo equational
reasoning using (inc/jd/a) and (clr/jd/a), respectively.

To see that S; is admissible, we show that s = ¢ is strictly
derivable from clr;.t = clr;.s and inc;.t = inc;.s under Ec: By
congruence, we obtain jd,(clr;.t,inc;.t) = jd,(clr;.s,inc;.s), and
hence ¢ = s using (jd/clr/inc). O

Lemma 5.10. The splittings Sy, = {Wr’cf1 . wrk ), fork e
7Z, are admissible over the theory Et of Turing machines. Moreover,
for every degree-1 term t there exists k € Z such that S, is reductive
fort.

Proof. To see that Sj is admissible, we show that s = ¢
is strictly derivable from the assumptions Wr’;i.s = erii .z,
i = 1,...,n, under &r. By congruence, we first derive

rdk(wrfi1 5. 7wr’;n .8) = rdk(wr(’i1 dy... ,wr’jn.t), and then ob-
tain rd® (s, ..., s) = rd®(¢,...,t) using (rd/wr/a). Finally, we ob-
tain s = ¢ using (rd/a).

Now let u be a degree-1 term over Er. By (wr/rd/-) and
(m/rd), u is provably equivalent to either a linear term (in which
case every Sy is reductive for u) or to a term of the form

rdk(ul7 «e.yUn) With uq,...,u, linear. In the latter case, Sy is
reductive for u since 1 + Wr'ji.rdk(ul, ceUp) = wrfji.ui for

i=1,...,nby (wr/rd/a). O

Equational completeness now takes the following form.

Theorem 5.11. Let C be a class of X, E-comodels, and suppose
that

1. linear terms have normal forms over C and &€
2. every degree-1 term has a reductive admissible splitting over E.

Then € + s =t whenever C = s =t.

Proof. We show by induction on n + m that £ + s = ¢ for terms
seTy(X),teTs'(X) suchthat C = s =t. For n + m = 0, both
s and t are linear, and the claim follows from Lemma 5.2.

So let n + m > 0. Then wlo.g. m > 0, s0t = t'oc for
some degree-1 term ¢’ and some substitution o such that o(z) €
T2 (X) for all variables x. By assumption, ¢ has a reductive
admissible splitting S. Let u € S since S is admissible, it suffices
to show that £ + wu.s = w.t. Since w is reductive for t’, u.t is
provably equivalent to a degree-(m — 1) term, and since w is linear,
u.s has degree n, so € + u.s = u.t by induction. O

As a consequence, we obtain soundness and completeness for both
Turing and counter machine comodels:

Theorem 5.12. 1. The equational logic generated by Et is sound
and complete over the final Turing comodel F

2. The equational logic generated by Ec is sound and complete
over the final counter comodel S.

Proof. By Lemmas 5.10 and 5.9, respectively, Theorem 5.11 ap-
plies in both cases. O

6. Interlude: Monads and Completeness

In this section, which is not needed for the remainder of the paper,
we give an alternative characterization of equational completeness
and relate comodels with algebras for the state monad.

Observation 6.1. Let 3 be a signature, and C' = (C, (-)) a X-
comodel. Then C induces, for every set X, a X-algebra structure
[-JonScX = (X xC) by

[f1(d1,. . n) = [d1,. ..
for n-ary f € 3.

Lemma 6.2. Let C be a comodel and Sc X the Y-algebra induced
by C' as per Observation 6.1.

7¢n]o(]fD

1. For a 3-termt over variables x1, . . .
ScX = (C x X)€ we have

[t1(1, s dr) = [@1,- -, Pr] o (). (1)

2. The $-algebra SX = (((X x C)°, [ -]) satisfies all equations
that are satisfied by (C, (-)).

We put MX = UF where U : Alg(3,E) — Set is the forgetful
and F' its left adjoint; M extends to a monad in the standard way.
Initiality of M X then yields a morphism of monads M — Sc,
where the monad structure on the functor Sc¢ is that of the state
monad:

, Tk, and for ¢1, ..., Pk €

Corollary 6.3. Let C be a X, E-comodel. The unique morphisms
v of M-algebras that satisfy vx o n = nf(c form a monad
morphism v : M — Sc.

Incidentally, it follows that C' induces an operational semantics
for machines, which coincides with the one we introduce directly
in the next section. The announced characterization of equational
completeness can now be given as follows:

Theorem 6.4. Let C be a 3, E-comodel. Then & is complete for C
if and only if all components of vC are injections.

Proof. By definition, v§(s) = [s]sox where [-]sox de-
notes term evaluation under the valuation x — Aa.(a,z). By
Lemma 6.2.1, we thus have v5 (s) = [Aa. (a, %) ]zex (s). Now the
map [Aa. (a,z)]zex : X - C > C x X is bijective, so

v$(s) =vS(t) it (s) = (@)* 2)

for terms s, ¢ over variables from X . Injectivity of v says that £
s =t is equivalent to the left-hand side of (2), and completeness of
& for C says that £ + s = t is equivalent to the right-hand side; this
proves the equivalence claimed in the statement. O

The informal intepretation of this last theorem is as follows: every
comodel C' induces an algebraic structure on the side effect monad
(with global state C'). Having “enough” equations (i.e. complete-
ness over the given comodel C') is then equivalent to this translation
being faithful w® having injective components).

7. From Comodels to Machines

We conceptualize both Turing and counter machines as determin-
istic transition systems with side effects. The transition structure
is excessively simple: every state x € X is mapped to a term
o(x) € Ts(X + 1) where 1 = {halt} deonotes successful termina-
tion. We write = — ¢ to indicate o(x) = ¢. For the whole section,
we fix an algebraic signature 3.

Definition 7.1. A X-machine is a pair (X, o) where X is a set (of
states)and o : X — T (X +1).



In other words, a X-machine is a Tx(_ + 1)-coalgebra. We often
denote Y-machines as lists of transitions * — o(«). Transitions
of a X-machine produce purely syntactic (side) effects that we
interpret by means of >-comodels.

Definition 7.2. Let X be a signature, (C, (-)) a X-comodel, and
(X, o) a X-machine. The operational semantics of (X, o) over C
is given by binary relations &, —& on T (X +1) x C defined by

(z,¢) =& (o(z),¢)  ifzeX
(f(tr, - tn),€) =& (i) if (f)(c) = inj; (<).

We write (¢,¢) —&" (t',¢) if ({,¢) =4 -+ =& (¥',c') and
i1+ +ik <m,and >5=U{—>"| n €e N}. We elide the subscript
C' if the comodel C is clear from the context. Given X-machines
(X,0), (Y,7) and terms s € T (X + 1), ¢t € T (Y + 1), we say
that ¢ simulates s over C, in symbols C' £ s < tif forall ¢,c’ € C
we have that (s,c) —»¢& (halt,¢’) implies (¢,¢) =& (halt,c).
Moreover, we write C' £, s < t if for all ¢,c’ € C, we have that
(s,¢) <" (halt,¢") implies (¢,¢) =* (halt,c"), and refer to &,
as n-step or step-indexed simulation.

That is, if s simulates ¢ then s terminates when run from any co-
model state from which ¢ terminates, and produces the same cu-
mulative side effect. This allows us to formulate state equivalence
as two-way simulation: if s and ¢ simulate each other, then they
terminate from the same comodel states, and produce the same cu-
mulative side effect. (In particular, any two non-terminating com-
putations, such as z and y given by x — l.x and y — r.y, are
equivalent.) The step-indexed version &, s < t is central to the
soundness proof. Notice that it bounds the number of evaluation
steps only for the left-hand term s; this is similar to the clause for
computation types in step-indexed logical relations [3]. By defini-
tion, the index on —<" and k,, counts only state transitions, not
comodel operations.

We now introduce the simulation calculus that precisely char-
acterizes simulation between two X-machines (X, o) and (Y, 1),
i.e. derives s < t whenever C' = s < t, where t € T (X + 1) and
s € Ts(Y + 1) are terms over X and Y, respectively. The cal-
culus is built on top of an equational axiomatization of comodels,
and parametrized over a collection of splittings. As already in the
case of equational completeness (Theorem 5.11), soundness and
completeness will rely on suitable properties of the splittings, to be
discussed later.

Definition 7.3. Let £ be a set of Y-equations and (X, o) and
(Y, 7) be X-machines. The simulation calculus, parametrized by a
collection S of splittings (i.e. finite sets of linear terms), comprises
the following rules:

Ers=s =<t Evt =t
(rw)
s$<s szt

(ax)

{su<sv|seS}
ity W4 =5YISE0f
(split) o

s<tr so <t

() 2=

where S € S is a splitting in the second rule. The rules (ax), (rw),
(split) and () may be applied inductively whereas (v) is applied
coinductively. More formally, £, S + s < t if s < ¢ is an element of
the mixed fixpoint

(s € T=(X))

s=<t

vR.uU.C;(U)u Ce(R)

where C;(U) denotes the set of conclusions of the inductive rules
(ax), (rw), (split), (u), with premises in U, and C.(R) de-
notes the set of conclusions of the coinductive rule (v) applied to

premises in R. In case the splittings S and the equations £ are clear
from the context, we write - s <t for £,S + s < t.

Notice that the side condition of the (v)-rule essentially says that s
will not terminate successfully before further unfolding. The rule
!
s=s

(imp)L

s=<g’
(for import) is derivable using (ax) and (rw).

Remark 7.4. The above system admits, via its coinductive
rule (v), infinite proofs. It is clear that we cannot in general hope
to find a finite representation format that fits all proofs, e.g. as ratio-
nal trees: If one had any proof system for equality (or simulation)
of Turing machines with finitely represented proofs whose correct-
ness is decidable, then this would make the problem of whether a
program p diverges on a given finite input w recursively enumer-
able, as p diverges on w iff wr,,.p < y where wr,, writes the input w
on the tape and y is some diverging program, say y — r.y.

We now turn to the main results of this paper, soundness and
completeness of the simulation calculus, before illustrating the
calculus with several examples. The following technical lemma that
picks apart the stratification of the operational semantics is needed
in various places.

Lemma 7.5. Let (C,(-)) be a 3-comodel and (X,0) a -
machine.

1. (s,¢) =& (s,¢) iff (so,¢) =& (s',¢) forall ¢, € C
and all 5,s" € T (X +1).

2. (s,c) =& (halt,c) iff (s',c) =& (halt,c) forall c,c’ € C
and s € Ts;(X + 1) provided C = s = s'.

The proof of the first item is immediate by induction on the
structure of s, and omitted, the second is straightforward using
(s,¢) =<* (x,c) iff (s)(c) = inj,(c). As indicated, the sound-
ness of the calculus hinges on a semantic property of the splittings:

Definition 7.6. Let (C,(-)) be a ¥-comodel, and let S ¢ T2(V)
be a set of linear terms. Then a splitting .S is full over C'if for every
c € C there exists s(x) € S and ¢’ € C such that (s)(c') = (z)(c).

Soundness then takes the following form:

Theorem 7.7 (Soundness). Let (C,(-)) be a 3, E-comodel and
(X,0), (Y,T) be X-machines.

If every splitting S € S is full over C, then C & s < t whenever
E,Srszt forallseTs(X +1)andallt e T5(Y +1).

Proof. Forn € N, put
Fne1= pU.Ci(U)uCe({s 2t |Fn s < t})

and o s < ¢ for all s,t € Ts(X). Then + s < tif -, s <t
for all n € w. It suffices to show that +,, € &=, foralln € N
(cf. Definition 7.2). For n = 0 there is nothing to show. So suppose
that n > 0. We proceed by induction on the derivation of -, s < ¢
where we treat the individual rules in turn.

* (v): Suppose that -,_1 so < ¢ so that by induction, £,—1 so =
t. Then =, s <t by Lemma 7.5.1.

* (u): Suppose that -, s < to so that by induction, £, s < to.
Then E,, s <t by Lemma 7.5.1.

* (ax): Trivial.

* (rw): Suppose that £ + s = s, E+t =1, and -, s’ <t'. We
have =, s’ < t’ by induction, and need to show that &, s < t.
This follows from Lemma 7.5.2.

* (split): Suppose that +,, s.u < s.v forall s € S where S € S
is a splitting. To see that =,, u < v let ¢ € C' and assume that



(u,c) =< (halt,c"). Since S is full, there exist ¢ € C and
s(z) € S such that (s)(¢") = (z))(c) whence

(su, ) = (u,c) > (halt, ).
By induction, this gives
(s.v,c) =" (halt, ")

which implies that (v, c) -* (halt,c”) as required. O

Remark 7.8. Soundness of coinductive proof systems breaks more
easily than for standard well-founded proof systems. E.g. it is
by no means the case that the system will remain sound when
extended with semantically sound inductive rules, i.e. rules whose
conclusion is valid whenever the premises are valid. As a simple
counterexample, consider the inverse rule of (v), which is clearly
semantically sound in this sense. Adding this rule to the system as
an inductive rule, however, will make the system inconsistent in the
sense that all inequalities s < ¢ become provable, via coinductive
proofs that keep reducing so < ¢ and s < ¢ to each other using (v)
and its inverse.

The key point in the above soundness proof is that all inductive
rules are sound for the step-indexed notion of satisfaction, F,,, and
we can soundly add any rule to the system as an inductive rule if it
is sound for k,,. This holds in particular for the congruence rule

s1 <t Sn < tn

(cg)f(sh...,sn) < f(t1,... tn)’

One rule that clearly fails to be sound for ,, is transitivity of < (if
En s <tand k, t < uthen =, s < u may still fail, say when s ter-
minates in less than n steps, ¢ terminates in more than n steps, and
u diverges). Interestingly, more or less the same problem appears
in a quite different context, the failure of the transitivity proof for
the Appel-McAllester model of recursive types as discussed in [3].
Of course, our step-indexed simulation relation is nevertheless tran-
sitive, but it remains an open question whether transitivity can be
soundly added to our system as an inductive rule.

The crucial step in the completeness proof that we are about to
give is the ability to inductively reduce the branching degree of
terms so that we get to apply completeness for linear terms at
some point. This is as in the proof of equational completeness
for comodels (Theorem 5.11) and indeed the general completeness
theorem makes the same assumptions, but additionally requires that
the comodel in question be compact. The latter is automatic for
final comodels (Corollary 4.7).

Theorem 7.9 (Completeness). Let (C, (-)) be a 3, E-comodel that
carries a compact topology for which all (f]), f € X are continuous,
and let (X,0), (Y,T) be 3-machines. Assume that

* linear ¥-terms have normal forms over € and C;
* every splitting S € S is admissible over E;
* every degree-1 term has a reductive splitting S € S.

Then £,8 + s < t whenever C = s < t, forall s € Tx(X + 1) and
tETE(Y+ 1).

Proof. As €,S + s <t is a greatest fixpoint, it suffices to show that
V cpU(Ci(U)uC(V))

where V = {s <t | C & s < t} is the set of all semantically
simulating pairs of terms. Let s <t € V where s € Ty; (X + 1) and
t e Ts,' (Y + 1); we proceed by induction on n + m. If n + m =0,
then s and ¢ are linear, so we have either s € T2 (X ) or s € T2(1).
In case s € T2(X), the assumption C' & s < t implies that
CEso=<t,sos<teC.(V)cpulUC;(U)uC.(V) as required.

In case s € T2(1) we claim that there exists 7 such that
C E s =to™ where to™ is the n-fold application of o to t, defined
formally bty to® = ¢ and to™*" = (to™)o.

To see this, put o, = {c € C' | C,c= s =to"}. AsC = s <t
(and s contains halt € 1 as the only variable) and the interpretation
of terms is continuous, C' = J; ox is an open cover of C, and
since C' is compact, it follows that C' & s = to® for some k.
This proves the claim. Given C' = s = to”, we obtain that s <
to® e pU.Ci(U) u C.(V) using (rw) and (ax) and therefore
s<teplU.Ci(U)uC.(V) using (1) k times.

This finishes the proof for the base case n + m = 0. If n +
m > 0, then either s or ¢ has strictly positive degree and hence
decomposes into a degree-1 term and a substitution as in the proof
of Theorem 7.7. The former has a reductive splitting S € S, and it
suffices by (split) to show that u.s < u.v € pU.C;(U) u Cc(V)
forall u € S. Since C E s < t, we have C' = u.s < u.t. Using (rw)
we may assume that the sum of the degrees of each u.s and u.t is
smaller than that of s and ¢, and apply the inductive hypothesis. [

Remark 7.10. Observe that from the above proof, one extracts an
easy argument that shows that if C' is compact, then every pro-
gram that terminates on all inputs runs in constant time. This is
does not mean that the expressivity of the formalism is unexpect-
edly restricted but is instead based on the fact that typical compact
comodels, in particular final ones, allow for infinite input, e.g. tapes
filled with infinite input strings, and any program that terminates on
all inputs will have to terminate also on infinite inputs. Typical ver-
ification goals will compare a program to a simpler (maybe less
efficient) program that serves as the specification. As a simple ex-
ample, consider programs binc and uinc, over the usual alphabet
{0,1, B} with B read as a blank symbol and 0 and 1 as bits, that in-
crement a binary number and a unary number, respectively, as well
as a binary-to-unary conversion program b2u. Then the inequality
b2u.uinc < binc.b2u serves as a specification of binc. Both sides
involve programs that may fail to terminate on some inputs, namely
if the input is an infinite bit string; still, the specification is the same
as if all programs were total.

It is routine to verify that our requirements for soundness and
completeness are met in our running examples:

Example 7.11. The simulation calculus, instantiated with the split-
tings used in the respective proofs of equational completeness, is
sound and complete for both counter machines and Turing ma-
chines, over the final comodels F' (for Turing machines, Lemma
3.2) and C (for counter machines, Lemma 3.4); that is:

1. If St = {Sk | k € Z} is the set of splittings from Lemma 5.10,
then E1,St+s=<t < FEs<t.

2. If Sc = {S} and S is the set of splittings from Lemma 5.9, then
Ec,ScrHs=zt < CEsx<t.

Proof. By soundness and completeness of the generic simulation
calculus, once we have convinced ourselves (for soundness) that
the splittings given are indeed full, which is however evident. [

To facilitate examples, we fix the following terminology.

Definition 7.12. A coinductive set is a set R of inequalities such
that

R < uP.(Cs(P) U Cu(P) U Ce(uU. (Ci(U) U R))).

In words, every inequality in a coinductive set R has a well-founded
proof, using all rules, from conclusions of the coinductive rule
(v) whose premises can be proved using the inductive rules from
elements of R.

Lemma 7.13. Ler R be a coinductive set. Then € + R.



Proof. We show that R := pU. (C;(U) u C.(U) U R) is a postfix-
point of the functional defining derivability, i.e. that

Rc uP.Ci(P)uC.(R).

The right hand side is closed under C; by its own definition, and
closed under C. by the definition of R. Thus, it suffices to show
R c uP.C;(P) uC.(R). Since R is a coinductive set, it suffices
to show

wP. (Ci(P)uCe(P)uCe(ulU. (C;(U)UR))) €
wP.C;(P) uC.(R).

Again because the right hand side is closed under C; and C., it
suffices to show

Ce(pU. (Ci(U)U R)) € uP.C;(P) uCe(R).
But in fact the left-hand side is even contained in C.(R). O

The following examples illustrate the calculus for Turing machines
over the two-symbol alphabet {0, 1}.

Example 7.14. 1. For the nonterminating program y — r.y we
can prove y < halt by indefinite application of the (v)-rule:
repeated backwards application of (v) starting from y < halt
successively reduces the goal to inequalities r.y < halt, r.r.y <
halt, ... The proof tree fails to be rational, which is unsurpris-
ing as the program y goes through infinitely many tape states
(counting the head position as part of the tape state).

2. Contrastingly, the nonterminating program y — r.z, z = Ly
only visits finitely many tape states. And indeed, we do find
a rational proof tree for y < halt (formally, {y < halt} is a
coinductive set):

y < halt

9 (r(w; l.r.y < halt
x (V) ——————
y < halt

3. On the other hand, we cannot prove the invalid inequality halt <
y for y — r.y: backwards application of the inductive rules
(including (u)) will always yield goals whose left hand sides
contain halt, so () never becomes applicable due to its side
condition s € Tx(X).

4. Equivalence of isomorphic systems is proved quickly by means
of (v), (1), and (cg) (see Remark 7.8). E.g. for z — r.z and
y — r.y, to show = < y we first apply (v) and then (u),
obtaining the goal r.xz < r.y, and then apply (cg), obtaining
the original goal x < y; since we have applied (v) in between,
this constitutes a coinductive proof in our system.

5. As an example that terminates in some cases and diverges in
others, consider the Turing program z — rd(halt, z), which
stops if the current tape cell contains 0 and otherwise diverges.
Again, we show z < halt:

x < halt
(rw)(Cg) wri.z < wry.halt
wry.rd(halt, z) < wry.halt
rd(halt, z) < halt
x < halt

(split)

(nu)

where (split) is applied with S = {wrg, wry } and II represents
a proof of wrg.rd(halt,z) < wrg.halt using (rw) and (ax).
Formally, we have shown that {z < halt} is a coinductive
set. Again, the proof tree is rational in this case, matching the
observation that x visits only finitely many memory states (just
one, in fact).

6. Consider the Turing program
z—rrd(Ly,z) y - rd(halt,l.y);

that is, y searches the tape leftwards for the first occurrence of
0 (possibly at the current tape position), and = searches the tape
for the first occurrence of O strictly to the right of the current
tape position and then moves one cell to the left and calls y. We
show x < y by establishing that

R={wrin.r".z <wrin.y |n >0}

is a coinductive set, where we write wri» for the program

wri. . ... wr?™ !z that writes the string 1™ consisting of n 1’s
on the tape and leaves the head position unchanged: For n > 0,
we have

1
Wrinse1 "2 < Wrne Ly

(v, rw)
wri.wrin.r’.x < wri.wrin.y

split
(split) Wrin. ..z < wrin.y

where (split) is applied with S = {wrg, wrT } and IT is the proof

(ax)

Wrg .Wrin.y < Wry .Wrin.y

wry wrin "y < wrlowrn.y
(rw)

(v, rw)

wrg .wrin.r’ Ly < wrg.wrin.y

Wrg . Wrin.r" .z < WKy .Wrin.y

with the ellipsis indicating repeated application of (v) and
rewriting.

We complement these examples with a derivation in the simulation
calculus for counter machines.

Example 7.15. We consider machines with two counters, 0 and 1.
Let the state x have the transition

x — jd; (halt,inco.x).

That is, = adds the content of counter 1 to counter O by repeatedly
incrementing counter 0 and decrementing counter 1, eventually
leaving counter 1 being 0. Let the state y have the transition

y — jdo(z,inc1.y);

so y first adds the content of counter O to the content of counter 1
and then calls = to move counter 1 to counter 0, leaving counter 1
being 0.

When these programs are interpreted over the final counter
comodel (Lemma 3.4), counters store a finite value n € IN or co.
Accordingly, we have different sources of non-termination:

* If counter 1 contains oo, then x will fail to terminate. In this
case, state y will also fail to terminate: even if counter O is finite,
y will eventually call  and diverge.

* If counter O contains oo, then y will fail to terminate, whereas x
will terminate as long as counter 1 is finite.

It is thus not true that x < y; we show y < x. To this end, we
establish that the set

R = {incl.y <incy.z | n >0},

which contains our goal as the case for n = 0, is coinductive.
So let n > 0. We have the derivation



(ax)

(rw,v)

clrg.incy.x < clrg.inci .z

clrg.inc? tinco.z < clrg.inch .z

(rw, )

clrg.inct.x < clrg.inci .z incty <incgt .z

(split, rw)
(rw) jdo(inct.z,inct*ty) <incl .z

inct.jdg(z,inc1.y) <incy.z
(v)

where (split) is applied with S = {clro, inco } and ellipsis indicates
repeated unfolding on the left (v) and equational rewriting (rw).
The right branch ends in an element of R with an interceding
application of (v), showing that R is coinductive and finishing the
proof.

inct.y <incy.x

Remark 7.16. The above example shows that the use of the final
counter comodel spoils the expected equivalence of the states x, vy,
allowing for simulation only in one direction. One can easily en-
code simulation w.r.t. the standard counter comodel with counters
1,...,n storing only finite values into simulation w.r.t. the final
comodel, for simplicity with an additional counter n + 1: let p be
a program that adds the counters ¢ = 1,...,n to the counter n + 1
by iterated decrementation of ¢ and incrementation of n + 1. Then
for counter machine terms s, ¢ using only the counters 1,...,n, we
have s < ¢ w.r.t. the standard comodel iff p.s < p.t w.r.t. the final
comodel.

8. Conclusions

We have formalized a generic notion of state machines that produce
algebraic effects; as runnning examples, we have discussed two
computational models, Turing machines and counter machines, in
these terms. Our main result is a sound and complete calculus for
computational simulation, i.e. termination from at least the same
starting memory states, with the same cumulative effect. We have
argued that this cannot be achieved by a purely inductive system (as
otherwise equality of recursive functions would become recursively
enumerable, violating, e.g., Rice’s theorem) and have given a mixed
coinductive/inductive calculus instead.

We believe that that this is the first attempt at a logical treatment
of extensional equality of programs in state-based computational
models. Many questions are still open, in particular:

* Under what conditions does a simulation s < ¢ have a rational
proof, i.e. a finitely representable non-wellfounded proof?

* Can ¥-machines be equipped with a meaningful notion of poly-
nomial equivalence and can this be axiomatized logically?

* Can the approach presented here be extended to a form of
mathematical axiomatic semantics for programming languages
including structured control constructs (e.g. loop constructs),
analogous to Turi and Plotkin’s mathematical operational se-
mantics [20]?

We leave these questions for further work.
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